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Abstract

Non-classical features of quantum theory fuel a quantum over classical advantage by improv-
ing task performance or resource efficiency. The operational scenario underlying a task sets
constraints within which some quantum resources resist efficient classical simulation and ef-
fectively lead to an advantage. Additionally, advantages in information processing tasks serve
as tools to certify non-classical behaviour. This thesis investigates the advantages offered by
non-classical resources in communication and non-local scenarios, and develops methods to
detect non-classical quantum resources.
The first part introduces the distributed clique labelling problem for orthogonality graphs and
studies the classical and quantum communication required for one-way zero-error distributed
computation and relation reconstruction without shared resources. While distributed computation
shows no quantum advantage for some graphs, relation reconstruction reveals an instance of
unbounded quantum advantage. The classical communication cost without shared and private
randomness grows as log2 n bit with the order of the graph n and the classical cost without
shared randomness is at least log2K(G) bit for graph G with disjointness number K(G). K(G)
is lower bounded by max{ω(G), log2 n+ 1

2 log2 log2 n+O(1)}. In contrast, the quantum cost
is log2 ω(G) qubit whenever G admits a faithful orthogonal representation in dimension ω(G),
where ω(G) is the clique number (size of the maximum clique in the graph). We identify families
of graphs where the order n grows without bound, while the faithful orthogonal range and
clique number remain constant. For these graphs, the quantum cost remains fixed while the
classical cost grows without bound, establishing an unbounded quantum advantage in relation
reconstruction. We also show that the necessary shared randomness for bounded classical
communication scales as log2(⌈log2 α⌉ + 1) bit with the number of maximum cliques α. For a
specific family of graphs, this leads to an unbounded separation between entanglement assistance
and shared randomness assistance required for a one-bit classical channel.
The second part presents randomness-free schemes for detecting non-projective-simulable mea-
surements in scenarios with separated parties sharing systems with bounded local operational
dimension. It presents detection schemes for three- and four-outcome qubit non-projective
measurements in a bipartite scenario, some of which are robust against arbitrary depolarising
noise. It also proposes schemes for detecting five-outcome qutrit non-projective measurements.
In a bipartite case with identical devices, the work presents a scheme and provides evidence of
its robustness against arbitrary depolarising noise. Relaxing the identical-device assumption,
detection schemes for qutrit non-projective simulable measurements are discussed in both
bipartite and tripartite scenarios. The work extends the notion of non-projective simulable
measurements for General Probabilistic Theories and presents a randomness-free test to show
that the square-bit model or box world theory is unphysical.
The third part studies correlation-assisted bounded classical communication tasks in a one-way
prepare and measure scenario when the receiver is not given an input. It constructs a Bell
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inequality tailored to a correlation-assisted classical communication task with a linear payoff
using the wire-cutting technique. The violation of this inequality implies an advantage in the cor-
responding task, and vice versa. It then introduces the concept of wire-reading, which leverages
the readability of the classical messages, and uses it to present two families of tasks where shared
randomness assistance gives a strictly suboptimal payoff. In the first, any correlation from a
non-local facet of the no-signalling polytope achieves the optimal payoff, with explicit quantum
advantage shown for some cases. In the second family, each task is tailored to a specific non-local
facet, and correlations on that facet achieve the maximum payoff. Considering tasks tailored to
non-local extremal correlations with dichotomic outputs, where the shared randomness-assisted
payoff is at most 0.75, it shows any correlation on the isotropic line connecting the extremal
point to white noise leads to an advantage as long as the noise fraction is below 0.5. It introduces
a third family of tasks characterised by two parameters, demonstrating advantageous assistance
from Hardy-type correlations with dichotomic inputs to a one-bit channel. While the payoff with
shared randomness is bounded by zero from above, Hardy correlations yield a positive payoff.
The maximum quantum payoff using Hardy-type correlations grows with a task parameter.
Finally, it shows an instance when a two-qutrit entangled state achieves maximum quantum
payoff. In contrast, two-qubit entangled states achieve payoffs higher than the local bound, but
strictly lower than the quantum maximum, demonstrating a qutrit over qubit advantage. This
provides an operational method to witness the local dimension of the shared entangled system.
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Abstrakt

Nieklasyczne cechy teorii kwantowej umożliwiają jej przewagę nad teorią klasyczną poprzez
poprawienie wydajności wykonywania zadań lub efektywność zasobów. Scenariusz operacyjny
leżący u podstaw danego zadania nakłada ograniczenia, w ramach których pewne zasoby
kwantowe opierają się efektywnej klasycznej symulacji i w praktyce prowadzą do przewagi.
Dodatkowo przewagi w zadaniach przetwarzania informacji służą jako narzędzia do certyfikacji
nieklasycznego zachowania. Niniejsza rozprawa bada przewagi oferowane przez nieklasyczne
zasoby w scenariuszach komunikacyjnych i nielokalnych oraz rozwija metody wykrywania
nieklasycznych zasobów kwantowych.
Pierwsza jej część wprowadza problem rozproszonego etykietowania klik dla grafów ortogonal-
ności i bada klasyczną oraz kwantową komunikację wymaganą do jednostronnego bezbłędnego
rozproszonego obliczania i rekonstrukcji relacji bez wspólnych zasobów. Podczas gdy rozpros-
zone obliczanie nie wykazuje przewagi kwantowej dla niektórych grafów, rekonstrukcja relacji
wykazuje przypadek nieograniczonej przewagi kwantowej. Koszt komunikacji klasycznej bez
wspólnej i prywatnej losowości rośnie jako log2 n bitów wraz z rzędem grafu n, a koszt klasyczny
bez wspólnej losowości wynosi co najmniej log2K(G) bitów dla grafu G o liczbie rozłączności
K(G). K(G) jest ograniczone od dołu przez maxω(G), log2 n+ 1

2 log2 log2 n+O(1). W kon-
traście do powyższego, koszt kwantowy wynosi log2 ω(G) kubitów, ilekroć G dopuszcza wierną
ortogonalną reprezentację w wymiarze ω(G), który jest klikową liczbą grafu (równa rozmi-
arowi największej kliki w grafie). Identyfikujemy rodziny grafów, w których rząd n rośnie
bez ograniczeń, podczas gdy wierny zakres ortogonalności i klikowa liczba grafu pozostają
stałe. Dla tych grafów koszt kwantowy pozostaje stały, podczas gdy koszt klasyczny rośnie bez
ograniczeń, co ustanawia nieograniczoną przewagę kwantową w rekonstrukcji relacji. Pokazu-
jemy również, że konieczna wspólna losowość dla ograniczonej komunikacji klasycznej rośnie
jako log2(⌈log2 α⌉ + 1) bitów wraz z liczbą α największych klik. Dla pewnej rodziny grafów
prowadzi to do nieograniczonej separacji między wspomaganiem splątaniem a wspomaganiem
współdzieloną losowością wymaganymi dla jednobitowego kanału klasycznego.
Druga część pracy przedstawia schematy wolne od losowości do wykrywania pomiarów niesy-
mulowalnych projekcyjnie w scenariuszach z rozdzielonymi stronami, które współdzielą systemy
o ograniczonym lokalnym wymiarze operacyjnym. Prezentuje schematy wykrywania nieprojek-
cyjnych pomiarów kubitowych o trzech i czterech wynikach w scenariuszu dwucząstkowym, z
których niektóre są odporne na dowolny szum depolaryzacyjny. Proponuje również schematy
wykrywania nieprojekcyjnych pomiarów qutritowych o pięciu wynikach. W przypadku
dwucząstkowym z identycznymi urządzeniami praca przedstawia schemat i dostarcza argumen-
tów za jego odpornością na dowolny szum depolaryzacyjny. Rozluźniając założenie identycznych
urządzeń, omówiono schematy wykrywania nieprojekcyjnych pomiarów symulowalnych qutri-
towych w scenariuszach dwu- i trójcząstkowych. Praca rozszerza pojęcie pomiarów nieprojek-
cyjnych symulowalnych w ramach Ogólnych Teorii Probabilistycznych i prezentuje test wolny
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od losowości, aby pokazać, że model square-bit lub teoria świata skrzynkowego są niefizyczne.
Trzecia część pracy bada zadania klasycznej komunikacji z ograniczeniami wspomaganej ko-
relacjami w jednostronnym scenariuszu typu przygotuj-i-mierz gdy odbiorca nie otrzymuje
wejścia. Konstruuje ona nierówności Bella dopasowane do zadań klasycznej komunikacji wspo-
maganej korelacjami z liniową nagrodą, wykorzystując technikę cięcia przewodów. Naruszenie tej
nierówności implikuje przewagę w odpowiadającym zadaniu, i vic versa. Następnie wprowadza
pojęcie odczytywania przewodu, które wykorzystuje czytelność klasycznych wiadomości, i używa
go do przedstawienia dwóch rodzin zadań, w których współdzielona losowość daje ściśle sub-
optymalną nagrodę. W pierwszej rodzinie dowolna korelacja z nielokalnej ściany wieloboku
bezsygnałowego osiąga optymalną nagrodę, przy czym w niektórych przypadkach wykazuje się
wyraźną przewagę kwantową. W drugiej rodzinie każde zadanie jest dopasowane do określonej
nielokalnej ściany, a korelacje na tej ścianie osiągają maksymalną wypłatę. Rozważając zadania
dostosowane do nielokalnych ekstremalnych korelacji z dychotomicznymi wyjściami, gdzie na-
groda wspomagana losowością wspólną wynosi co najwyżej 0.75, pokazano, że dowolna korelacja
na linii izotropowej łączącej punkt ekstremalny z szumem białym prowadzi do przewagi, o
ile udział szumu jest poniżej 0.5. Wprowadza się trzecią rodzinę zadań charakteryzowanych
przez dwa parametry, demonstrując przydatność korelacji typu Hardy’ego z dychotomicznymi
wejściami do jednobitowego kanału. Podczas gdy nagroda przy wspólnej losowości jest z góry
ograniczona przez zero, korelacje Hardy’ego dają dodatnią nagrodę. Maksymalna kwantowa
nagroda przy użyciu korelacji typu Hardy’ego rośnie wraz z parametrem zadania. Na koniec
pokazano przypadek, dla którego gdy splątany stan dwóch qutritów osiąga maksymalną kwan-
tową nagrodę. Warto tutaj zaznaczyć że splątane stany dwóch kubitów osiągają nagrodę wyższą
niż granica lokalna, ale ściśle niższą niż maksimum kwantowe, co pokazuje przewagę qutritów
nad kubitami. Dostarcza to operacyjnej metody doświadczalnej certyfikacji lokalnego wymiaru
współdzielonego układu splątanego.
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Introduction

“What we observe is not nature itself, but nature exposed to our method of questioning.”

—Werner Heisenberg

Over the past several decades, progress in our understanding of quantum theory has inspired
research that goes beyond confirming its predictions or examining the foundational implications
of the theory. Recent efforts also increasingly aim to employ the non-trivial features of the
theory to drive technological applications. This shift in focus following the “second quantum
revolution” has led to the proposition of quantum computers [3–5] and the development of
several innovative quantum protocols [6–17] whose performance surpasses classical limitations,
thereby demonstrating a clear quantum advantage. These works highlight the potential applica-
tions of quantum resources in various areas, including communication [18–48] and computation
[49–75]. Theoretical advances, together with recent experimental breakthroughs [61, 63, 76–
93], have brought us closer to the practical realisation of these quantum advantages. Such
developments have also paved the way for commercially available products such as quantum
random number generators [94–99], quantum cryptography [100–110], enabled secure quantum
communications over relatively large distances [111–116], and contributed towards architectures
for noisy intermediate-scale quantum computing [117–119], to name a few. Future advancements
in quantum technology are expected to accelerate progress across various domains of science
and technology [61, 118, 120–132], including the simulation of molecules and chemical reactions,
drug discovery, materials design, machine learning, solving hard combinatorial problems, and
metrology, among others.

Quantum technologies leverage quantum behaviours to achieve advantages in information pro-
cessing. The various manifestations of non-classicality, such as randomness [133], entanglement
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CHAPTER 1. INTRODUCTION

[134–136], steering [134, 135, 137], non-locality [133, 138], and contextuality [139, 140], usually
fuel such operational advantages. The existence of such features first became apparent in the
context of the EPR paradox [138]. According to EPR, quantum entanglement allows for corre-
lations, which suggests that the quantum mechanical description of reality must be incomplete
if the theory satisfies the principle of locality. This indicates that the inherent randomness in
quantum theory is a consequence of a coarse-grained description of some underlying classical
model. The resolution of the EPR paradox came with Bell’s theorem [133]. An attempt to
model quantum theory using hidden variables [141] showed that randomness in quantum theory
cannot be simulated using any classical description satisfying the principle of locality. This
result cemented the uncertainty inherent in the quantum description as a fundamental feature of
nature. These theoretical findings, validated by subsequent experimental observations [142–145]
of correlations beyond local realistic theories, inspired the exploration of quantum features as
resources in various domains such as quantum communication, cryptography, algorithms, etc.

Broadly, quantum advantage often refers to an improvement in the performance of an informa-
tion processing task when using quantum resources over their classical counterparts. Such an
advantage is typically established by either demonstrating a lower quantum resource overhead in
accomplishing the task or a higher efficiency when using quantum resources over their classical
analogue. In each instance of such an advantage, the relevant quantum resources cannot be
efficiently simulated using classical means. The “non-classical” resources leading to the quantum
advantage are usually specific to the operational scenario underlying the task.

The associated physical setup imposes natural constraints, which effectively determine the
availability or limit on certain resources. These constraints also specify the class of allowed op-
erations using the accessible resources. For instance, in scenarios involving space-like separated
parties, communication is forbidden. Consequently, the parties may only access pre-shared
resources and perform operations that cannot influence distant systems. In contrast, in scenarios
where communication is allowed, the parties may perform local operations, exchange physical
systems, and use shared resources. In some operational settings, the effects of quantum resources
and operations may be unattainable within classical theory [133], or classical simulation of
these effects would incur a significantly higher cost than their realisation within quantum
theory [16, 17]. For example, when communication is allowed but considered costly, encoding
classical information into quantum systems can significantly reduce the amount of communica-
tion required to complete a task. In particular, the quantum communication needed can be
exponentially less than the required classical communication [17]. Similarly, when computation
time is the key resource, certain problems can be efficiently solved using quantum systems
[11], i.e., in polynomial time. In contrast, their classical counterparts require computational
time that scales exponentially with input size while using the best-known classical algorithms.
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Quantum advantage in information processing identifies quantum states and operations that
outperform classical resources in specific tasks.

Besides demonstrating quantum advantage, such tasks also highlight a deeper operational
distinction between classical and quantum theories (or even post-quantum theories). Specifically,
they show how certain features of quantum systems resist classical simulation under particular
physical constraints. In contrast, certain features of a physical theory may be efficiently repro-
duced using classical resources within the given operational scenario. In such cases, resources in
the physical theory exhibiting these features can be effectively treated as classical resources
relative to the scenario. For example, in the Bell scenario, the parties are space-like separated.
They have access to shared systems and can perform local operations. Some shared quantum
states and measurements give rise to correlations that can also be reproduced using shared
classical systems. In particular, correlations obtained from separable quantum states, as well as
from certain entangled states [146], can always be simulated using shared classical randomness.
These states, therefore, behave classically within the Bell scenario, despite being quantum in
origin. Therefore, tasks that exhibit quantum advantage under such constraints do more than
demonstrate the superior efficiency of quantum resources. They can also serve as operational
witnesses of non-classical behaviour. More specifically, the inability of classical resources to
reproduce the observed effects within the given scenario can be regarded as evidence that some
genuinely non-classical feature of the underlying physical system is in use.

Experiments based on tasks in which the presence of non-classical resources can be inferred
solely from the observed data are referred to as device-independent detection schemes for
non-classical resources. Such schemes do not require any knowledge of the internal workings
of the physical devices. For example, under minimal assumptions such as no-signalling and
measurement independence, a violation of a Bell inequality using the observed statistics en-
ables the detection of non-locality in a manner that is independent of the specific physical
implementation [142–145]. In some cases, additional assumptions, such as the validity of a
quantum description for the shared system, allow further conclusions to be drawn. For instance,
particular violations of a Bell inequality may permit the certification of the shared quantum
state [147, 148]. Other forms of partial characterisation, such as bounding the dimension of the
system or limiting the amount of classical communication, give rise to semi-device-independent
frameworks. Within this framework, information-theoretic tasks can be tailored to detect specific
non-classical resources. Semi-device-independent detection schemes for entanglement [149, 150],
non-projective measurements [151, 152], dimension [153–156], etc., have been widely explored.
These approaches often offer robust methods for certifying quantum resources and reinforce the
operational significance of quantum advantage, particularly in realistic and resource-constrained
settings.
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Information-theoretic tasks can therefore serve a dual purpose. They are useful to demonstrate
the advantage of quantum resources over their classical counterparts. Additionally, they function
as practical tools for detecting non-classical features of physical systems under some minimal
assumptions. Among various paradigms used to highlight quantum advantage, communication-
based tasks, especially in the prepare-and-measure (PM) scenario, have been widely studied.
Such scenarios usually involve two distant parties receiving randomly chosen inputs. They are
required to produce outputs following some specified rule. The objective of the task is defined
through constraints on the input-output statistics that the parties must satisfy. For example, in
communication complexity, the goal is to compute a function or a relation while using minimal
communication when given randomly chosen inputs. This has been extensively investigated
when classical communication [157, 158] is accessible. Although the classical communication
capacity of quantum communication channels is bounded by Holevo’s theorem [159], several
results have shown that encoding classical information into quantum systems and using them for
communication can reduce the communication cost for performing some computational task. A
quadratic quantum advantage in communication was first demonstrated in [16] when some error
in computation was allowed. Remarkably, an exponential quantum advantage in communication
complexity was also shown when the computation had to be zero-error [16]. Further works have
reported exponential separations between classical and quantum communication complexity for
specific functions and relations, even when some error in computation is allowed [17–20, 160].
Besides communication complexity, communication tasks involving the simulation of certain
correlations in the PM scenario have also been explored [21–27].

A natural question that follows from these results is about the maximum separation between
classical and quantum communication achievable in such prepare-and-measure scenarios. Some
earlier studies considered this problem without any shared resources (public randomness)
between the parties, Alice and Bob. In one-way PM scenarios without shared resources, Alice’s
use of quantum communication is characterised by a set of quantum preparations conditioned
on her input. Similarly, Bob’s decoding is implemented via a measurement procedure based on
his input. If the resulting input-output statistics can be simulated by a classical protocol with
the same communication cost, then the given preparations and measurements are effectively
classical. For example, when Alice’s preparations are diagonal states and Bob’s measurements
commute, the strategy admits a classical description. In this sense, such preparation and
measurement pairs correspond to classical strategies within this framework. Massar et al. [24]
demonstrated a task that can be completed with a single qubit of communication, whereas the
best classical protocol requires log2 n bit. The input size is 2n bit, which grows exponentially in
comparison to the classical communication cost. This motivates the search for other tasks where
the separation between classical and quantum communication grows arbitrarily large. One
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question is whether such an unbounded separation can be shown when the required classical
communication exceeds log2 n, if n is the input size. Another question is whether there exist
tasks that require a d-dimensional quantum system (beyond a qubit), while the correspond-
ing classical communication cost grows arbitrarily large. We explore these questions in Chapter 3.

Within PM scenarios, one can also consider the role of shared correlation-assistance to classical
communication. These previously shared correlations are required to satisfy the principle of
no-signalling, which prohibits instantaneous communication. Different kinds of no-signalling
correlations can be shared between the communicating parties as assistance to classical commu-
nication. Some no-signalling correlations are realisable within classical theory and are referred to
as shared randomness. Other no-signalling correlations, termed non-local correlations, go beyond
classical realisability and can arise from entangled quantum systems or even from hypothetical
post-quantum theories [161]. Although non-local correlations cannot be used for communication,
several results have demonstrated that they can nonetheless enhance classical communication
tasks: either by reducing the amount of classical communication required, or by increasing
the success probability when communication is bounded [28, 32, 32–44]. Notably, even in the
minimal one-way PM scenario where Bob has no additional input, certain non-local correlations
have been shown to outperform shared randomness in assisting classical communication. For
instance, shared entanglement and more general non-local correlations can increase the effective
zero-error capacity of a noisy classical channel [45, 46, 162], enabling more alphabets to be
transmitted noiselessly. Furthermore, both quantum and post-quantum correlations can reduce
the classical communication cost needed to simulate a given noisy classical channel [45, 46, 163].
In particular, an interesting communication task in the one-way PM scenario demonstrated
an advantage of entanglement-assisted communication over shared randomness, when only
a single classical bit was allowed to be transmitted [163]. In that task, any correlation that
violates the CHSH inequality [164] was shown to yield an advantage. Subsequently, it was shown
that Hardy-type non-local correlations with dichotomic inputs and outputs can assist classical
bit communication better than shared randomness [165]. Such results naturally motivate the
question of a deeper connection between non-locality and advantage in correlation-assisted
classical communication, particularly within minimal one-way PM scenarios. In Chapter 5, we
explore the interplay between non-locality and advantageous assistance from some non-local
correlations in classical communication tasks.

Quantum non-locality in the Bell scenario has been extensively studied through the violation of
Bell inequalities. In a Bell experiment, multiple space-like separated parties receive randomly
chosen inputs and generate outputs based on local operations and pre-shared resources. A
Bell inequality is defined as a linear constraint on the observed input-output statistics in this
scenario. Such inequalities are satisfied by any correlation that can be simulated using shared
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randomness. However, quantum and post-quantum non-local correlations are known to violate
these inequalities. Quantum non-local correlations require both a shared entangled state and
the use of measurements that are not jointly measurable. Besides non-joint measurability,
quantum theory allows for measurements on a d-dimensional system that yield more than d

outcomes. Measurements on a d-dimensional system that cannot be simulated by d outcome
projective measurements on the same system are referred to as non-projective measurements.
Such measurements have no classical counterpart. Non-projective measurements are instrumen-
tal in numerous quantum information processing tasks, including quantum state discrimination
[166–169], entanglement detection [170], quantum tomography [171–175], cryptographic proto-
cols [176], port-based teleportation [177–179], quantum metrology [180–182], and randomness
certification [183]. While Bell experiments are traditionally employed to witness entanglement
or non-locality, they can also be sensitive to other quantum features, including non-projective
measurements. In particular, assuming a bound on the dimension of the shared entangled
state, Vertesi et al. [151] demonstrated that certain Bell inequalities can exhibit a larger quan-
tum violation only when the measurements used are non-projective. This implies that such
inequalities can serve as witnesses of non-projective measurements. However, a fundamental
assumption in the standard Bell scenario is measurement independence, i.e., the inputs to each
party are assumed to be freely and randomly chosen. From an operational standpoint, sources
of true randomness require non-classical resources and may be considered costly or non-trivial
to implement. This raises a natural question: can measurements on a d-dimensional quantum
system which cannot be simulated using a projective measurement followed by post-processing
be detected under relaxed assumptions, possibly without requiring input randomness? We
explore this question in Chapter 4.

The aim of this work is to explore and demonstrate the advantages of quantum non-classicality
in information-theoretic tasks defined in different operational scenarios using communication
and correlation as potential resources. We now summarise the main results of this thesis, which
address the questions outlined above. The Chapter 3 is based on the article “Unbounded
quantum advantage in communication with minimal input scaling” [184]. We introduce the
distributed clique labelling problem, defined using orthogonality graphs. This problem naturally
specifies a relation, and we study the distributed computation of this relation for some graphs
in a one-way PM scenario. We show that both classical and quantum one-way zero-error
communication complexity without shared resources are equal and scale as log2 ω(G) bit or
qubit, where ω(G) is the clique number of the graph G. We then consider a stricter version
of the distributed computation task, referred to as relation reconstruction. The classical com-
munication cost without shared and private randomness grows as log2 n bit with the order of
the graph n. The classical cost without shared randomness is at least log2K(G) bit, where
K(G) is the disjointness number of G (see Definition 3.4). This quantity K(G) is at least
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max{ω(G), log2 n+ 1
2 log2 log2 n+O(1)}. On the other hand, the quantum communication cost

is log2 ω(G) qubit whenever the graph admits a faithful orthogonal representation in dimension
ω(G). Thus, there is a quantum advantage whenever the graph has a faithful orthogonal repre-
sentation in dimension ω(G) and K(G) > ω(G). We also identify families of graphs for which the
associated task can be performed with a constant amount of quantum communication, log2 d

qubit, independent of the order of the graph. The classical cost in these cases grows arbitrarily
large with n and is at least max{log2 d, log2(log2 n+ 1

2 log2 log2 n+ c)} bit, where n is the order
of the graph and c is a constant. This establishes an unbounded quantum advantage for relation
reconstruction. The input size in this task grows logarithmically with n, namely 2 log2 n+ c′

bit, where c′ is a constant. This unbounded quantum advantage disappears in the presence
of shared resources such as shared randomness. We therefore investigate how much shared
randomness assistance is required to accomplish the relation reconstruction when the classical
communication is bounded. For certain types of graphs, we show that the required amount of
shared randomness scales as log2(⌈log2 α⌉ + 1) bit, where α is the number of maximum cliques.
Moreover, in relation reconstruction for some families of graphs using 1 bit communication, we
show that the separation between the amount of shared randomness and entanglement assistance
required can be arbitrarily large. In this case, while assistance from one e-bit entanglement
suffices, the shared randomness required scales as log2(⌈log2 α⌉ + 1) bit with the number of
maximum cliques α.

The Chapter 4 is based on the article titled “Randomness-free detection of non-projective
measurements: qubits & beyond” [185]. In this chapter, we present randomness-free method for
detecting non-projective-simulable measurements. The physical scenario we consider involves
multiple space-like separated parties who have a shared system where the local operational
dimension of each sub-system is upper bounded by, say, d. The parties receive no inputs and sim-
ply generate outcomes by performing local measurements on their respective subsystems. Since
the setup requires no external inputs, no seed randomness is needed to certify the measurement
structure, making the approach randomness-free. We begin by proving that all correlations
achievable in this scenario via local projective measurements on a d-dimensional quantum
system, followed by classical post-processing of the outcomes, can also be generated using shared
classical systems with the same local dimension, and vice versa. Therefore, such measurements
on a d-dimensional system can be regarded as effectively classical in this framework. It follows
that any observed quantum advantage in an information processing task defined in this setting
must stem from the use of non-projective-simulable measurements, i.e. those not simulable by a
projective measurement followed by post-processing. Consequently, quantum advantage in such
tasks serves as an operational witness for the presence of non-projective-simulable measurements.
We present some detection schemes in the bipartite scenario for three and four-outcome qubit
non-projective-simulable measurements, where the goal is to produce certain target correlations.
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Our detection scheme is robust against arbitrary depolarising noise, except in the limit of
completely depolarising noise. We further present a detection scheme for five-outcome qutrit
non-projective-simulable measurements. Specifically, we show that some correlations cannot
be reproduced when both parties perform identical five-outcome qutrit projective-simulable
measurements on pre-shared two-qutrit states. However, these correlations can be realised
using identical qutrit non-projective-simulable measurements. We provide numerical evidence
supporting the robustness of this scheme under an arbitrary amount of depolarising noise. We
also present a task in bipartite and tripartite scenarios for cases when five-outcome qutrit
measurements could be non-identical. We provide a numerically obtained upper bound for
the reward function achievable using qutrit projective-simulable strategies. We show that this
bound is violated when using measurements on a shared two-qutrit entangled state. From a
foundational standpoint, we generalise the notion of non-projective-simulable measurements
to general probabilistic theories (GPTs). Using a randomness-free task, we demonstrate that
certain GPTs, such as square-bit or box-world theories, are not physical.

The Chapter 5 is based on the pre-print titled “Facets of Non-locality and Advantage in
Entanglement-Assisted Classical Communication Tasks” [2] and some unpublished results. In
this chapter, we introduce families of tasks in a minimal PM scenario where non-local correlations
enhance bounded classical communication. We begin by presenting a Bell inequality tailored to
a correlation-assisted classical communication task with a linear payoff function. We obtain the
Bell inequality for a communication task using a technique we call “wire-cutting”. A violation of
this Bell inequality implies an advantage in the corresponding communication task. Conversely,
any non-local correlation that yields an advantage violates the Bell inequality. The maximum
quantum violation of the Bell inequality corresponds to the maximum entanglement-assisted
payoff achievable in the communication task. We then present “wire-reading”, based on the
observation that classical messages can be accessed without disturbing the communication.
Since these messages can be recorded, they may be treated as observed variables influencing
the payoff. This additional freedom enriches the task structure. We demonstrate that the
addition of wire-reading can be used to exhibit the advantage of quantum non-locality in
scenarios where no such advantage exists without it. Using wire-reading, we construct a family
of communication tasks in the minimal PM scenario where assistance from shared randomness
yields a strictly suboptimal payoff, while assistance from any correlation from a non-local facet
of the no-signalling polytope leads to the optimal (maximum) payoff. For some of these tasks,
we explicitly demonstrate quantum advantage. While quantum strategies outperform classical
ones in these tasks, we observe that the local bound on the payoff approaches the maximum
quite rapidly as the task parameters increase. This behaviour motivates the construction of a
second family of tasks, each tailored to a specific non-local facet. In these tasks as well, shared
randomness assistance leads to suboptimal payoffs. Assistance from any correlation on this
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non-local facet achieves the optimal payoff. As a concrete example, we consider tasks tailored to
non-local extremal correlations with dichotomic outputs, where the shared randomness-assisted
payoff is upper bounded by 0.75. However, any correlation on the isotropic line joining the
corresponding non-local extremal correlation and white noise provides an advantage as long as
the white noise fraction is strictly less than 0.5. We then introduce a third family of tasks with
one-bit communication that demonstrate advantageous assistance from Hardy-type non-local
correlations with dichotomic inputs and d-outputs [186]. In this case, the payoff with shared
randomness is bounded from above by zero, while the payoff with Hardy correlation is positive
and increases with a parameter defining the task. Finally, we consider a particular communica-
tion task from the first family discussed earlier, where any correlation from non-local correlation
is optimal. For this task, the maximum quantum achievable payoff is attained by sharing a
two-qutrit entangled state. In contrast, two-qubit entangled states yield payoffs that exceed the
classical bound but fall short of the quantum maximum. This gap offers an operational method
to witness the local dimension of the shared entangled system.

The thesis is structured in the following manner. Chapter 2 introduces the necessary preliminaries
for the subsequent discussion. The main contributions are presented in Chapters 3, 4, and 5.
Finally, Chapter 6 summarises the results and concludes with a discussion of open questions
for future research.
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Preliminaries

In this chapter, we revisit some foundational concepts and mathematical preliminaries. We also
present some results relevant to the discussions in later chapters. We begin with a brief overview
of quantum theory. This is followed by a discussion on General Probabilistic Theories (GPTs),
which offers a unified framework for describing a broad class of physical theories. Classical and
quantum mechanics appear as special cases within this framework. The notions presented here
will be useful in comparing resources, specifically classical and quantum, in various information-
theoretic tasks. We then discuss the no-signalling correlations and present the mathematical
tools pertinent to the study of non-locality. Next, we provide an overview of selected topics in
graph theory, focusing on graph colouring and orthogonal representations. We conclude with
a discussion of communication-based information-processing tasks in a Prepare-and-Measure
scenario (PM).

2.1 Quantum Theory

Quantum mechanics explains a wide range of physical phenomena. In this section, we revisit the
mathematical formalism of this physical theory and present some definitions. For an in-depth
treatment of the topic, we recommend any standard textbook [187–189].

(i) State space: The state space D(H) of a physical system with associated Hilbert space H
consists of bounded, positive semi-definite operators with a unit trace. Such operators are
called density operators. We will consider only finite-dimensional systems, where H ∼= Cd.
The state of the system is denoted by a density operator ρ ∈ D(Cd).

A convex mixture ρ′′ = pρ + (1 − p)ρ′, with ρ, ρ′ ∈ D(Cd) and p ∈ [0, 1], is also a valid
quantum state. The convexity of the state space is important, as any statistical mixture of
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valid preparations must be a valid preparation as well. Pure states correspond to the extremal
points of the convex set D(Cd) and can be equivalently represented by unit vectors |ψ⟩ ∈ Cd

where ρ = |ψ⟩ ⟨ψ|. If Tr
[
ρ2] = 1 then the state ρ is pure. Otherwise, the state is mixed.

(ii) Composition rule: A composite quantum system consisting of subsystemsA1, A2, · · · , An

is associated with the Hilbert space
⊗n

j=1 Cdj , where for j ∈ [n] the subsystem Aj has an
associated Hilbert space Cdj .

Given the state ρA1A2···An ∈ D(
⊗n

j=1 Cdj ) of the composite system, the reduced state ρAj ∈
D(Cdj ) of subsystem Aj is obtained by taking the partial trace of the state ρA1A2···An over the
complementary subsystems, i.e.,

(2.1) ρAj = TrĀj
[ρA1A2···An ] where Āj = {A1, A2, · · · , An}\{Aj}

Note that any mixed state ρ ∈ D(Cd) can be realised as the reduced state of a pure state
ρ′ = |ψ⟩ ⟨ψ| ∈ D(Cd ⊗ Cd′) where Cd′ is the Hilbert space associated with the ancilla. This
procedure is called purification. All purifications of a mixed state are equivalent up to some
local isometry acting on the ancilla [190].

(iii) Measurement: A measurement on a quantum system with Hilbert space Cd is described
by a set of positive semi-definite operators {Ei ∈ B(Cd) : Ei ≥ 0}N

i=1 which satisfy∑N
i=1Ei = Id. Here, Id denotes the identity operator on Cd. Such a set is called a positive

operator-valued measure (POVM). A projective measurement (PVM) is a POVM where
the operators are additionally orthogonal projectors, i.e., EiEj = δi,jEi for all i, j ∈ [N ].

(iv) Probability rule: The probability of obtaining an outcome i ∈ [N ] for a POVM {Ei}N
i=1

on the quantum system prepared in the state ρ ∈ D(Cd) is given by Born’s rule. i.e.,
p(i) = Tr[ρEi]. The post-measurement state, conditioned on the observed outcome i, is
given by ρ′ = KiρK†

i

Tr
[
KiρK†

i

] where the operators Ki satisfy Ei = K†
iKi for i ∈ [N ].

Analogous to the state space, any convex mixture of POVMs is also a valid POVM. Conse-
quently, the set of all measurements on a quantum system forms a convex set. An extremal
POVM cannot be realised as a convex mixture of other POVMs. For a d-dimensional system,
any extremal POVM has at most N = d2 outcomes [191, 192] and such a POVM with d2

outcomes always exist [191]. It is also worth noting that the post-measurement state is not
uniquely determined by the POVM element Ei.

By Naimark’s dilation theorem [193–196], any POVM {Ei}N
i=1 on a d-dimensional quantum

system can be realised as a PVM {Fi}N
i=1 on an extended system. Specifically, this composite

system consists of the original system and an ancilla of dimension at most N . Importantly, on

12



2.1. QUANTUM THEORY

a system of dimension d, it is still possible to implement a POVM with more than d outcomes.
We now define a particular class of such measurements, which we refer to as projective simulable
(PS) measurements.

Definition 2.1. An N -outcome POVM {Ei ∈ B(Cd) : Ei ≥ 0}N
i=1, with

∑N
i=1Ei = Id, is

called projective simulable if there exist a projective measurement {Fj ∈ B(Cd) : Fj ≥ 0}d
j=1

on d dimensional system, i.e. FjFk = δj,k and
∑d

j=1 Fj = Id, and a conditional probability
distribution {p(i|j)}N

i=1 for all j ∈ [d] such that Ei =
∑d

j=1 p(i|j)Fj .

Such a measurement can be realised by performing a projective measurement on the d-
dimensional quantum system and post-processing its outcomes.

Definition 2.2. An N -outcome POVM {Ei ∈ B(Cd) : Ei ≥ 0}N
i=1, with

∑N
i=1Ei = Id, is called

non-projective simulable (nPS) if it is not projective simulable, i.e. if it cannot be expressed in
the form specified in Definition 2.1.

This notion differs from the definition introduced in [197–199]. In [197], an N -outcome mea-
surement on a d-dimensional system is called projective measurement simulable if it can be
realised by randomising over different PVMs performed on the d-dimensional system, followed
by post-processing of the outcomes. The work [197] provides a generalisation of Naimark’s
theorem, proving that any N -outcome measurement on a d-dimensional system is projective
measurement simulable using a d-dimensional ancilla. Considering probabilistic simulation,
later it was shown that any measurement on a d-dimensional system is projective measurement
simulable with a success probability of 1

d without any ancilla by additionally post-selecting
measurement outcomes [198]. Subsequently, it was shown that using similar resources and a
single qubit ancilla, some measurements can be simulated with success probability indepen-
dent of the system dimension d [200]. More recently, it was proven that measurements on a
d-dimensional system are projective measurement simulable with a constant success probability
of 0.125 using only a single qubit ancilla [199]. In contrast, here in Definition 2.1, we focus on the
simulability of measurements, particularly using a single projective measurement and classical
post-processing, without any ancilla or randomisation over multiple projective measurements
and post-selection. We will discuss detection schemes for qubit and qutrit nPS measurements
in Chapter 4.

(v) Transformation: In quantum theory, the evolution of a state ρ ∈ D(Cd) is given by a
completely positive and trace preserving (CPTP) linear map Φ : B(Cd) → B(Cd′). These
conditions are described below:

(i) ∀ρ ∈ B(Cd), Tr[ρ] = Tr[Φ(ρ)] (trace preserving)

(ii) ∀ρ ∈ B(Cn ⊗ Cd) with ρ ≥ 0, n ∈ N, (In ⊗ Φ)(ρ) ≥ 0 (completely positive)

where In represents the identity map on B(Cn).

13
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Alternately, Φ : B(Cd) → B(Cd′) is CPTP iff there is a set of Kraus operators {Ki : Cd →
Cd′}n

i=1 that satisfy
∑n

i=1K
†
iKi = Id. For ρ ∈ D(Cd), Φ(ρ) =

∑n
i=1KiρK

†
i . In general, the

Kraus representations of a CPTP map are non-unique. Moreover, the evolution of a closed
system is described by a unitary operator U : Cd → Cd, and the transformed state is given
by ρ′ = UρU †. There are linear maps Φ̃ : B(Cd) → B(Cd′) which are positive but not com-
pletely positive. While such maps transform any positive operator in B(Cd) to some positive
operator in B(Cd′), they do not satisfy the condition of complete positivity. Such positive but
non-completely positive maps are useful for detecting quantum entanglement [201, 202], which
is a non-classical feature.

Let us consider a simple example of a two-dimensional quantum system with Hilbert space C2,
also referred to as a qubit. The state of a qubit ρ ∈ D(C2) can be represented as: ρ = 1

2(I2 + n⃗ · σ⃗)

where n⃗ ∈ R3, |n⃗| ≤ 1, σ⃗ = (σ1, σ2, σ3) and σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. In

this case, each vector n⃗ corresponds to a state, and the unit sphere representing the qubit state
space is called the Bloch sphere. For qubit pure states (|n⃗| = 1), the state can equivalently
be represented as a unit vector |ψ⟩ ∈ C2. The eigenvectors corresponding to the +1 and −1
eigenvalues of the operator σ3 are represented as |0⟩ and |1⟩, respectively.

A general form of N -outcome POVM for qubits can be given as {Ei = κi(I2 + n⃗i · σ⃗)}N
i=1 where

κi ≥ 0, n⃗i ∈ R3, |n⃗i| ≤ 1,
∑N

i=1 κi = 1 and
∑N

i=1 κin⃗i = 0⃗. Analogous to pure states, one can con-
sider extremal POVMs for qubits. For N = 2, qubit extremal POVMs correspond to projective
measurements of the form {E1 = 1

2(I2 + n⃗ · σ⃗), E2 = 1
2(I2 − n⃗ · σ⃗)}, where n⃗ ∈ R3 is a unit vector.

For N = 3 or 4, a qubit extremal POVM is composed of elements with n⃗i ∈ R3 being linearly
independent unit vectors and κi > 0 for all i ∈ [N ]. These measurements cannot be realised
by post-processing the outcomes of some 2-outcome qubit projective measurements and are
examples of qubit non-projective simulable measurements. Note that there exists no extremal
POVM on a qubit with more than four outcomes [191]. For a closed qubit system, the evolution
is given by some unitary U = e−i θ

2 (n⃗·σ⃗) = cos θ
2 I2 − i sin θ

2 (n⃗ · σ⃗) where n⃗ ∈ R3 is a unit vector.
More general evolutions for qubits are given by CPTP maps. A typical example is the depolaris-
ing map Φp : B(C2) → B(C2) defined as Φp(ρ) = p ρ+(1−p) I2

2 where 0 ≤ p ≤ 1 and ρ ∈ D(C2).

Now, we will briefly discuss a feature of quantum states called entanglement, which essentially
sparked the debate on the incompleteness of quantum description of reality and hidden variable
models for quantum theory [138].

Definition 2.3. A state ρA1A2···An ∈ D(
⊗n

j=1 Cdj ) of a composite quantum system A1, A2 · · ·An

is separable if it can be expressed as ρA1A2···An =
∑

k pk
⊗n

j=1 ρ
(k)
Aj

where ∀k ρ(k)
Aj

∈ D(Cdj ),
0 ≤ pk ≤ 1, and

∑
k pk = 1.
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Definition 2.4. A state ρA1A2···An ∈ D(
⊗n

j=1 Cdj ) of a composite quantum system A1, A2 · · ·An

is entangled if it is not separable.

Some examples of entangled states in C2 ⊗C2 are the two-qubit Bell states (see Equation (2.2)).
The entanglement for a pure state can be easily determined. A pure state is entangled if the
reduced state of any subsystem is mixed. In general, there is no such easy way to check the
entanglement of a mixed state. Interestingly, when ρA,B ∈ D(Cd ⊗ Cd′), the Peres-Horodecki
criterion [202] provides a test for entanglement of mixed states. A state ρAB ∈ D(Cd ⊗ Cd′) is
entangled if it is not positive under partial transposition, i.e., ρTB

AB ≱ 0. This is both necessary
and sufficient for entanglement when ρAB ∈ D(C2 ⊗ C2) or D(C2 ⊗ C3). Subsequently, several
works have further investigated such a notion of entanglement witness [203–205].

∣∣Φ±〉
AB = 1√

2

(
|00⟩AB ± |11⟩AB

)
(2.2)

∣∣Ψ±〉
AB = 1√

2

(
|01⟩AB ± |10⟩AB

)
(2.3)

These are commonly referred to as two-qubit maximally entangled states, as the reduced state
ρA = ρB = I2

2 in each case. The state |Ψ−⟩AB is also called a singlet. It can be equivalently
expressed as |Ψ−⟩AB = 1√

2

( ∣∣∣ψψ⊥
〉

AB
−
∣∣∣ψ⊥ψ

〉
AB

)
or any orthonormal basis {|ψ⟩ ,

∣∣∣ψ⊥
〉
} of C2.

2.2 General Probabilistic Theories

Quantum theory exhibits several features with no classical counterpart, such as entanglement,
superposition, and non-joint measurability. Such non-classical features, along with the current
formalism of the theory, motivate some foundational questions. Can the theory be derived
from physical axioms? Could there be a theory more fundamental than quantum mechanics?
These philosophical questions also have physical significance. Modifying the physical axioms
while not violating constraints like no-signalling may help in developing a theory of quantum
gravity. The framework of General Probabilistic Theories (GPTs) helps explore wider physical
theories with minimal assumptions [161, 206]. This framework is useful in detecting signatures
of non-classicality [207, 208].

These assumptions are motivated by scenarios that can arise in a laboratory. A physical theory
TH specifies a set of system types and the rules for the composition of multiple systems. The
key ingredients associated with any physical theory within the framework include preparation
procedures that prepare a system in a state, transformation, measurement, and a probability
rule for the outcomes of a measurement. Consider a system SysA(ΩA, EA) of type A, where VA

is a finite-dimensional real vector space associated with the system and V ∗
A is the dual space.
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(i) State space: There exists a unique linear functional uA : ΩA → [0, 1], where ΩA ⊂ VA,
called the deterministic (or unit) effect, which maps every ω ∈ ΩA to 1, i.e., uA(ω) =
1 ∀ ω ∈ ΩA. ΩA ⊂ VA is then the normalised state space of the system SysA(ΩA, EA),
which is a convex and compact set of normalised states ω.

VA+ = {cω : ω ∈ ΩA, c ≥ 0} is the convex positive cone containing unnormalised states. From
the convexity of the state space, any statistical mixture pω + (1 − p)ω′ ∈ ΩA, where 0 ≤ p ≤ 1,
of preparations ω, ω′ ∈ ΩA is also a valid preparation. Additionally, the state space ΩA must be
closed for a physical theory because of the assumption that a state ω ∈ VA+ can be prepared if
there are preparation procedures for states arbitrarily close to ω [206].

Definition 2.5. A state ω ∈ ΩA is pure if for all ω′, ω′′ ∈ ΩA and 0 ≤ p ≤ 1, ω = pω′ + (1 −
p)ω′′ =⇒ ω = ω′ = ω′′, i.e., ω is an extremal point of the convex set ΩA. Otherwise, ω is a
mixed state.

In the physical theory, a measurement can be described by a certain collection of elementary
effects or linear functionals e ∈ V ∗

A defined over the state space.

(ii) Effect space: Let Ω∗
A ⊂ V ∗

A+ denote the set of all linear functionals e : ΩA → [0, 1] defined
over the state space ΩA. V ∗

A+ = {f ∈ V ∗
A : f(ω) ≥ 0 ∀ ω ∈ VA+} is the set of positive

linear functionals on the state cone. The effect space EA for the system SysA(ΩA, EA) is a
subset of Ω∗

A. An element e ∈ EA is called an effect. Although EA ⊆ Ω∗
A in general, we

will use the no-restriction hypothesis [209, 210] and consider theories for which all the
linear functionals e ∈ Ω∗

A are valid effects, i.e., EA = Ω∗
A.

(iii) Measurement and probability rule: A measurement MA = {ei ∈ EA}N
i=1 is a set

of effects such that
∑N

i=1 ei = uA. The probability of obtaining outcome associated
with effect ei when performing the measurement MA on a state ω ∈ ΩA is given by
p(ei|ω) = Tr

[
eT

i · ω
]
.

(iv) Transformation: While we are interested in the transformation of a single system,
its linearity depends on a property of composite systems in the theory, namely local
tomography (discussed later in this section). Thus, any transformation is a linear map
T : VA → VB that maps every unnormalised element ω ∈ VA+ to an unnormalised
state ω′ ∈ VB+. Also, these maps either preserve or decrease total probability, i.e.
uB(T (ω)) ≤ uA(ω) ∀ ω ∈ ΩA. uB is the unit effect of the system of type B. Deterministic
transformations (channels) preserve normalisation for all the states, i.e., uB ◦ T = uA

[206, 211].
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Measurements can be used to distinguish states. It is also possible to identify each state in
some ensemble using a single measurement, making them operationally distinguishable.

Definition 2.6. A set of states {ωi ∈ ΩA}N
i=1 of a system SysA(ΩA, EA) are jointly perfectly

distinguishable if there exists a measurement MA = {ei ∈ EA}N
i=1 such that p(ej |ωi) = δi,j for

all i, j ∈ [N ].

Using ensembles of distinguishable states, it is possible to generalise the notion of dimension for
GPTs. As communication or sharing correlation requires physical systems, this notion will be
particularly useful for comparing communication and shared resources across different theories,
especially quantum and classical theories.

Definition 2.7. Operational dimension dA of a SysA(ΩA, EA) is the largest cardinality of a
subset of states in ΩA that are jointly perfectly distinguishable by a single measurement.

Now we will discuss systems in GPTs, which consist of multiple subsystems of possibly different
types. In the theory TH, consider the simplest scenario where a system consists of sub-systems
SysA(ΩA, EA) and SysB(ΩB, EB) of type A and B, respectively. The joint system AB is
associated with a finite-dimensional real vector space VAB.

(ii) Composition rule: The theory TH prescribes the composition rule for a joint system
SysAB(ΩAB, EAB). This relates the state space ΩAB as well as the effect space EAB of
SysAB(ΩAB, EAB) respectively with the state spaces ΩA, ΩB and effect spaces EA, EB

of the subsystems. The normalised state space ΩAB is a convex compact subset of the
positive cone VAB+. There must be ωAB ∈ ΩAB corresponding to every ωA ∈ ΩA and
ωB ∈ ΩB. Similarly, there also exists an effect eAB = (eA, eB) ∈ EAB corresponding to
each pair of local effects eA ∈ EA and eB ∈ EB.

The identification of the bipartite state (or effects) with local states (effects) is linear [206]. For a
joint state ωAB ∈ ΩAB , the probability of obtaining an outcome corresponding to an effect eAB

is p(eAB|ωAB) = Tr
[
eT

AB · ωAB

]
∈ [0, 1]. Although ΩAB is not uniquely defined based on ΩA and

ΩB, for theories satisfying the following, it is possible to define ΩAB = ΩA ⊗ ΩB ⊂ VA+ ⊗ VB+:

(a) For (ω1)AB, (ω2)AB ∈ ΩAB , if Tr
[
eT

AB · (ω1)AB

]
= Tr

[
eT

AB · (ω2)AB

]
for eAB = (eA, eB) ∈

EAB corresponding to each pair of effects eA ∈ EA and eB ∈ EB, then (ω1)AB = (ω2)AB.
This is referred to as local tomography. In other words, joint states can be fully characterised
using statistics from local measurements.

(b) For any state ωAB ∈ ΩAB of the composite system, the marginal probabilities of outcomes
obtained for measurement on system SysA(ΩA, EA) should not depend on the choice of
measurement on the system SysB(ΩB, EB) and vice versa.
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In this case, the effect space is EAB = Ω∗
AB. The unit effect on the composite system is

uAB = uA ⊗ uB. The product effects are defined as eAB = eA ⊗ eB ∈ EAB, where eA ∈ EA and
eB ∈ EB. Similarly, the product states are given by ωAB = ωA ⊗ ωB ∈ ΩAB, where ωA ∈ ΩA

and ωB ∈ ΩB. The probability of obtaining an outcome corresponding to effect eAB = eA ⊗ eB

is p(eAB = eA ⊗ eB|ωA ⊗ ωB) = p(eA|ωA)p(eB|ωB) for all effects eA ∈ EA and eB ∈ EB. In
general, the choice of the tensor product in ΩA ⊗ ΩB is not unique but lies between two extreme
types [161]:

Definition 2.8. The maximal tensor product ΩA ⊗max ΩB := {ωAB ∈ VA ⊗ VB : (eA ⊗
eB)(ωAB) ≥ 0 ∀ eA ∈ EA, eB ∈ EB and (uA ⊗ uB)(ωAB) = 1}.

Definition 2.9. The minimal tensor product ΩA ⊗min ΩB is the convex hull of all product
states ωAB = ωA ⊗ ωB ∈ ΩAB, where ωA ∈ ΩA and ωB ∈ ΩB.

Now, we consider a few examples like classical theory, quantum theory and some post-quantum
theories like box world.

2.2.1 Classical Theory

In the case of classical theory TH = Cl, the state space (Ωd)A of a d-level classical system
SysA((Ωd)A, (Ed)A) is defined as (Ωd)A = {(p0, p1, . . . , pd−1) ∈ [0, 1]d :

∑d−1
i=0 pi = 1}. Each

state ω ∈ (Ωd)A is a probability distribution over d possible outcomes. Pure states are de-
terministic distributions ωi = (p0, p1, . . . , pd−1), where pi = 1 for i ∈ {0, 1, · · · , d − 1}. The
effect space (Ed)A = [0, 1]d. The unit effect uA = (1, 1, · · · , 1). Measurement is defined by
a set of effects (Md→N

A )Cl = {ei ∈ (Ed)A}N
i=1 satisfying

∑N
i=1 ei = uA. Equivalently, with

ei = (wi,1, wi,2, · · · , wi,d), the measurement can be represented as a column stochastic matrix
W d→N

A with element (W d→N
A )i,j = wi,j and

∑N
i=1wi,j = 1 ∀j ∈ [d]. The probability of obtaining

an outcome corresponding to the effect ei = (wi,1, wi,2, · · · , wi,d) for a state ω = (p0, p1, . . . , pd−1)
is given by p(ei|ω) =

∑d
j=1wi,jpj−1. In other words, the probability of obtaining the ith outcome

is given by the ith element of (W d→N
A )(ω)T . The operational dimension of the d-level classical

system SysA((Ωd)A, (Ed)A) is d.

Note that in Chapter 4, we will use the convention where N outcome measurement (Md→N
A )Cl =

{ei ∈ (Ed)A}N−1
i=0 satisfying

∑N−1
i=0 ei = uA. In this case, the measurement is represented as a col-

umn stochastic matrix W d→N
A with element (W d→N

A )i,j = wi,j where i ∈ {0, 1, · · · , N − 1}, j ∈
{0, 1, · · · , d − 1} and

∑N−1
i=0 wi,j = 1 ∀j ∈ {0, 1, · · · , d − 1}. The probability of obtaining an

outcome corresponding to the effect ei = (wi,0, wi,1, · · · , wi,d−1), where i ∈ {0, 1, · · · , N − 1},
for a state ω = (p0, p1, . . . , pd−1) is given by p(ei|ω) =

∑d−1
j=0 wi,jpj .

For a composite classical system SysAB((Ωd′′)AB, (Ed′′)AB) consisting of two subsystems
SysA((Ωd)A, (Ed)A) and SysB((Ωd′)B, (Ed′)B), the state space
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(Ωd′′)AB = {(p0,0, p0,1, . . . , pd−1,d′−1) ∈ [0, 1]d′′ :
∑d−1

i=0
∑d′−1

j=0 pi,j = 1} with d′′ = dd′. The
effect space (Ed′′)AB = [0, 1]dd′ .

2.2.2 Quantum Theory

We will denote quantum theory by TH = Q. As discussed in Section 2.1, a system SysA(ΩA, EA)
is associated with Hilbert space Cd. If we denote VA = Herm(Cd) = Rd2 as the space of
hermitian operators on Cd and VA+ = {O ∈ VA : O ≥ 0} as its positive cone, then it can be
seen that the state space ΩA = D(Cd) ⊂ VA+. The unit effect in quantum theory is uA = Id.
The effect space is EA = {E ∈ B(Cd) : E ≥ 0}. Each POVM defines a measurement. The
probability of obtaining an outcome associated with the POVM element E ∈ EA conditioned
on the system’s state ρ ∈ ΩA is given by Born rule, i.e., p(E|ρ) = Tr[Eρ]. The composition
rule is given using the tensor product. In quantum theory, only mutually orthogonal states can
be distinguished perfectly using a single measurement. Thus, the operational dimension of a
quantum system associated with Cd is d.

2.2.3 Box world

Beyond standard quantum mechanics, there are alternative models, often grouped under the
term “post-quantum theories”. Now, we will provide an example of a particular post-quantum
theory called the box-world TH = B [212]. In the Bell scenario, the boxworld states can generate
correlations that go beyond those allowed in quantum theory [161, 213]. The state space ΩA

of an elementary system SysA(ΩA, EA) in the box-world is ΩA = Conv{ω1, ω2, ω3, ω4} ⊂ R3,
the convex hull of four extremal points. Here, we denote the convex hull of x and y by
Conv{x, y} = {αx+ (1 − α)y : α ∈ [0, 1]}. These four states are the pure states, and they form
the vertices of a square in R3, i.e.

ω1 =


1
0
1

 , ω2 =


0
1
1

 , ω3 =


−1
0
1

 , ω4 =


0

−1
1

(2.4)

In the box-world, the probability of observing the outcome associated with an effect e ∈ EA on
ω ∈ ΩA is p(e|ω) = Tr

[
eT · ω

]
. The zero effect and unit effect are two special effects. The unit

effect plays the role of normalisation, and the zero effect describes an impossible event. They
are given below.

O =


0
0
0

 , uA =


0
0
1

(2.5)
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The effect space can be written as EA = Conv{O, uA, e1, e2, e3, e4} ⊂ R3 with the extremal
effects given below

e1 = 1
2


1
1
1

 , e2 = 1
2


−1
1
1

 , e3 = 1
2


−1
−1
1

 , e4 = 1
2


1

−1
1

(2.6)

A measurement is a collection of effects {fi ∈ EA}N
i=1 satisfying

∑N
i=1 fi = uA. Note that the

set of states {ω1, ω2} are perfectly distinguishable using the measurement defined by the effects
{f1 = e4, f2 = e2}, i.e. p(fi|ωj) = δi,j for i, j ∈ {1, 2}. Additionally, any set of three or more
states in ΩA is not perfectly distinguishable using a single measurement in the theory. Thus,
the operational dimension of the system SysA(ΩA, EA) is 2.

Consider a composite system SysAB(ΩAB, EAB) consisting of two elementary sub-systems
SysA(ΩA, EA) and SysB(ΩB, EB) of the same type. Here, we will discuss a specific composition
rule for the Box world that gives rise to the PR-model, which in the bipartite scenario allows
realisation of a correlation called the PR-box [213]. The PR-box represents the strongest
non-local correlations consistent with the no-signalling principle (refer to Section 2.3). The
state space ΩAB = Conv{(ω1)AB, (ω2)AB, · · · , (ω24)AB} where

(ω4(i−1)+j)AB = (ωi)A ⊗ (ωj)T
B for i, j ∈ [4], (ωi)A ∈ ΩA, (ωj)B ∈ ΩB(2.7)

are extremal product states. The extremal entangled states [212] in the PR-model are

(ω17)AB = 1
2
(
(ω2)A ⊗ (ω2)T

B − (ω3)A ⊗ (ω3)T
B + (ω3)A ⊗ (ω4)T

B + (ω4)A ⊗ (ω3)T
B

)
(2.8a)

(ω18)AB = 1
2
(
(ω1)A ⊗ (ω4)T

B − (ω1)A ⊗ (ω1)T
B + (ω2)A ⊗ (ω2)T

B + (ω4)A ⊗ (ω1)T
B

)
(2.8b)

(ω19)AB = 1
2
(
(ω1)A ⊗ (ω1)T

B − (ω2)A ⊗ (ω2)T
B + (ω2)A ⊗ (ω3)T

B + (ω3)A ⊗ (ω2)T
B

)
(2.8c)

(ω20)AB = 1
2
(
(ω1)A ⊗ (ω1)T

B − (ω1)A ⊗ (ω4)T
B + (ω2)A ⊗ (ω4)T

B + (ω4)A ⊗ (ω3)T
B

)
(2.8d)

(ω21)AB = 1
2
(
(ω1)A ⊗ (ω4)T

B − (ω1)A ⊗ (ω1)T
B + (ω2)A ⊗ (ω1)T

B + (ω4)A ⊗ (ω2)T
B

)
(2.8e)

(ω22)AB = 1
2
(
(ω1)A ⊗ (ω1)T

B − (ω1)A ⊗ (ω2)T
B + (ω2)A ⊗ (ω2)T

B + (ω4)A ⊗ (ω3)T
B

)
(2.8f)

(ω23)AB = 1
2
(
(ω2)A ⊗ (ω2)T

B − (ω3)A ⊗ (ω2)T
B + (ω3)A ⊗ (ω3)T

B + (ω4)A ⊗ (ω1)T
B

)
(2.8g)

(ω24)AB = 1
2
(
(ω1)A ⊗ (ω2)T

B − (ω2)A ⊗ (ω2)T
B + (ω2)A ⊗ (ω3)T

B + (ω3)A ⊗ (ω1)T
B

)
(2.8h)

The effect space of the composite system is EAB = {(e)AB = (e)A ⊗(e)T
B : (e)A ∈ EA, (e)B ∈ EB}.

It contains all extremal product effects (e4(i−1)+j)AB = (ei)A ⊗ (ej)T
B where (ei)A ∈ EA, (ej)B ∈

EB and i, j ∈ [4]. Next, we will discuss the no-signalling principle and the correlation that can
arise only using local operations on a shared state in certain theories.
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2.3 No-signalling Correlations and Bell Inequality

The study of non-locality in the foundations of quantum mechanics was initiated as a conse-
quence of the seminal paper by EPR [138], which argued on the incompleteness of the quantum
description of reality. They considered a bipartite quantum system in an entangled state. The
outcomes corresponding to two non-commuting observables for one of the subsystems can be
guessed perfectly without directly interacting with it [214]. However, the quantum description
of the state does not account for these realities and, according to EPR, is therefore incomplete.
The implication that quantum theory could be completed using some local hidden variable
description was later disproven [133, 215]. The principle of no-signalling and non-existence of
local hidden variable models using the violation of Bell inequalities has been extensively studied.
Here we will briefly overview some of the notions and refer the reader to books such as [216]
for a detailed introduction to the topic.

Consider an experiment involving two space-like separated parties, say Alice and Bob, who
receive randomly chosen inputs x ∈ X and y ∈ Y and output an outcome a ∈ A and b ∈ B
respectively. This setup is referred to as the Bell scenario or the non-local scenario, and we
denote it by BX,Y

A,B . X,Y,A,B are finite sets. The parties can access shared states ωAB ∈ ΩAB

allowed in some theory TH. The subsystems of Alice and Bob are of type A and B, respectively.
In the experiment, based on their received input x ∈ X and y ∈ Y, Alice and Bob select a state
ωAB ∈ ΩAB according to a probability distribution {p(ωAB|x, y)}ωAB ,x,y. Alice performs an
|A|-outcome measurement on sub-system A based on the input x and outputs the outcome a ∈ A
of the measurement. Similarly, Bob performs a |B|-outcome measurement on the sub-system B

based on his input y and outputs the outcome b ∈ B of the measurement. Using the shared state
and measurements, they obtain the conditional probability distribution {P (a, b|x, y, ωAB)}a,b,x,y.
Here, P (a, b|x, y, ωAB) denotes the conditional probability of Alice and Bob getting outcomes a
and b when performing measurements labelled x and y, respectively, on the shared state ωAB.
The conditional probability distribution P = {P (a, b|x, y)}a,b,x,y is obtained by averaging over
the state space and can be expressed as

P (a, b|x, y) =
∫

ωAB∈ΩAB

p(ωAB|x, y)P (a, b|x, y, ωAB) dωAB(2.9)

Let the state space of a local hidden variable theory be ΩAB = Λ. Say, Alice and Bob share
states λ ∈ Λ from the hidden variable theory distributed according to the probability {p(λ)}λ∈Λ.
In such a scenario, we use the assumption of measurement independence or freedom of choice,
according to which the p(λ|x, y) = p(λ) ∀x, y, λ. In other words, using Bayes’ theorem, the
measurement setting is randomly chosen and is independent of the shared state. Using this in
Equation (2.9),
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P (a, b|x, y) =
∫

λ∈Λ
p(λ)P (a, b|x, y, λ) dλ(2.10)

For local hidden variable theory, the conditional probability distribution {P (a, b|x, y, λ)}a,b,x,y

factorise or satisfy the property of locality for all λ ∈ Λ, i.e.,

P (a, b|x, y, λ) = P (a|x, λ)P (b|y, λ)(2.11)

The outcomes a or b, respectively, should not depend on the choice of measurement y and x.
In this case, the correlation P = {P (a, b|x, y)}a,b,x,y obtained in the Bell scenario using shared
state and measurements described by a local hidden variable model takes the form:

P (a, b|x, y) =
∫

λ∈Λ
p(λ)P (a|x, λ)P (b|y, λ) dλ(2.12)

For a deterministic local hidden variable model, the shared state λ completely determines
the outcome of measurements indexed by x ∈ X for Alice and y ∈ Y for Bob. Given such λ,
the outcomes of measurement x and y are determined by some function LA : X → A and
LB : Y → B, respectively. Thus, P (a|x, λ) = δa,LA(x) and P (b|y, λ) = δb,LB(y). The cardinality
of the deterministic local hidden variable states λ in the state space Λ is equal to the number
of such pairs of deterministic functions, i.e. |A||X||B||Y|.

More generally, assume Alice and Bob share a black-box having a measurement setting cor-
responding to inputs x ∈ X and y ∈ Y, respectively. Additionally, the box outputs outcomes
a ∈ A and b ∈ B for Alice and Bob, respectively, based on their local inputs. Say they obtain a
conditional probability distribution P = {P (a, b|x, y)}a,b,x,y in the experiment. This correlation
could, in principle, be realised using systems and measurements in some physical theories, such
as classical, quantum, or post-quantum theory. Since Alice and Bob are spatially separated,
this correlation must satisfy the no-signalling principle.

Definition 2.10. A correlation P = {P (a, b|x, y)}a,b,x,y in the Bell scenario is no-signalling if
it satisfies the following constraints:∑

b

P (a, b|x, y) =
∑

b

P (a, b|x, y′) = PA(a|x) ∀ a, x, y, y′(2.13)

∑
a

P (a, b|x, y) =
∑

a

P (a, b|x′, y) = PB(b|y) ∀ b, x, x′, y(2.14)

{PA(a|x)}a,x and {PB(b|y)}b,y are marginal distributions of Alice and Bob, respectively. The
Equations (2.13) and (2.14) state that Bob’s measurement choice does not affect Alice’s marginal
conditional probabilities, and vice versa. Thus, neither party can infer the other’s measurement
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choice from their outcome statistics, and the correlation cannot be used for signalling. Any
correlation P in the Bell scenario that admits a local hidden variable description as in Equation
(2.12) is necessarily no-signalling, but not all no-signalling correlations admit such a model.
Additionally, any no-signalling correlations P that admit a local hidden variable description can
also be realised by a deterministic local hidden variable model [217]. The reverse implication is
trivial. In what follows, we use the term local hidden variable model to mean the deterministic
local hidden variable model, given their equivalence in the Bell scenario. The local hidden
variable models correspond to the classical description and are often referred to as shared
randomness.

Let L be the set of no-signalling correlations P in the Bell scenario BX,Y
A,B that have a local

hidden variable realisation. This set is convex as P = pP ′ + (1 − p)P ′′ ∈ L for all P ′, P ′′ ∈ L
and p ∈ [0, 1]. Its extremal points correspond to correlations obtained by fixing a shared state
λ ∈ Λ, i.e. setting p(λ) = 1 in Equation (2.12). Thus, L is a polytope with |A||X||B||Y| local
extremal points {P (i)

L }|A||X||B||Y|

i=1 . It is referred to as the local polytope. Similarly, the set of
all no-signalling correlations forms a polytope N S referred to as the no-signalling polytope.
This convex set lies in an D-dimensional real vector space RD [218]. The subspace N S is
specified by elements satisfying the positivity and normalisation constraints for the conditional
probability as well as the no-signalling constraints given in Equations (2.13) and (2.14). Each
constraint defines a hyperplane, and since their number is finite, N S is a polytope. The extremal
points {P (i)

L }|A||X||B||Y|

i=1 of local polytope L are also extremal points of N S. An extremal point
PNL = {PNL(a, b|x, y)}a,b,x,y of N S such that PNL /∈ {P (i)

L }|A||X||B||Y|

i=1 is a non-local extremal
point. Let {P (i)

NL}i denote the set of all non-local extremal points.

Definition 2.11. A non-local facet1 Face{P (i)
NL}i∈J is the convex hull Conv{P (i)

NL}i∈J of non-
local extremal points with indices in J such that for all P ∈ Face{P (i)

NL}i∈J , P ≠ pP ′+(1−p)P (j)
L

where P (j)
L ∈ {P (i)

L }|A||X||B||Y|

i=1 , P ′ ∈ N S and p ∈ [0, 1).

A no-signalling correlation P ∈ N S can become noisy. A particular kind of noise is the white
noise correlation PW N = {PW N (a, b|x, y) = 1

|A||B|}a,b,x,y ∈ N S.

Definition 2.12. A correlation P ′ ∈ N S lies on the isotropic line connecting P ∈ N S and white
noise PW N = {PW N (a, b|x, y) = 1

|A||B|}a,b,x,y if there is p ∈ [0, 1] such that P ′ = pP+(1−p)PW N .

A correlation P ∈ N S is quantum realisable if there is a shared quantum state ρAB ∈
D(CdA ⊗ CdB ) and POVMs Mx

A = {Ex
a ∈ B(CdA) : Ex

a ≥ 0,
∑

a∈AE
x
a = IdA

} ∀x ∈ X for Alice
and POVMs My

B = {Ey
b ∈ B(CdB ) : Ey

b ≥ 0,
∑

b∈BE
y
b = IdB

} ∀y ∈ Y for Bob such that

(2.15) P (a, b|x, y) = Tr
[
ρABE

x
a ⊗ Ey

b

]
∀ a, b, x, y

1Throughout this thesis, we use the term “non-local facet” in a broader sense, referring to any non-local face
of the no-signalling polytope, not only facets in the strict polyhedral sense of dimension dim(N S) − 1.
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We denote using Q ⊂ N S, the set of all no-signalling correlations P ∈ N S which are quantum
realisable. In general, it is a hard problem to determine if a correlation P ∈ N S is quantum
realisable or not [219, 220]. In Appendix B, we discuss some known methods to bound the set
of quantum realisable correlations Q from the outside.

Consider a hyperplane in N S such that the local polytope L lies entirely on one side. Positivity,
normalisation, and no-signalling constraints on the conditional probabilities define trivial
hyperplanes. It is possible to define some non-trivial hyperplanes, or Bell functionals.

Definition 2.13. In the Bell scenario BX,Y
A,B , the Bell functional is a linear map B : N S → R

acting on the space of no-signalling correlations, and can be written in the form

(2.16) B(P ) =
∑

a,b,x,y

cx,y
a,bP (a, b|x, y)

where P ∈ N S and cx,y
a,b ∈ R.

Although one can also consider non-linear functionals in general, here we will restrict ourselves
to a linear Bell functional. The local bound βL for the Bell functional is given by

(2.17) βL = max
P ∈L

B(P )

Since B(P ) ≤ βL for all P ∈ L, any violation of this inequality B(P ′) > βL for some correlation
P ′ ∈ N S implies that it is non-local, i.e. P ′ ∈ N S\L. A standard example is the CHSH
inequality [164]. In the Bell scenario BX,Y

A,B where X = Y = A = B = [2] and the Bell functional

B(P ) =
∑

a,b,x,y

cx,y
a,bP (a, b|x, y)(2.18)

where cx,y
a,b =

(−1)(a−1)⊕2(b−1) if (x, y) ∈ {(1, 1), (1, 2), (2, 1)}

(−1)(a−1)⊕2(b−1)⊕21 if x = 2, y = 2

The local bound for the Bell functional is βL = 2. Interestingly, some quantum realisable
correlations violate the local bound. The maximum quantum violation for CHSH is 2

√
2 [221].

This can be obtained using a shared maximally entangled state
∣∣Φ+〉

AB = 1√
2

(
|00⟩AB +|11⟩AB

)
.

Alice’s observables are σ3 and σ1, respectively, for x = 1 and x = 2. Bob’s observables are σ3+σ1√
2

and σ3−σ1√
2 , respectively, for y = 1 and y = 2. This establishes that quantum theory cannot be

described by any local hidden variable model. However, quantum theory does not achieve the
maximum no-signalling value of this Bell function. This maximum violation maxP ∈N S B(P ) = 4
and can be achieved by a non-local extremal point P (0,0,0)

NL of N S, also called a PR-box [213] as
defined below. In this scenario, there are eight non-local extremal points or PR-boxes denoted
by P (α,β,γ)

NL = {P (α,β,γ)
NL (a, b|x, y)}a,b,x,y, (α, β, γ) ∈ {0, 1}3, where

P
(α,β,γ)
NL (a, b|x, y) =

δ(a−1)⊕2(b−1),f(x,y,α,β,γ)
2(2.19)

and f(x, y, α, β, γ) = (x− 1)(y − 1) ⊕2 α(x− 1) ⊕2 β(y − 1) ⊕2 γ
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x\y 1 2 3 · · · Y − g Y − g + 1 · · · Y

1 1
2I2

1
2I2

1
2I2 · · · 1

2I2 L · · · L
2 1

2I2
1
2σ1

1
2I2 or 1

2σ1 · · · 1
2I2 or 1

2σ1 L · · · L
3 1

2I2
1
2I2 or 1

2σ1
1
2I2 or 1

2σ1 · · · 1
2I2 or 1

2σ1 L · · · L
...

...
...

... · · ·
...

... · · ·
...

X − h 1
2I2

1
2I2 or 1

2σ1
1
2I2 or 1

2σ1 · · · 1
2I2 or 1

2σ1 L · · · L
X − h+ 1 K K K · · · K M · · · M

...
...

...
... · · ·

...
... · · ·

...
X K K K · · · K M · · · M

Table 2.1: Representation of a non-local extremal point in the Bell scenario BX,Y
A,B with A = B = 2

and X = [X],Y = [Y ]. Here, g, h ∈ N, 0 ≤ g ≤ Y − 2, 0 ≤ h ≤ X − 2 and entries of each block
matrix corresponding to an x, y pair represent P (a, b|x, y). The rows of the block matrix are
indexed by a ∈ {1, 2} and columns are indexed by b ∈ {1, 2}.

These correlations can be realised in the boxworld GPTs [212]. More generally, in the Bell
scenario BX,Y

A,B with A = B = [2] and X = [X],Y = [Y ], the extremal non-local points of
the N S polytope take the form (up to local relabelling) as shown in Table 2.1 [222]. Here
g, h ∈ N, 0 ≤ g ≤ Y − 2, 0 ≤ h ≤ X − 2 and

(2.20) K =
(1

2
1
2

0 0

)
,L =

(1
2 0
1
2 0

)
,M =

(
1 0
0 0

)
.

Each entry in Table 2.1, corresponding to x ∈ X = [X] and y ∈ Y = [Y ], is a block matrix.
This matrix gives values of P (a, b|x, y) where rows index a ∈ {1, 2} and columns index b ∈ {1, 2}.

Non-locality can also be revealed in Bell scenarios without Bell inequalities. It can be witnessed
through some logical contradictions. Some popular examples are the GHZ paradox [223] and the
Hardy paradox [224, 225]. The Hardy paradox was originally formulated in the bipartite scenario
BX,Y

A,B with X = Y = A = B = [2], and later extended to multipartite scenarios as well as settings
with more inputs and outputs [186, 226–233]. Here we will discuss the Hardy type correlations
introduced in [186]. The authors considered a Bell scenario with X = Y = [2] and A = B = [d],
where d ∈ N \ {0, 1}. For a no-signalling correlation P ∈ N S we introduce two shorthand
representations: P (a < b|x, y) =

∑
a,b:
a<b

P (a, b|x, y) and P (a > b|x, y) =
∑

a,b:
a>b

P (a, b|x, y). The

Hardy paradox is expressed through the following conditions on P :

P (a < b|2, 1) = 0(2.21a)

P (a > b|1, 1) = 0(2.21b)

P (a < b|1, 2) = 0(2.21c)

P (a < b|2, 2) > 0(2.21d)
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The final inequality indicates a non-zero probability of an outcome that cannot be explained
classically if the other conditions are satisfied. For quantum realisable no-signalling correlations
P ∈ Q satisfying these conditions, we define the Hardy payoff, which quantifies the non-
classicality of a correlation.

(2.22) Hd
Hardy(P ) = P (a < b|2, 2)

For d = 2, constraints in Equation (2.21) reduce to Hardy’s paradox as in [224]. Every local
correlation P ∈ L violates at least one of the constraints given in Equation (2.21). Some
quantum correlations satisfy all constraints. However, correlations from bipartite maximally
entangled states fail to satisfy them for any d ∈ N\{0, 1} [186]. Correlations obtained from
mixed two-qubit entangled states also fail to satisfy these constraints for d = 2. In quantum
theory, a maximum value of Hd=2

Hardy ≈ 0.09 can be achieved for d = 2 [224]. This is obtained
using two-qubit entangled states. Interestingly, the maximum value of Hd

Hardy achievable in
quantum theory increases with d and is bounded from above by 0.5 [186].

The violation of Bell inequality and the logical contradictions highlight the presence of non-
classical correlation. To formalise this perspective, one can adopt a resource-theoretic approach.
Now, we briefly outline the resource theory of local operations and shared randomness (LOSR)
[234, 235]. In the Bell scenario, shared randomness can be taken as a free resource. Any local
operation on the shared state by spatially separated parties is a free operation. Using only free
resources and free operations, Alice and Bob can generate correlations within the local polytope
L. Furthermore, some shared quantum states also yield correlations in L for all choices of local
operations in quantum theory. These states are equivalent to free resources and are considered
“classical” in this framework. Examples include separable states and certain entangled states
[146]. This notion of classical resources can be extended to any physical theory TH. Violation
of a Bell inequality in this framework implies the presence of non-classical resources. Since
Alice and Bob treat their system as a black box, assuming only no-signalling, such detection of
non-classical resources using Bell-inequality violation is called device independent [216].

In contrast to the device-independent scenario, additional assumptions about the inner workings
of the shared apparatus define a semi-device-independent framework. For example, assuming
the shared system is quantum, the maximum quantum violation of some Bell inequality
can self-test the shared state and measurements up to local isometry [147, 148]. Similarly,
assuming a bound on the local dimension of the shared state can enable certification of
certain non-classical measurements. In [151], the authors considered a Bell scenario BX,Y

A,B where
X = [3],Y = [2],A = [3],B = [2]. For x = 1, 2, the outcome a = 3 does not effectively contribute
to the Bell functional B they studied. Assuming the shared state ρAB ∈ D(C2 ⊗ C2) and
general qubit POVMs, they obtained correlations P for which B(P ) exceeded the value possible
with any projective measurement on a two-qubit state. This enables semi-device-independent
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detection of non-projective measurements. These scenarios typically assume random inputs,
i.e., measurement independence. A natural extension is to lift this assumption to detect
measurements on d-dimensional system that are neither projective nor post-processing of
outcomes obtained using a projective measurement on the same system.

2.4 Graphs and Orthogonal Representation

First, we recall some basic notions from graph theory. These will later be useful when we
discuss orthogonal representations and binary colourings, which are also relevant in quantum
foundations and quantum information [139, 236].

Definition 2.14. A graph G is defined by a set of vertices V(G) = {v1, v2, . . . , vn} and edges
E(G).

In a graph, an edge is denoted by a pair (vi, vj) ∈ E(G). It connects the two vertices vi and vj ,
which are also called its endpoints. The number of vertices, n = |V(G)|, is called the order of
the graph. If the number of vertices in the graph is finite, then G is called a finite graph. We
will only consider finite graphs. In general, a graph may also have infinite vertices. The degree
of a vertex vi ∈ V(G) is the number of edges having vi as an endpoint. Vertices vi, vj ∈ V(G)
are adjacent (or neighbours) if (vi, vj) ∈ E(G). A graph may have multiple edges between the
same pair of vertices. A loop is an edge with identical endpoints, i.e. (vi, vi) ∈ E(G) for some
i ∈ [n]. Also, some of the edges (vi, vj) ∈ E(G) could be considered as an ordered tuple, as
in the case of directed graphs. If all edges (vi, vj) ∈ E(G) are unordered tuples, then G is an
undirected graph. Additionally, in weighted graphs, the edges are associated with a number.
Here, we will consider only certain types of graphs called simple graphs.

Definition 2.15. A simple graph is an undirected and unweighted graph which does not have
any loops or multiple edges between any two vertices.

We now recall a few specific types of graphs that will be used later.

Definition 2.16. A complete graph G is a simple graph in which every pair of distinct vertices
is adjacent, i.e., (vi, vj) ∈ E(G) for all distinct vi, vj ∈ V(G)

Definition 2.17. The complement Ḡ of a simple graph G is also a simple graph with the same
vertex set V(Ḡ) = V(G) = {v1, v2, · · · , vn}, and (vi, vj) ∈ E ¯(G) iff vi ̸= vj and (vi, vj) /∈ E(G).

A graph is called self-complementary if it is isomorphic (see Definition 2.22 below) to its
complement. A graph G is k-regular if each vertex in the graph has degree k. For simple graphs,
the degree of a vertex is also the number of its neighbours.

Definition 2.18. An induced subgraph H of a graph G has vertex set V(H) ⊆ V(G) and
(vi, vj) ∈ E(H) iff vi, vj ∈ V(H) and (vi, vj) ∈ E(G).
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Figure 2.1: A graph G of order n = 5 along with two induced subgraphs H and H′.

Definition 2.19. A clique of a graph G is an induced subgraph of G which is a complete graph.
The size of a clique is the order of the induced subgraph.

Definition 2.20. A maximum clique of G is a clique of the largest size (order) in the graph.
The size of a maximum clique is the clique number ω(G).

As an example, consider the graph G in Figure 2.1 with V(G) = {v1, v2, v3, v4, v5} and
E(G) = {(vi, vj) : i, j ∈ {1, 2, 3, 5}, i < j} ∪ {(vi, vj) : i, j ∈ {3, 4, 5}, i < j}. H and H′

are induced subgraphs of G. Both are cliques of G, and H′ is a maximum clique of G. The clique
number of G is ω(G) = 4.

An independent set of G is a subset of vertices in V(G) that are pairwise non-adjacent. Such
subsets correspond to cliques of the complementary graph Ḡ. A simple graph G of order n
can also be represented using an n × n matrix AG called the adjacency matrix of G. In this
matrix, (AG)i,j = 1 if (vi, vj) ∈ E(G) and 0 otherwise for i, j ∈ [n]. Note that the adjacency
matrix is symmetric, i.e. AG = AT

G , and its diagonal entries (AG)i,i = 0 for the simple graph.
The eigenvalues of AG are real and form the spectrum of the graph. Between two graphs G and
G′, a homomorphism is defined as follows:

Definition 2.21. A graph homomorphism from a simple graphs G to a graph G′ is a function
f : V(G) → V(G′) such that if (vi, vj) ∈ E(G), for vi, vj ∈ V(G), then (f(vi), f(vj)) ∈ E(G′).

If such a map exists, G is homomorphic to the graph G′. If the inverse f−1 : V(G′) → V(G) is
also a homomorphism from G′ to G, then f is called a graph isomorphism. In this case, G and
G′ are isomorphic.

Definition 2.22. A graph isomorphism f : V(G) → V(G) from a simple graph G to itself is
called a graph automorphism.
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A graph automorphism of G is a permutation of its vertices that preserves adjacency. The
set of all automorphisms is closed under composition and forms the automorphism group of
G. A graph G is vertex transitive if for each pair of vertices vi, vj ∈ V(G), there exists an
automorphism f : V(G) → V(G) such that f(vi) = vj . Examples of vertex-transitive and self-
complementary graphs include Paley graphs. A Paley graph GP aley(q), where q = 4k + 1 = pm

for some prime p and positive k,m ∈ N, has q vertices. Each vertex is associated with a distinct
element of the finite field Fq. Two vertices are adjacent if their difference is a quadratic residue
(non-zero square) in the finite field Fq. We next discuss orthogonal representations of a graph.
An orthogonal representation maps the vertices of a graph to vectors in a d-dimensional inner
product space Fd, defined over a field F, while satisfying some additional constraints [236, 237].

Definition 2.23. Given a graph G, an orthogonal representation (OR) is a function ϕ :
V(G) → Fd, where Fd is a d-dimensional inner product space defined over the field F, such that
adjacency implies orthogonality, i.e. if (vi, vj) ∈ E(G) then ⟨ϕ(vi)|ϕ(vj)⟩ = 0 where ⟨.|.⟩ is the
inner product in Fd.

An upper bound on the minimum dimension d in which G has orthogonal representation is
d ≤ χ(G) as each colour can be mapped to a distinct orthonormal vector to obtain an orthogonal
representation. Here, χ(G) is the chromatic number of G, which is the minimum number of
colours needed to assign different colours to all adjacent vertices in G. In some OR, non-adjacent
vertices may also be assigned orthogonal vectors. Although an OR may assign the same vector
to different vertices, we assume distinct assignments. This non-degeneracy condition appears in
the definition of a general position orthogonal representation [238], where representing vectors
must be linearly independent.

Definition 2.24. An orthogonal representation ϕ : V(G) → Fd is a faithful orthogonal
representation (FOR) if (i) it is injective and (ii) for all vi, vj ∈ V(G), ⟨ϕ(vi)|ϕ(vj)⟩ = 0 =⇒
(vi, vj) ∈ E(G).

If a FOR ϕ of a graph G satisfies |ϕ(vi)| = 1 for all vi ∈ V(G), then it is called a faithful
orthonormal representation. With mild abuse of language, we will use the term faithful orthogonal
representation to refer to such orthonormal representations. Moreover, if G has a faithful
orthogonal representation ϕ in Rd, the same function ϕ is trivially a faithful orthogonal
representation in Cd. For a graph G, the faithful orthogonal range is the minimum dimension d
such that there exists a faithful orthogonal representation in Rd [237]. Let us denote it by ξ(G).
It satisfies the following relation:

(2.23) ω(G) ≤ ξ(G) ≤ |V(G)|

This follows trivially since all vertices in a maximum clique must be assigned orthogonal vectors.
In a real vector space of dimension |V(G)|, there are enough orthogonal vectors to satisfy
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Figure 2.2: Two examples of graph G(α,β)
γ . In example (a), β = 5 and γ = 2. In example (b),

β = 3 and γ = 0. The graph in example (b) will be denoted as G(α,β=3)
disc. since all the maximum

cliques are disconnected in this graph.

orthogonality for all adjacent vertices [237]. In general, finding the faithful orthogonal range is
hard. The graphs with maximum vertex degree deg(G) have FOR in dimension 2 deg(G) [238].
A graph G has FOR in dimension d̃ if its complementary graph Ḡ is (|V(G)| − d̃) connected
[238]. A graph G is k-connected (k < |V(G)|) if it remains connected even after removing fewer
than k vertices. We now discuss a family of graphs and their faithful orthogonal range, which
will be relevant to some of the results in Chapter 4.

Definition 2.25. Let G(α,β)
γ be a graph where α, β, γ ∈ N, α, β ≥ 2, and γ ∈ [0, β

2 ). The graph
consists of a chain of α maximum cliques, each of size β. Consecutive maximum cliques Ci and
Ci+1 share exactly γ vertices for i ∈ {1, 2, · · · , α− 1}, and the rest of the maximum cliques do
not share any additional vertices and edges.

When γ = 0, all the maximum cliques of G(α,β)
γ are disconnected. We denote this case by G(α,β)

disc. .
See Figure 2.2 for examples. We will now determine the faithful orthogonal range of the graph
G(α,β)

γ .

Lemma 2.1. The faithful orthogonal range of the graph G(α,β)
γ is ξ(G(α,β)

γ ) = β.

Proof. 2 For G(α,β)
γ , the faithful orthogonal range is at least β since the vertices in a maximum

clique must be assigned mutually orthogonal vectors. As ω(G(α,β)
γ ) = β, any faithful orthogonal

representation requires a vector space dimension of at least β. We now show that G(α,β)
γ has an

FOR in Rβ using the method of induction.

Case α = 2:
Consider this simplest case. Let C1 and C2 denote the two maximum cliques, with vertex sets
V(C1) and V(C2) respectively. From Definition 2.25, these cliques share |V(C1) ∩ V(C2)| = γ

vertices. Also, the graph contains no other edges besides those within each clique. We begin
2Alternative proof using results from [238] was given in [184]. Here we prove it using elementary techniques.
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by assigning an orthonormal basis of Rβ to the vertices in C1. In other words, we map each
v ∈ V(C1) to a unit vector f(v) ∈ Rβ . The shared vertex v ∈ V(C1)∩V(C2) is already assigned
a unit vector in this process. Let V1,2 = span{f(v) : v ∈ V(C1) ∩ V(C2)} ⊂ Rβ be the subspace
spanned by these shared vertices. It has dimension γ and its orthogonal complement V ⊥

1,2 is a
subspace of dimension β − γ.

The β − γ vertices in V(C2)\V(C1) can be assigned mutually orthogonal unit vectors in V ⊥
1,2.

Notice that each of these vectors is by definition orthogonal to the vectors already assigned to
the γ vertices in V(C1) ∩ V(C2). However, individually they must be non-orthogonal to the
vectors assigned to vertices in V(C1)\V(C2) in order to satisfy the faithfulness condition. We
will show that such an assignment exists using the argument we present next.

Step 1: We follow this step if β − γ > 2, otherwise we continue to Step 2. For the first
β − γ − 2 vertices in V(C2)\V(C1) = {v1, v2, · · · , vβ−γ} we proceed in the following manner.
We define V

(0)
1,2 := V ⊥

1,2, which is a subspace of dimension β − γ (> 2). At the tth itera-
tion, suppose (t − 1) mutually orthogonal unit vectors have already been chosen from V

(0)
1,2

and assigned to the first (t − 1) vertices in V(C2)\V(C1). In other words, ∀ i ∈ [t − 1],
vi ∈ V(C2)\V(C1) is assigned f(vi) ∈ V

(0)
1,2 such that: (i) ⟨f(vi)|f(vj)⟩ = 0 for i ̸= j ∈ [t− 1]

and (ii) ⟨f(v′)|f(vi)⟩ ̸= 0 for v′ ∈ V(G(α,β)
γ )\V(C2). We now choose the unit vector that will

be assigned to vt ∈ V(C2)\V(C1). Let V (t)
1,2 = {x ∈ V

(0)
1,2 : ⟨x|f(vi)⟩ = 0 ∀ i ∈ [t − 1]} be

the orthogonal complement of span{f(v1), f(v2), · · · , f(vt−1)} in V
(0)

1,2 . The dimension of the
subspace V (t)

1,2 is β − γ − (t − 1). If f(vt) ∈ V
(t)

1,2 then ⟨f(vi)|f(vt)⟩ = 0 for all i ∈ [t − 1]. For
faithfulness, the following should be satisfied: ⟨f(vt)|f(v′)⟩ ≠ 0 for v′ ∈ V(G(α,β)

γ )\V(C2). For
each v′ ∈ V(G(α,β)

γ )\V(C2), the set of vectors x ∈ V
(t)

1,2 with ⟨x|f(v′)⟩ = 0 defines a hyperplane
(closed set) of lower dimension in V

(t)
1,2 , and must be avoided as assignment to vt for satisfying

faithfulness. Since there are finite vertices in V(G(α,β)
γ )\V(C2), the number of such hyperplanes

is also finite. The union of all these forbidden hyperplanes thus forms a closed proper subspace
of V (t)

1,2 and cannot cover the entire space V (t)
1,2 . As V (t)

1,2 contains infinite feasible points outside
this union, any vector in this set can be assigned as f(vt) to the vertex vt.

Step 2: For the last two vertices in the set V(C2)\V(C1), let V
(β−γ−1)

1,2 := {x ∈ V ⊥
1,2 :

⟨x|f(vi)⟩ = 0 ∀ i ∈ [β − γ − 2]} be the orthogonal complement of all previously assigned
vectors in V ⊥

1,2. It is a subspace of dimension 2. The vertices vβ−γ−1 and vβ−γ can be as-
signed vectors f(vβ−γ−1) = x cos δ + x⊥ sin δ and f(vβ−γ) = −x sin δ + x⊥ cos δ, respectively,
where x, x⊥ ∈ V

(β−γ−1)
1,2 are mutually orthogonal unit vectors. Here, δ ∈ [0, 2π] such that

⟨f(vβ−γ−1)|f(v′)⟩ ≠ 0 and ⟨f(vβ−γ)|f(v′)⟩ ≠ 0 for all v′ ∈ V(G(α,β)
γ )\V(C2). This is required

for satisfying the condition of faithfulness. The union of the solutions of ⟨f(vβ−γ−1)|f(v′)⟩ = 0
and ⟨f(vβ−γ)|f(v′)⟩ = 0 for each v′ ∈ V(G(α,β)

γ )\V(C2) is finite. The set of these finite values
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of δ is forbidden. As the set [0, 2π] is dense, removing these finite points from the continuous
set [0, 2π] still leaves infinite feasible values for assignment as δ. The function f is a FOR of
this graph.

Assume that for some α ≥ 2, G(α,β)
γ has FOR f : V(G(α,β)

γ ) → Rβ.

Case α → α+ 1:

We will now construct a FOR for the case α+ 1, i.e., the graph is G(α+1,β)
γ . Let Cα and Cα+1 be

the last two maximum cliques in G(α+1,β)
γ . From Definition 2.25, |V(Cα)∩V(Cα+1)| = γ. The ver-

tices in V(Cα), and the shared vertices V(Cα)∩V(Cα+1), are assigned mutually orthogonal unit
vectors {f(v) ∈ Rβ : v ∈ V(Cα)}. We define Vα,α+1 := span{f(v) ∈ Rβ : v ∈ V(Cα)∩V(Cα+1)},
which is a γ-dimensional subspace of Rβ . Let V (0)

α,α+1 := V ⊥
α,α+1 ⊂ Rβ be its orthogonal comple-

ment subspace of dimension β − γ.

The β − γ vertices in V(Cα+1) \ V(Cα) = {v1, v2, · · · , vβ−γ} must be assigned orthonormal
vectors in V

(0)
α,α+1 such that: (i) they are mutually orthogonal and (ii) they are non-orthogonal

to all f(v′) where v′ ∈ V(G(α+1,β)
γ )\V(Cα+1). Similar to the Step 1 of case α = 2, the first

β − γ − 2 vertices in V(Cα+1) \ V(Cα) can be assigned unit vectors in the following manner
if β − γ > 2. Otherwise, we skip this step. At the tth iteration, for i ∈ [t − 1] the vertices vi

have been already assigned unit vectors in f(vi) ∈ V
(0)

α,α+1 such that: (i) ⟨f(vi)|f(vj)⟩ = 0 for
i ̸= j ∈ [t− 1] and (ii) ⟨f(v′)|f(vi)⟩ ≠ 0 for v′ ∈ V(G(α+1,β)

γ )\V(Cα+1). A unit vector will be
assigned now to vt ∈ V(Cα+1)\V(Cα) from V

(t)
α,α+1 = {x ∈ V

(0)
α,α+1 : ⟨x|f(vi)⟩ = 0 ∀ i ∈ [t− 1]}.

V
(t)

α,α+1 is β − γ − (t − 1) dimensional subspace which is the orthogonal complement of
span{f(v1), f(v2), · · · , f(vt−1)} in V

(0)
α,α+1. The unit vector f(vt) must satisfy the following:

⟨f(vt)|f(v′)⟩ ≠ 0 for v′ ∈ V(G(α+1,β)
γ ) \ V(Cα+1) for faithfulness. V(G(α+1,β)

γ ) \ V(Cα+1) has fi-
nite set of vertices. For each v′ ∈ V(G(α+1,β)

γ )\V(Cα+1) and vector x ∈ V
(t)

α,α+1, ⟨f(x)|f(v′)⟩ = 0
defines a hyperplane of forbidden vectors in the subspace V (t)

α,α+1. As before, a finite union of
such hyperplanes, each corresponding to a v′ ∈ V(G(α+1,β)

γ ) \ V(Cα+1), is a proper subset of
V

(t)
α,α+1. Thus, even after removing the forbidden set, infinitely many valid choices for f(vt)

remain that satisfy the faithfulness condition.

For assigning vectors to the last two vertices, we consider a 2-dimensional subspace. We pick
an orthonormal basis x, x⊥ of V (β−γ−1)

α,α+1 := {x′ ∈ V ⊥
α,α+1 : ⟨x′|f(vi)⟩ = 0 ∀ i ∈ [β − γ − 2]}

and assign f(vβ−γ−1) = x cos δ′ + x⊥ sin δ′, f(vβ−γ) = −x sin δ′ + x⊥ cos δ′. Here, δ ∈ [0, 2π]
such that ⟨f(vβ−γ−1)|f(v′)⟩ ≠ 0 and ⟨f(vβ−γ)|f(v′)⟩ ≠ 0 for all v′ ∈ V(G(α+1,β)

γ ) \ V(Cα+1).
Each v′ ∈ V(G(α+1,β)

γ ) \ V(Cα+1) gives at most two forbidden values of δ′. In other words,
these are solutions of the equations ⟨f(vβ−γ−1)|f(v′)⟩ = 0 and ⟨f(vβ−γ)|f(v′)⟩ = 0. Since
|V(G(α+1,β)

γ ) \ V(Cα+1)| is finite, the forbidden set of angles is finite. It is possible to choose
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δ′ ∈ [0, 2π] outside this forbidden set to satisfy the faithfulness condition, as [0, 2π] is dense.

Thus, by defining f on the vertices of Cα+1 using these vectors, and keeping the assignment
unchanged on the vertices of G(α,β)

γ , yields a FOR for G(α+1,β)
γ in Rβ. Using induction, every

graph G(α,β)
γ with 0 ≤ γ < β

2 has a faithful orthogonal representation in Rβ. Combined with
the lower bound on faithful orthogonal range, this proves the lemma. ■

Observation 2.1. If graph G with clique number ω(G) also has FOR in dimension ω(G), then
any two distinct maximum cliques C,C′ in the graph can have at most ω(G) − 2 vertices in
common. Indeed, the contrary would imply the vertices that are not in common between the two
cliques must be assigned the same vector if the representation is forced to be in dimension ω(G),
thus violating faithfulness. Also, every vertex v ∈ V(C) \ V(C′) is adjacent to at most ω(G) − 2
vertices in V(C′) for such a graph.

Another topic in graph theory which is also studied in quantum foundations is the notion of
assigning colours to the vertices of a graph. Consider two colours denoted by 0 and 1. A binary
colouring assigns one of these colours to each vertex of a graph. Binary colouring of graphs
is related to quantum contextuality [139, 239]. Later, we will introduce the notion of a clique
label based on the binary colouring of the vertices in a maximum clique of a graph.

Definition 2.26. A binary colouring for graph G, if it exists, is a function f : V(G) → {0, 1}
satisfying the following:

(i) adjacent vertices are not assigned 1 simultaneously, i.e. (vi, vj) ∈ E(G) =⇒ f(vi)f(vj) = 0.

(ii) Exactly one vertex in every maximum clique C of the graph is assigned colour 1, i.e.∑
v∈V(C) f(v) = 1.

In the above definition, V(C) ⊆ V(G) denotes the vertices in the maximum clique C. Based
on Definition 2.26, we can define binary colouring for each maximum clique of a graph G. In
this case, V(G) = {v1, v2, · · · , vn}, where n ∈ N, and C is a maximum clique of the graph of
size ω(G). Also, let V(C) = {vi1 , vi2 , · · · viω(G)} ⊆ V(G) denote the set of vertices of maximum
clique C such that i1 < i2 < · · · < iω(G) and ik ∈ [n] for k ∈ [ω(G)]. In other words, we have
arranged the vertices in the maximum clique C in increasing order. A binary colouring for
the maximum clique C is a function f : V(C) → {0, 1} that assigns value 1 to exactly one
vertex, as in Definition 2.26. The set of all binary colourings for the clique can be denoted by
FC. Clearly, |FC| = ω(G). We can define clique labelling in the following manner, based on the
binary colourings of a maximum clique in the graph G.

Definition 2.27. For a maximum clique C of graph G, clique labelling is a map gC : FC →
{0, 1, · · · , ω(G) − 1} such that gC(f) = k − 1 for f ∈ FC if f(vik

) = 1 where vik
∈ V(C) =
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Figure 2.3: In graph G, the maximum clique C of size ω(G) = 4 has vertices V(C) =
{v1, v2, v3, v5}. The clique label gC(f) = 0, 1, 2, 3, respectively, corresponds to binary colourings
f ∈ FC such that f(v) = δv,v1 , f(v) = δv,v2 , f(v) = δv,v3 and f(v) = δv,v5 , where v ∈ V(C).

{vi1 , vi2 , · · · viω(G)}. A clique label corresponds to a binary colouring of the maximum clique
through this function.

The lowest clique label 0 corresponds to the binary colouring that assigns binary colour 1 to the
vertex with the lowest index in the maximum clique, i.e., vi1 . Similarly, the highest clique label
ω(G) − 1 corresponds to the binary colouring that assigns binary colour 1 to the vertex with
the highest index in the maximum clique, i.e. viω(G) . For example, consider the maximum clique
C of size ω(G) = 4 with vertices V(C) = {v1, v2, v3, v5} as shown in Figure 2.3. Clique label
gC(f) = 0, 1, 2, 3, respectively, corresponds to binary colourings f ∈ FC such that f(v) = δv,v1 ,
f(v) = δv,v2 , f(v) = δv,v3 and f(v) = δv,v5 , where v ∈ V(C).

Although it is always possible to define binary colouring of maximum cliques for a graph G
individually, a binary colouring for the entire graph may not exist. Such graphs are partic-
ularly relevant in demonstrating the impossibility of non-contextual hidden variable models
for quantum theory [139]. Consider a classical hidden variable theory TH for describing quan-
tum mechanics. In this theory, the state space for a d-dimensional quantum system is given
by Λ. Each state λ ∈ Λ completely determines the outcomes of all quantum measurements
that could be performed on this system. In other words, for any projective measurement
{Ei = |ψi⟩ ⟨ψi| : |ψi⟩ ∈ Cd}d

i=1, where
∑d

i=1Ei = Id, a state λ deterministically determines
its outcomes, i.e. p(i|λ) ∈ {0, 1} ∀i ∈ [d]. Exactly one projector, say Ei, is assigned an out-
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come probability of 1. Now, if we consider two different projective measurements in d ≥ 3,
{Ei = |ψi⟩ ⟨ψi| : |ψi⟩ ∈ Cd}d

i=1 and {E′
i = |ψ′

i⟩ ⟨ψ′
i| : |ψ′

i⟩ ∈ Cd}d
i=1 that have some common

projectors or effects. In this case, the hidden variable λ also assigns outcome probabilities 0, 1
to the projectors in both measurements as before. For state λ, if the probability of the outcome
for each projector is independent of the context, i.e., the measurement in which it appears,
then the hidden variable model is called non-contextual.

Now, consider a graph whose vertices correspond to some rank 1 orthogonal projectors (or
equivalently vectors). For such a graph V(G) = {vi ≡ Ei = |ψi⟩ ⟨ψi| : |ψi⟩ ∈ Cd}n

i=1. The edges
of the graph are given by orthogonality relations among the projectors, i.e. (vi, vj) ∈ E(G)
iff ⟨ψj |ψi⟩ = 0. Assume the maximum cliques are of size ω(G) = d for the graph. Thus,
each maximum clique of G, consisting of d orthogonal projectors, corresponds to a projective
measurement on a d-dimensional quantum system. Every binary colouring of the graph, if it
exists, corresponds to a non-contextual assignment of outcome probability to the projectors
by a hidden variable λ. However, there exists some graph G which is not KS colourable[139],
i.e., it cannot have a binary colouring as in Definition 2.26. Thus, the outcome probabilities for
each measurement, corresponding to a maximum clique in the graph, when performed on a
quantum state, cannot be explained by any non-contextual hidden variable model. Such graphs
exhibit quantum contextuality. Initially, the Kochen-Specker proof of quantum contextuality was
presented using a graph with 117 vertices [139] and later on, a simpler proof was formulated while
using graphs of order 18 [240]. Subsequently, this notion of non-contextuality was generalised in
[140]. A comprehensive discussion on quantum contextuality with examples of KS non-colourable
graphs can be found in [239].

2.5 Communication Based Information Processing Tasks

In this section, we discuss some one-way communication scenarios involving two parties, Alice
and Bob, also known as prepare and measure scenarios (PM). Along with communication, the
parties may sometimes have access to previously shared physical systems. Before describing
the specific communication scenarios, let us first briefly discuss the communication channels
available to Alice and Bob.

2.5.1 Classical communication

Suppose Alice has access to classical systems and wants to communicate with Bob using them.
Such communications are modelled by a classical channel. If Alice sends a symbol τ ∈ TA, where
TA is a finite alphabet set, through a channel T , then Bob would receive a symbol τ ′ ∈ TB with
probability T (τ ′|τ). This classical channel T : TA → TB is thus described by the conditional
probability distribution {T (τ ′|τ)}τ,τ ′ . Here, we assume that the channel is memoryless, i.e.,
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it satisfies the i.i.d. assumption over multiple uses. For simplicity, we take TA = TB = T .
A channel T : T → T is noiseless if {T (τ ′|τ) = δτ,τ ′}τ,τ ′ . In the case of the noiseless chan-
nel, Alice transmits a classical system of operational dimension d = |T | without any disturbance.

Assume there is a noiseless binary channel T , i.e. T = {0, 1} and {T (τ ′|τ) = δτ,τ ′}τ,τ ′ . Suppose
Alice wants to send a sequence of k i.i.d. messages {X1, · · · ,Xk} drawn from a finite set MA,
where each message x ∈ MA is chosen with probability p(x). In other words, the source entropy
is H(X ) = −

∑
x∈MA

p(x) log2 p(x). According to Shannon’s source coding theorem, if the
rate (average number of bits per message) is higher than H(X ) then there exist encoding and
decoding schemes whose decoding error probability vanishes as k → ∞. Conversely, if the rate
is strictly less than H(X ), no coding scheme can achieve vanishing error [190].

Now consider the general case when Alice has access to a discrete memoryless channel T : T → T

described by transition probabilities {T (τ ′|τ)}τ,τ ′ . The Shannon capacity of the channel C(T )
gives the maximum number of bit per use of the channel that Alice can send to Bob with
negligible error in communication, while using some optimal encoding and decoding, in the
limit of long message sequences. Let the input random variable X for Alice take values in
T with distribution {p(τ)}τ∈T , and let the output random variable for Bob Y be induced by
pY|X (τ ′|τ) = T (τ ′|τ). The capacity C(T ) = max{p(τ)} I(X : Y) = max{p(τ)}[H(Y) −H(Y|X )]
[190]. Here, I(X : Y) denotes the mutual information between X adn Y . For our discussions, we
will restrict ourselves to a single use of the channel. For a noiseless channel with input alphabet
size |T |, the capacity is log2 |T | bit.

2.5.2 Quantum communication

Suppose Alice has access to quantum systems to communicate with Bob. Such communica-
tion is modelled using a quantum channel. A quantum channel is described by a CPTP map
Φ : B(Cd) → B(Cd′). Let {Ki|Ki : Cd → Cd′}n

i=1 be the Kraus operators of the map satisfying∑n
i=1K

†
iKi = Id. If Alice sends a system in state ρ ∈ D(Cd) using the channel, then Bob receives

the state Φ(ρ) =
∑n

i=1KiρK
†
i ∈ D(Cd′). Analogous to a noiseless classical channel, a noiseless

quantum channel is essentially given by the identity map Id : Cd → Cd. A quantum channel can
be used to encode and transmit either quantum information, which is some unknown quantum
state, or classical information to Bob.

We consider the communication of classical information using a quantum memoryless channel
Φ : B(Cd) → B(Cd′). Say Alice wants to send a random message X chosen from the finite set MA

with probability p(x). Alice encodes a message x ∈ MA using a state ρx ∈ D(Cd) and transmits
it through Φ. Over n uses we assume product-state encoding by Alice, i.e., ρx1 ⊗ · · · ⊗ ρxn as
input to Φ⊗n, while Bob is allowed to perform joint measurements on the n output systems
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for decoding. The Holevo-Schumacher-Westmoreland (HSW) theorem gives the product state
classical capacity C(Φ) of the channel as the maximum achievable rate (bits per channel use)
while using product inputs and joint decoding with vanishing decoding error probability in the
asymptotic limit [190]. Formally, C(Φ) = maxp(x),ρx

{
S(Φ(

∑
x p(x) ρx)) −

∑
x p(x)S(Φ(ρx))

}
where S(ρ) = − Tr[ρ log2 ρ] is the von Neumann entropy. The optimisation is over the ensembles
{p(x), ρx}x of possible inputs to the channel and their probabilities. For the identity map
Id : Cd → Cd, the classical capacity is log2 d bits per use. We will only consider a single use of
such a communication channel.

An important no-go result in quantum information theory is Holevo’s theorem [159] for accessible
information. For a single use of a noiseless d-dimensional quantum channel and without
preshared entanglement, it is impossible to communicate more than log2 d bit per use by
sending a d-dimensional system. Say Alice sends a random message X chosen from the finite
set MA with probability p(x). Alice encodes message x ∈ MA using a state ρx ∈ D(Cd) and
transmits it through the identity channel Id : Cd → Cd. Bob performs a POVM {Ei ≥
0,
∑

iEi = Id} on the received system and produces the outcome. Let Y denote the outcome
random variable of Bob. Then the mutual information I(X : Y) is always less than or equal
to S(

∑
x p(x)ρx) −

∑
x p(x)S(ρx). Although this limits the information-carrying capacity of

quantum channels, several works have established the advantage of quantum communication in
PM scenarios.

2.5.3 Prepare and Measure Scenarios

We now discuss prepare-and-measure (PM) scenario, which will be useful to define certain
communication-based information processing tasks presented in Chapters 3 and 5. A prepare-
and-measure (PM) scenario involves two separate parties, Alice and Bob. In general, the parties
may also have access to a two-way channel, which can be used multiple times. For our consider-
ations, Alice has a one-way communication channel that she can use to send information to
Bob. The one-way channel may be quantum or classical, depending on the resources allowed in
this scenario. In addition to the communication channel, the parties may share correlations
for assistance. Such shared resources can be classical (shared randomness), quantum or even
post-quantum (general no-signalling correlations). In general, communication and shared re-
sources may be considered costly or constrained in amount, depending on the operational setting.

In the PM scenario, Alice receives some random input ma ∈ MA. Bob receives a random input
mb ∈ MB and produces an output n ∈ N (see Figure 2.4). For the tasks, we will define MA,MB

and N will be finite sets. In this scenario, various tasks can be defined based on the conditional
probability distribution {p(n|ma,mb)}ma,mb,n which is obtained. For comparing classical and
quantum communication resources, we will use the notion of operational dimension as in
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Figure 2.4: A schematic representation of a prepare-and-measure scenario where Alice and
Bob receive input ma ∈ MA and mb ∈ MB, respectively. Bob produces output n ∈ N. Based on
the operational setting, Alice and Bob may have access to a one-way classical and/or quantum
channel. Also, they may have (whenever allowed) access to different types of shared resources.

Definition 2.7.

In Chapter 3, we first consider a PM scenario where Alice and Bob have no shared correlations
and may use either classical or quantum communication. Here, communication is regarded as
costly. For the information processing task which will be defined, we compare the minimum
amount of classical and quantum communication needed to accomplish it. We then consider
the case where Alice’s communication to Bob is limited. In this case, the shared resources are
allowed but also considered costly. In this operational setting, we investigate the amount of
shared resources required to complete the task with the limited communication.

In Chapter 5, we consider a PM scenario where Alice has access to a limited amount of clas-
sical communication. In this case, Alice and Bob may share classical randomness, quantum
entanglement, or more general no-signalling correlations. We explore the advantage of non-local
correlations over shared randomness in assisting the classical channel for different communica-
tion tasks.

Information processing tasks in PM scenarios with classical communication and classical shared
resources have been widely studied such as in classical communication complexity [157]. In the
general scenario, beyond our scope, the parties may have multiple uses of a two-way noiseless
classical channel. These tasks are defined by a relation R which can be identified as a subset of
MA × MB × N, i.e. R ⊂ MA × MB × N. The objective is for Bob to output n ∈ N such that
given Alice’s and Bob’s random input, ma ∈ MA and mb ∈ MB respectively, (ma,mb, n) ∈ R.
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The classical communication complexity of relation R is the minimum amount of classical
communication required to accomplish this for all valid inputs. Corresponding to this minimum
communication, there is a protocol ensuring Bob’s output is related to the input of both
parties. If the computation has to be without any error, i.e., Bob always outputs n ∈ N with
(ma,mb, n) ∈ R, the complexity is called zero-error communication complexity. Sometimes a
small amount of error ϵ is allowed in the computation, and the complexity is referred to as
bounded error communication complexity if ϵ < 1

3 . Note that input pairs of Alice and Bob can
be sometimes restricted to a subset D ⊆ MA × MB. In such problems, there is a promise on the
input for Alice and Bob, and (ma

′,mb
′) /∈ D is an illegal input pair. The illegal inputs may not

even be related to any n ∈ N under the relation R.

Suppose the parties also use resources in addition to classical communication. Private coins
for Alice and Bob are locally accessible random variables, denoted a ∈ A and b ∈ B, sampled
from distributions {p(a)}a∈A and {p(b)}b∈B, respectively. A public coin, in contrast, is a shared
random variable, so that a = b and A = B, drawn from a joint distribution {p(a)}a. A classical
public coin can be modelled as a shared hidden variable λ ∈ Λ, with each party applying
fixed measurements, say x for Alice and y for Bob. We denote the classical communication
complexity of a relation without shared resources, with private coins access, and with a public
coin, respectively, by D(R), Rpriv(R) and Rpub(R).

Consider the cases when the parties have multiple allowed uses of a two-way noiseless bit
channel T : {0, 1} → {0, 1}, with no access to randomness. Any protocol that enables Bob to
compute an output n related by R to the inputs ma and mb can be represented as a binary tree
[157]. Each internal vertex of the binary tree is labelled with either Alice or Bob, indicating
which party sends the next bit at that stage of the protocol. For each vertex v labelled by Alice
or Bob, there is a function fv : MA → {0, 1} or fv : MB → {0, 1}, respectively. The value at
each vertex (fv(ma) for Alice or fv(mb) for Bob) determines whether the party sends bit 0 or
1. The protocol subsequently follows the left child of the vertex if the communicated bit is 0,
else it follows the right child. Each leaf of the binary tree is labelled with a value in the set N,
which represents Bob’s output. The communication cost of the protocol is the height h of the
binary tree. The communication complexity is the minimum possible height over all such trees.
Consider a matrix AR

MA×MB
where rows correspond to the inputs of Alice and columns to the

inputs of Bob. Its entries are the list of valid outcomes of Bob corresponding to the input pair.
A protocol with communication cost h bit partitions AR

MA×MB
into almost 2h monochromatic

rectangles (see [157] for a detailed introduction).

When the parties have access to private or public coins, a similar description of a protocol
can be given. The local function at each vertex now also depends on the randomly generated
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classical variable. The function defined for each vertex v associated with Alice or Bob is given
by fv : MA × A → {0, 1} or fv : MB × B → {0, 1}, respectively. Here, a ∈ A and b ∈ B are the
random variables for Alice and Bob. In the case of a public coin, a = b with A = B. As before,
the height of the binary tree gives the cost of a protocol. The communication complexity with
private or public coins is defined as the minimum tree height over all valid protocols using
the respective resources. A detailed overview of classical communication complexity and its
application to circuit depth can be found in [157].

The above description simplifies in the case of one-way classical communication complexity.
Without any accessible randomness, D(R) for a relation R is the minimum over all valid deter-
ministic protocols. A valid protocol enables Bob to compute n ∈ N such that (ma,mb, n) ∈ R.
A valid deterministic protocol using log2 |T | bit communication (or equivalently a noiseless
channel T : T → T ) is described by an encoding scheme E : MA → T for Alice and a
decoding scheme D : T × MB → N for Bob. Alice uses E to decide the symbol she sends to
Bob based on her input. Similarly, Bob uses D to decide his output based on the received
symbol and his input. With private coins, Rpriv(R) is defined by minimising over all valid
protocols that use private randomness. Here, a protocol with log2 |T | bits corresponds to a
local distribution over deterministic encoding and decoding schemes. Alice chooses an encoding
scheme Ea : MA → T , depending on her random variable a ∈ A. Similarly, Bob chooses a
decoding scheme Db : T × MB → N, depending on his random variable b ∈ B. When the parties
have access to public coins (shared randomness), the random variables used by Alice and Bob
are perfectly correlated, i.e., a = b. A valid protocol using log2 |T | bits is then a correlated
choice of deterministic encoding Ea by Alice and decoding Da by Bob, based on the shared ran-
dom variable a ∈ A. The value Rpub(R) is obtained by minimising log2 |T | over all such protocols.

The communication complexity of relations has also been studied using quantum channels
[241, 242]. From Holevo’s theorem, a d-dimensional quantum system carries no more classical
information than a d-dimensional classical system. Nonetheless, several results show non-trivial
advantages of quantum communication in this setting [16, 17]. In the next chapter, we present
an example of unbounded separation between quantum and classical communication in a
communication complexity like problem without shared randomness.
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Unbounded Quantum Advantage in Communication

Chapter Note

This chapter is partially based on work which was done in collaboration with Dr. Nitica
Sakharwade, Dr. Some Sankar Bhattacharya, Dr. Ravishankar Ramanathan, and Prof. Dr.
hab Paweł Horodecki [184].

In this chapter, we show an arbitrary separation between quantum and classical communication
for tasks defined in a one-way prepare-and-measure scenario without pre-shared resources.
The quantum communication required for the task is constant, while the classical communica-
tion grows with the order of the underlying graph used to define the task. We also show an
unbounded separation between quantum entanglement and shared randomness, necessary as
assistance to bounded classical communication for a task defined using a specific family of graphs.

These results fit within the broader context of information theory. Shannon’s communication
model uses classical systems as a carrier of information [243]. Substituting them with quantum
systems for communication opens new possibilities. This motivated the development of quantum
Shannon theory [244] and inspired studies on the advantages of encoding classical information
in quantum systems. The use of quantum communication for distributed computation was first
proposed in [241, 242].

Suppose the parties have access to a one-way noiseless quantum channel in the PM scenario
as discussed in Chapter 2 (Section 2.5.3). The distributed computation task is defined using
a relation R ⊂ MA × MB × N. Given inputs ma ∈ MA for Alice and mb ∈ MB for Bob, the
objective is for Bob to output n ∈ N such that (ma,mb, n) ∈ R, using minimum communication.
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In a quantum protocol, Alice prepares a state |ma⟩ based on her input ma. She applies a joint
operation on this state and an ancilla initialised in |0⟩, and sends the resulting system ρ′ to
Bob. Upon receiving the quantum system ρ′, Bob performs a joint operation on this system,
an ancilla, and his prepared state |mb⟩, which depends on his input mb ∈ MB. He uses the
outcome of the operation to determine his output n. The communication cost of the protocol is
the logarithm of the dimension of the transmitted quantum system, evaluated in the worst case
over inputs. The quantum communication complexity is the minimum cost over all protocols
that ensure such computation. A general setting for such problems allows multiple uses of
two-way quantum communication.

In [16], the authors studied both a total function and a partial function. The total function
DISJ they considered is defined as DISJ(ma,mb) = ∨i∈[2n](ma(i) ∧ mb(i)), where ma(i) and
mb(i) denote the ith bit of Alice and Bob’s input ma,mb ∈ {0, 1}2n . The classical two-way
bounded-error communication complexity of this function is lower bounded by Ω(2n) bit [245].
Using a quantum algorithm similar to Grover’s search [13], the distributed computation can be
carried out with bounded error using less than O(n2n/2) qubits. This yields nearly a quadratic
quantum advantage. For the partial function EQ′, the input pairs for the parties are restricted
to the domain D = {(ma,mb) : ∆(ma,mb) ∈ {0, n

2 }} ⊂ MA × MB = {0, 1}2n × {0, 1}2n . Here,
∆(ma,mb) denotes the Hamming distance. EQ′(ma,mb) = 1 if ∆(ma,mb) = 0 and otherwise
EQ′(ma,mb) = 0. The zero-error two-way classical communication complexity of this problem
was proven to be lower bounded by Ω(2n) bit, while the zero-error quantum communication
complexity was shown to be upper bounded by O(n) qubit, leading to an exponential quantum
advantage.

An exponential separation was shown in [17] between bounded-error quantum and bounded-
error classical communication complexity in a two-way communication scenario. Alice’s input
is ma = (v⃗,V0,V1), where vector v⃗ ∈ Rn is a unit vector and V0,V1 are two orthogonal
subspaces of Rn, each of dimension n

2 . Bob’s input is an orthogonal matrix mb = U : Rn → Rn.
For i = 0, 1, Bob’s output should be n = i if the distance between Uv⃗ and Vi is less than or
equal to a fixed constant α ∈ (0, 1√

2 ); otherwise either outcome is acceptable. It was shown
that the bounded error quantum communication complexity is Θ(logn) qubit. Particularly,
bounded error classical communication complexity was proven to be at least Ω(

√
n ) bit,

with an upper bound of O(n
3
4 ) bit. Although the input sets here are infinite, the separation

persists under finite-bit approximations as well. In [47], an exponential gap was established
between one-way quantum communication and bounded-error classical communication using
the Hidden Matching problem. This problem is defined by a relation R. For an even number n,
Alice’s input is ma ∈ MA = {0, 1}n. Bob’s input mb ∈ MB is a perfect matching of n vertices,
i.e., a partition {(i1, j1), (i2, j2), · · · , (in/2, jn/2)} of [n] into n

2 disjoint pairs. Bob’s output is
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n = (n(1), n(2), n(3)) ∈ N = [n] × [n] × {0, 1}. The triple (ma,mb, n) ∈ R if (n(1), n(2)) ∈ mb and
n(3) = ma(n(1)) ⊕2 ma(n(2)). The one-way quantum communication complexity of the relation is
O(logn) qubit, while the one-way bounded error classical communication complexity is Ω(

√
n )

bit. Subsequently, in [160], an exponential separation of the same form (O(logn) vs Ω(
√
n ))

was shown between one-way quantum and classical bounded error communication complexity
for a paticular partial Boolean function, which is a variant of the Hidden matching problem. In
[18], an exponential separation was shown between zero-error one-way quantum communication
complexity (O(logn) qubits) and bounded-error two-way classical communication complexity
(Ω( n

1
8√

log n
) bit). Various other works have demonstrated such exponential separations between

quantum and classical communication complexity by considering different relations [19] or
setups such as simultaneous message passing [20].

Besides distributed computation, communication-based information processing tasks can be
defined as the simulation of some specific correlations. In [21–23], the classical communication
cost of simulating the correlations from measurements performed on a shared Bell state, for
example |Ψ−⟩AB = 1√

2

(
|01⟩AB − |10⟩AB

)
, was studied. In the PM scenario, Alice’s input

ma ∈ MA and Bob’s input mb ∈ MB correspond to von Neumann measurements on qubits,
and their outputs must reproduce the statistics of measuring the Bell state. In [22], it was
demonstrated that the correlation can be simulated with an average of 1.48 bits of classical
communication. However, the protocol may require arbitrarily large communication in some
rounds. In [21], the authors gave a protocol that simulates the correlation with exactly 8
bits of bounded classical communication. However, their protocol requires an infinite amount
of shared randomness [24]. In [24], it was further shown that O(2n) bit of average one-way
communication, without shared randomness, suffice to simulate the statistics from n shared
Bell pairs and arbitrary local POVMs. The same task can be performed with O(n) qubit
of quantum communication. In [25], it was shown that 1 bit of communication is enough to
simulate correlations from a shared Bell state and projective measurements. More recently, 2
bit of bounded classical communication were shown to be necessary and sufficient to simulate
correlations from a shared Bell state and arbitrary POVMs [26]. Some works have also studied
the classical communication cost of simulating correlations that arise when quantum systems
are communicated and then measured in a PM scenario. In [27], it was shown that 6.38 bit of
average communication are needed for a teleportation task where Alice’s input ma = |ψ⟩ is the
description of a qubit state, Bob’s input mb is a qubit POVM, and Bob’s output must reproduce
the statistics of the measurement on |ψ⟩. If Bob’s input is restricted to von Neumann measure-
ments, the cost reduces to 2.19 bit on average. Later, improved protocols showed that only
2 bits are sufficient for such simulations when measurements are arbitrary POVM on a qubit [26].

Such works raise the question of how large the separation between quantum and classical com-
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munication can be in information processing tasks. Some examples of infinite separations were
shown in [28, 29], but with internal information cost as the measure rather than communication
cost. Interestingly, in [24], an instance of arbitrary separation was shown in a one-way PM
scenario without shared randomness. They considered the communication cost of the NOT-
EQUAL problem and showed that 1 qubit communication is sufficient, while logn bit of classical
communication is necessary. In this task, the input set for Alice and Bob is MA = MB = {0, 1}n.
So, the input size of 2n bit grows exponentially relative to the classical communication cost
of logn bit. This motivates the search for other tasks where the separation between classical
and quantum communication grows arbitrarily large. A natural question is whether, in general,
unbounded separation can be shown while the required classical communication exceeds log2 n

when the size of input scales as O(n). Another question is regarding the existence of tasks that
require a d-dimensional quantum system (beyond a qubit), while the corresponding classical
communication cost grows arbitrarily large. In other words, if it is possible to demonstrate such
unbounded separation for any d-dimensional quantum system, beyond a qubit. In this chapter,
we explore these questions.

We consider tasks in the PM scenario where Alice has a one-way communication channel, and
no shared correlations (shared randomness or entanglement) are available. The channel may
be classical or quantum, and we compare them using the notion of operational dimension (see
Definition 2.7). The tasks are defined using relations R(G) specified by the distributed Clique
Labelling Problem (CLP) for an orthogonality graph G. We first consider zero-error distributed
computation of relation R(G). We show that there is no quantum advantage in this task for cer-
tain graphs. Both classical and quantum zero-error communication complexity of relation R(G)
equal log2 ω(G) bit/qubit. We then consider a variant of the task for R(G), which we refer to as
relation reconstruction. For this task, classical communication cost without shared and private
randomness grows as log2 |V(G)| bit with the order of the graph |V(G)|. The classical cost with-
out shared randomness is at least log2K(G) bit, where K(G) is the disjointness number of G (see
Definition 3.4). This number satisfies K(G) ≥ max{ω(G), log2 |V(G)|+ 1

2 log2 log2 |V(G)|+O(1)}.
In contrast, log2 ω(G) qubits are sufficient whenever G has a faithful orthogonal representation
in dimension ω(G). We identify families of graphs where the order |V(G)| grows unboundedly
while the faithful orthogonal range remains fixed. For such families, each graph is characterised
by two parameters: the clique number β(≥ 2) ∈ N, which is a constant, and the number
of maximum cliques α(≥ 2) ∈ N. Considering R(G) for this family of graphs, we show an
unbounded quantum advantage in relation reconstruction. Specifically, quantum communica-
tion remains constant at log2 β qubit, while the classical communication required is at least
max{log2 β, log2(log2 α+ 1

2 log2 log2 α+ c)} bit, where c is a constant. The input size of the
task is 2 log2 α+ c′ bits, where c′ is a constant.
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However, the unbounded communication advantage disappears when shared resources are
allowed between parties. We then examine the amount of shared randomness required to
assist a bounded classical channel in relation reconstruction. For certain families of graphs,
this necessary shared randomness grows as log2(⌈log2 α⌉ + 1) bit, where α is the number of
maximum cliques. For a particular family of graphs, we show that one e-bit of entanglement
(a two-qubit maximally entangled state), together with a one-bit channel, is sufficient for
relation reconstruction. In contrast, the shared randomness assistance required with one-bit
communication grows arbitrarily large with the number of maximum cliques.

We have organised the chapter in the following manner. In Section 3.1, we introduce the tasks
and the Clique Labelling Problem. Section 3.2 shows that there is no quantum advantage in
the distributed computation of a relation based on the CLP. We then present an instance
of unbounded quantum advantage in relation reconstruction. In Section 3.3, we calculate
the amount of correlation assistance required for bounded classical communication. We show
an instance of arbitrary separation between entanglement assistance and shared randomness
assistance for a task with one-bit communication. Finally, in Section 3.4, we discuss some
applications.

3.1 Distributed Computation and Relation Reconstruction

We now present two tasks distributed computation and relation reconstruction, which we will
discuss in this chapter. Consider a PM scenario with two separated parties, Alice and Bob,
where communication is allowed from Alice to Bob. The communication is treated as costly and
may be classical or quantum. The parties do not have access to any shared resources or public
coins. They may have local randomness or private coins. We focus on two tasks defined by a
relation R ⊂ MA × MB × N known to both parties. In both the distributed computation and the
relation reconstruction task, Alice and Bob receive input ma ∈ MA and mb ∈ MB, respectively,
which are randomly chosen following a uniform probability distribution. Bob produces an
output n ∈ N. The resulting conditional probability distribution during the tasks is denoted by
{p(n|ma,mb)}ma,mb,n. A schematic representation of the scenario is given in Figure 3.1. In our
case, for each pair of inputs ma ∈ MA,mb ∈ MB, there is at least one valid output n such that
(ma,mb, n) ∈ R. Unlike functions, in some cases, more than one n may satisfy the relation.

The first task we consider is the distributed computation of relation R, where Bob outputs
n such that (ma,mb, n) ∈ R. We specifically focus on the zero-error setting, where Bob never
outputs n such that (ma,mb, n) /∈ R1. Thus,

1Also in Section III of [184]
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Figure 3.1: A schematic representation of a prepare-and-measure scenario where Alice has
access to a one-way classical and/or quantum channel. Here, the parties do not have access
to shared resources. Alice and Bob receive input ma ∈ MA and mb ∈ MB, respectively. Bob
produces output n ∈ N.

p(n|ma,mb) = 0 ∀ (ma,mb, n) /∈ R(3.1)

Alice and Bob can use communication and follow a protocol to achieve this. The cost of
a protocol is the maximum communication required to complete the zero-error distributed
computation for worst-case inputs ma ∈ MA and mb ∈ MB.

Definition 3.1. The one-way zero-error communication complexity of a relation or CCR is the
minimum communication from Alice to Bob required such that for all ma ∈ MA and mb ∈ MB,
Bob’s output n always satisfies (ma,mb, n) ∈ R.

The optimal protocol is the one with the minimum communication cost. We will refer to the
communication complexity as classical CCR or quantum CCR, depending on whether the
communication is classical or quantum. Trivially, classical/quantum CCR is at most log2 |MA|
bit/qubit, since Alice could send her entire input to Bob. However, an efficient protocol may
require less communication.

A function is a special case of a relation, where each input pair has a unique correct answer
for Bob to guess. For general relations, some input pairs may have multiple correct answers.
Consequently, we now define a new task for relations. This would be the second task we consider.
It is a stronger version of zero-error distributed computation, called relation reconstruction2. In
this task, Bob’s outputs n ∈ N across different rounds must collectively cover all valid answers

2Also in Section III of [184]
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for every input pair ma ∈ MA and mb ∈ MB. In other words, for relation reconstruction, the
probability distribution {p(n|ma,mb)}ma,mb,n must satisfy both Equation (3.1) and the condition

p(n|ma,mb) > 0 ∀ (ma,mb, n) ∈ R(3.2)

Clearly, relation reconstruction reduces to zero-error distributed computation when the relation
is a function. We call the minimum communication cost of relation reconstruction the strong
communication complexity of the relation.

Definition 3.2. For R, the one-way zero-error strong communication complexity of relation3 or
S-CCR is the minimum communication required from Alice to Bob such that: (i) for all ma ∈ MA

and mb ∈ MB, Bob’s output n ∈ N always satisfies (ma,mb, n) ∈ R, and (ii) for each input pair
(ma,mb), the outputs across different rounds statistically span {n ∈ N : (ma,mb, n) ∈ R} in the
sense of Equation (3.2).

In each round, the input-output tuple (ma,mb, n) is recorded. Over many rounds, these tuples
define the observed statistics {p(n|ma,mb)}ma,mb,n. If Alice and Bob succeed, their input-output
statistics allow a third party, called the Reconstructor, to infer the relation R ⊆ MA × MB × N.
The Reconstructor, who is previously unaware of the relation R, learns about the input-
output sets and the related tuples (ma,mb, n) ∈ R from the recorded list, which is shared
after a sufficiently large number of rounds. Successful reconstruction of relation R requires
p(n|ma,mb) > 0 iff (ma,mb, n) ∈ R. We define the following payoff function (See Section III of
[184]) for relation reconstruction:

SR = min
(ma,mb,n)∈R

p(n|ma,mb)(3.3)

The payoff corresponds to the least likely valid outcome produced by Bob. Hence, for every
input pair (ma,mb), each valid output n occurs with probability at least SR. A positive payoff
is therefore necessary for the successful reconstruction of relation. Optimising over all proto-
cols gives the maximum achievable value S∗

R, called the algebraic maximum of payoff. This
maximum is reached by a trivial protocol where Alice sends her entire input to Bob, and Bob
samples all valid outputs uniformly. We will mostly be interested in the protocols with the least
communication cost. Such protocols may not achieve S∗

R. The maximum payoff attainable with
log2 d bit of classical communication, denoted SCl,d

R , may differ from the maximum payoff SQ,d
R

attainable with log2 d qubit of quantum communication.

The payoff SR defined in Equation (3.3) is connected to the success probability p(Success(k))
of relation reconstruction by the Reconstructor after k ∈ N rounds are completed. Assume
i.i.d. inputs ma ∈ MA and mb ∈ MB are chosen uniformly in each round. The parties follow

3Also in Section III of [184]

47



CHAPTER 3. UNBOUNDED QUANTUM ADVANTAGE IN COMMUNICATION

a protocol according to which for input-pair ma ∈ MA and mb ∈ MB, Bob outputs n ∈ N in
each round with the conditional distribution {p(n|ma,mb)}ma,mb,n. For convenience, let us write
the relation as R = {r1, r2, . . . , rJ} as an ordered set of tuples in R ⊆ MA × MB × N, where
ri = (ma

(i),mb
(i), n(i)). For successful reconstruction after k rounds, every ri ∈ R must occur at

least once. The probability that ri occurs in a round, denoted by pi is

pi = p(ma
(i),mb

(i), n(i)) = p(n(i)|ma
(i),mb

(i)) p(ma
(i)) p(mb

(i))(3.4)

= p(n(i)|ma
(i),mb

(i))
|MA||MB|

(3.5)

The probability that ri never occurs in k rounds corresponds to the probability of failure of
reconstruction for this tuple after k rounds. It is given by

p(Fail(k)
i ) = (1 − pi)k(3.6)

Note pmin = mini′∈J {pi′} equals SR
|MA||MB | . Since the tuple ri ∈ R corresponding to pmin must

occur at least once in the k rounds for successful reconstruction, we get

p(Success(k)) ≤ 1 − (1 − pmin)k ≤ 1 − e−kpmin = 1 − e
−k

SR
|MA||MB |(3.7)

Here we used the fact that (1 − pmin)k ≤ e−kpmin as 0 ≤ pmin ≤ 1 and k ∈ N. Thus, SR > 0 or
equivalently pmin > 0 is necessary for successful reconstruction. Moreover,

p(Success(k)) = 1 − p(
J⋃

i=1
Fail(k)

i ) ≥ 1 −
J∑

i=1
(1 − pi)k ≥ 1 − J(1 − pmin)k ≥ 1 − Je−kpmin(3.8)

p(Success(k)) ≥ 1 − Je
−k

SR
|MA||MB |(3.9)

Combining Equations (3.7) and (3.9),

1 − Je
−k

SR
|MA||MB | ≤ p(Success(k)) ≤ 1 − e

−k
SR

|MA||MB |(3.10)

From this equation, if SR > 0 then p(Success(k)) → 1 as k → ∞. Thus, the payoff SR is a
faithful quantifier of relation reconstruction.

3.1.1 Clique Labelling Problem

We now introduce the relation that we will use for distributed computation and relation re-
construction. The relation R(G) is defined by the distributed clique labelling problem (CLP).
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The problem is specified using a simple graph G (see Definition 2.15) with vertex set V(G)
and edge set E(G). Each vertex of G belongs to at least one maximum clique in the graph. If
the graph has α maximum cliques and clique number ω(G), we denote the set of maximum
cliques as C = {C1,C2, · · · ,Cα}. The set of clique labels for each maximum clique in G is
O = {0, 1, · · · , ω(G)−1}. Each label corresponds to a binary colouring of the clique Ci according
to Definition 2.27. We will refer to the graph G, along with a faithful orthogonal representation
(FOR) in the minimum dimension, as an orthogonality graph. We will consider the faithful
orthogonal representations ϕ : V (G) → Cd for a graph. Clearly, if a graph G has a faithful orthog-
onal representation ϕ in Rd, the same function ϕ is also a faithful orthogonal representation in Cd.

The distributed CLP is defined in a PM scenario where Alice and Bob know the orthogonality
graph G. The input and output sets for the problem are: MA = C × O, MB = C and N = O. The
inputs are chosen randomly following a uniform distribution. Alice receives ma = (ma(1),ma(2)) ∈
MA, i.e., a maximum clique ma(1) ∈ C and a clique label ma(2) ∈ O associated with the maximum
clique, both chosen randomly. Bob receives a maximum clique mb ∈ MB = C. Bob’s output
n ∈ N = O is a clique label for his input maximum clique. The output must satisfy the constraints
of consistent labelling of pairwise cliques4 described below. Each clique label is mapped to a
binary colouring of the maximum clique through Definition 2.27, and this correspondence will
be useful to state the constraints in terms of binary colouring.

(i) If Alice’s and Bob’s input maximum cliques share some vertices, then Bob’s binary
colouring (either 0 or 1) of each shared vertex must be identical to Alice’s colouring (from
her input clique label) of these vertices.

(ii) If their input maximum cliques are distinct and a vertex from Alice’s input maximum
clique is adjacent to some vertex from Bob’s input maximum clique, then both the vertices
sharing the edge must not be simultaneously assigned binary colour 1 (by the input-output
clique labels of Alice and Bob).

(iii) In the remaining cases, Bob can output any valid clique label for his input maximum
clique, independent of Alice’s input clique label.

If Alice and Bob receive the same maximum clique, i.e. ma(1) = mb, then by condition (i) the
output clique label of Bob n must be the same as the input clique label of Alice ma(2). If their
input cliques are different and some vertex of Alice’s input maximum clique is adjacent to a
vertex of Bob’s input maximum clique in the graph G, then their labels must ensure that such
adjacent vertices are not both assigned the colour 1 at the same time.

4Also in Section III of [184]

49



CHAPTER 3. UNBOUNDED QUANTUM ADVANTAGE IN COMMUNICATION

The relation R(G) ⊆ MA × MB × N = (C × O) × C × O can be directly defined from the
distributed CLP for the graph G. The tuple (ma,mb, n) = ((ma(1),ma(2)),mb, n) belongs to
R(G) ⊆ MA × MB × N if Alice’s and Bob’s input maximum clique, Alice’s input clique label
and output clique label of Bob satisfy the constraints of consistent labelling of pairwise cliques
described above. For convenience, we write the tuples as (ma,mb, n) = (ma(1),ma(2),mb, n) ∈
R(G) in this chapter by dropping extra “()”. In the distributed computation of R(G), given
Alice’s input maximum clique ma(1) with clique label ma(2), Bob must output clique label n for
his input maximum clique mb such that (ma(1),ma(2),mb, n) ∈ R(G). In relation reconstruction,
for Alice’s input (ma(1),ma(2)), Bob’s output clique label n for his maximum clique mb in
different rounds should additionally span all valid labels {n ∈ N : (ma(1),ma(2),mb, n) ∈ R(G)}.
For R(G), the payoff of relation reconstruction, as in Equation (3.3), is given below:

SR(G) = min
(ma(1),ma(2),mb,n)∈R(G)

p(n|ma(1),ma(2),mb)(3.11)

Since the payoff in Equation (3.3) is a faithful measure of relation reconstruction, we have
SR(G) > 0 whenever the relation R(G) can be successfully reconstructed. As before, the algebraic
maximum for this payoff is S∗

R(G). This maximum value can be expressed directly in terms
of the elements of R(G)5. For each input (ma(1),ma(2)) of Alice and mb of Bob, we define
η(ma(1),ma(2),mb) := |{n ∈ N : (ma(1),ma(2),mb, n) ∈ R(G)}|. Then,

η = maxma(1),ma(2),mb
η(ma(1),ma(2),mb)(3.12)

0 ≤ SR(G) ≤ 1
η

= S∗
R(G)(3.13)

Consider the graph G(α,β)
disc. , as in Definition 2.25, where ω(G) = β and all maximum cliques are

disconnected. For R(G(α,β)
disc. ), S∗

R(G(α,β)
disc.

)
= 1

β . The payoff is optimal when SR(G) = 1
η = S∗

R(G).

For the distributed computation or relation reconstruction, Alice and Bob follow some protocol.
Following a protocol, suppose Bob outputs a clique label n for his input maximum clique
mb with conditional probability p(n|ma(1),ma(2),mb) when (ma(1),ma(2)) is the input of Alice.
The set {p(n|ma(1),ma(2),mb)}ma(1),ma(2),mb,n can be arranged into a table W. The rows are
indexed by Alice’s inputs ma = (ma(1),ma(2)), and the columns by Bob’s input-output pairs
(mb, n). In both cases, the index first runs over the clique labels O = {0, 1, . . . , ω(G) − 1}
in increasing order and then moves to the next maximum clique in C = {C1,C2, · · · ,Cα}.
We will use this table in some of the proofs later in this chapter. In terms of the elements
W(ma(1),ma(2)),(mb,n) := p(n|ma(1),ma(2),mb) of this table, the condition for a protocol to accom-
plish zero-error distributed computation of R(G) is stated as (T0). The condition for relation
reconstruction requires both (T0) and (T1).

5Also in Section III of [184]
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Figure 3.2: A graph G with ω(G) = 3 and two maximum cliques C1 and C2.

(T0) : W(ma(1),ma(2)),(mb,n) = 0 if (ma(1),ma(2),mb, n) /∈ R(G)

(T1) : W(ma(1),ma(2)),(mb,n) > 0 if (ma(1),ma(2),mb, n) ∈ R(G)

Notice that any protocol that accomplishes relation reconstruction, i.e., SR(G) > 0, can also
perform the distributed computation of the relation R(G). We denote an entire row of W
indexed by ma = (ma(1),ma(2)) as W(ma(1),ma(2)),(ALL). Similarly, an entire column of W indexed
by (mb, n) is denoted as W(ALL),(mb,n). The table W contains αω(G) rows and αω(G) columns.
For a fixed ma(1) = Ci and mb = Cj , the block of W formed by {W(Ci,k),(Cj ,l) : k, l ∈ O} is
denoted as W(Ci,ALL),(Cj ,ALL). There are α2 such blocks in W. If T(0) is satisfied, then the
diagonal blocks W(ma(1),ALL),(mb,ALL) with ma(1) = mb are equal to Iω(G). Iω(G) is ω(G) × ω(G)
identity matrix. This reflects the fact that if Alice and Bob receive the same clique, Bob must
reproduce Alice’s clique label exactly.

As an example, consider the graph G shown in Figure 3.2. For this graph, V(G) = {v1, v2, · · · , v6},
ω(G) = 3, the set of maximum cliques is C = {C1,C2}, and the set of clique labels is O = {0, 1, 2}.
Also, V(C1) = {v1, v2, v3} and V(C2) = {v4, v5, v6}. From Definition 2.27, for C1, the binary
colourings f(v) = δv,v1 ,f(v) = δv,v2 and f(v) = δv,v3 , where v ∈ V(C1), are mapped to the
clique labels gC1(f) = 0, gC1(f) = 1 and gC1(f) = 2. Similarly for C2, the binary colourings
f(v) = δv,v4 ,f(v) = δv,v5 and f(v) = δv,v6 , where v ∈ V(C2), are mapped to clique labels
gC2(f) = 0, gC2(f) = 1 and gC2(f) = 2. For this graph, the relation R(G) is given below:

R(G) = {(C1, 0,C1, 0), (C1, 1,C1, 1), (C1, 2,C1, 2), (C1, 0,C2, 0), (C1, 0,C2, 1), (C1, 0,C2, 2),

(C1, 1,C2, 0), (C1, 1,C2, 1), (C1, 1,C2, 2), (C1, 2,C2, 1), (C1, 2,C2, 2), (C2, 0,C2, 0),

(C2, 1,C2, 1), (C2, 2,C2, 2), (C2, 0,C1, 0), (C2, 0,C1, 1), (C2, 1,C1, 0), (C2, 1,C1, 1),

(C2, 1,C1, 2), (C2, 2,C1, 0), (C2, 2,C1, 1), (C2, 2,C1, 2)}(3.14)

The Table 3.1 shows W for a protocol that accomplishes zero-error distributed computation or
relation reconstruction. The entries marked ∗ can take values in [0, 1] subject to normalisation.
W then satisfies condition (T0), and the protocol can be used to achieve zero-error distributed
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(ma(1),ma(2))/(mb, n) (C1, 0) (C1, 1) (C1, 2) (C2, 0) (C2, 1) (C2, 2)
(C1, 0) 1 0 0 ∗ ∗ ∗
(C1, 1) 0 1 0 ∗ ∗ ∗
(C1, 2) 0 0 1 0 ∗ ∗
(C2, 0) ∗ ∗ 0 1 0 0
(C2, 1) ∗ ∗ ∗ 0 1 0
(C2, 2) ∗ ∗ ∗ 0 0 1

Table 3.1: An example of the table W of conditional probabilities for a protocol that accomplishes
the distributed computation of R(G) and relation reconstruction of R(G). The graph G is shown
in Figure 3.2. For distributed computation, the entries marked ∗ take any values in [0, 1] subject
to normalisation. For relation reconstruction, these entries must instead take values in (0, 1)
while still satisfying normalisation.

computation of the relation. If the entries marked ∗ are strictly in (0, 1), the condition (T1)
is also satisfied, and the protocol can accomplish relation reconstruction. In this case, the
algebraic maximum of the payoff is S∗

R(G) = 1
3 .

3.2 Classical and Quantum CCR and S-CCR of R(G)

We now study the classical and quantum communication costs required for zero-error distributed
computation of R(G) and the reconstruction of the relation. We first calculate the minimum
classical and quantum communication needed for the zero-error distributed computation of
the relation R(G) when Alice has a one-way noiseless channel to Bob. In the PM scenario, the
parties have no shared resources or public coins, such as shared randomness or entanglement.
They can use local randomness, and communication is considered costly in this setting. We
show that the classical CCR is the same as the quantum CCR for some graphs, i.e., there is no
quantum advantage in the distributed computation of R(G).

For certain graphs G, we then consider the task of reconstruction of relation. We compute a
lower bound on the classical S-CCR and give an upper bound on the quantum S-CCR. These
results yield a sufficient condition for quantum advantage in this task. In particular, we identify
families of graphs where the gap between classical and quantum S-CCR is arbitrarily large.

3.2.1 Communication Complexity of R(G)

We now discuss the classical and quantum zero-error one-way communication complexity of the
relation R(G) (see Section 3.1.1) in the absence of shared resources. We consider the relations
R(G) defined for the following graphs here. Consider an orthogonality graph G with vertex set
V(G) and edge set E(G). The graph has α(≥ 2) maximum cliques C = {C1,C2, · · · ,Cα} with
clique number ω(G)(≥ 2). Every vertex lies in at least one maximum clique, and its chromatic
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number equals ω(G). The set of clique labels for each maximum clique is O = {0, 1, . . . , ω(G)−1}.
For the relation R(G) ⊂ MA × MB × N, MA = C × O, MB = C and N = O.

Theorem 3.1. For R(G), the classical and quantum CCR without shared resources are log2 ω(G)
bit and log2 ω(G) qubit, respectively.

Proof. 6 We first note that both classical and quantum CCR are lower bounded by log2 ω(G)
bit or qubit. Equivalently, Alice must send at least an ω(G)-dimensional classical or quantum
system to Bob for the zero-error distributed computation of R(G). Here, Alice’s and Bob’s
input set are MA = C × O, MB = C, respectively, and Bob’s output set is N = O. Consider the
case when Alice’s input maximum clique ma(1) = Ci ∈ C is the same as Bob’s input maximum
clique mb = Ci ∈ C. From condition (i) of consistent labelling of pairwise cliques for distributed
CLP (see Section 3.1.1), Bob’s output n must be equal to Alice’s input clique label ma(2). Since
Alice’s input clique label ma(2) ∈ O can take ω(G) distinct random values, she must encode the
inputs (ma(1),ma(2)) ∈ {(Ci, 0), (Ci, 1), · · · , (Ci, ω(G)−1)} using mutually distinguishable states.
This is necessary to ensure that Bob can recover the label exactly whenever mb = ma(1) = Ci.
Hence, Alice needs at least an ω(G)-dimensional system, or equivalently log2 ω(G) bit or qubit
for zero-error distributed computation of R(G). We will show that log2 ω(G) bit are sufficient
for distributed computation. Any protocol that uses an ω(G)-dimensional classical system for
communication can be simulated by an ω(G)-dimensional quantum system. Thus, sufficiency
for the classical case immediately implies that the quantum CCR is also log2 ω(G) qubits.

Note that Alice and Bob know the graph G and their strategy is represented by a table W
of conditional probability distribution {p(n|ma(1),ma(2),mb)}ma(1),ma(2),mb,n, where n is Bob’s
output given Alice’s input ma = (ma(1),ma(2)) and Bob’s input mb. The rows of W are denoted
by W(ma(1),ma(2)),(ALL), each corresponding to an input of Alice. Similarly, columns of W are
denoted by W(ALL),(mb,n), each corresponding to an input-output tuple of Bob. W has αω(G)
rows and αω(G) columns. The row and columns are arranged such that the index increasingly
runs over all values of ma(2) and n, respectively, before updating to the next value of ma(1) or
mb. The block W(ma(1),ALL),(mb,ALL) consists of elements {W(ma(1),ma(2)),(mb,n) : ma(2), n ∈ O}.
The diagonal blocks W(ma(1)=Ci,ALL),(mb=Ci,ALL) are equal to Iω(G) for satisfying (T0). This
condition ensures that Bob’s output clique label matches Alice’s input clique label whenever they
receive the same maximum clique. Satisfying the condition (T0) is equivalent to accomplishing
the distributed computation task.

If the αω(G) rows of W can be grouped into ω(G) partitions such that rows in the same partition
are identical across all columns, either enforced by (T0) or by the freedom in assigning values
to conditional probabilities, then a protocol using log2 ω(G) bits exists. Alice communicates the

6Also in Theorem 1 of [184]
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partition containing her input, and Bob can then output a clique label for her input maximum
clique mb following the probability values from the corresponding column of the table W, thus
satisfying the consistency conditions. The converse is trivially true. Given a protocol using
log2 ω(G) bits exists, for each Ci ∈ C, inputs (ma(1),ma(2)) ∈ {(Ci, 0), (Ci, 1), · · · , (Ci, ω(G)−1)}
must be deterministically encoded with distinct symbols by Alice and sent to Bob and so
that whenever mb = Ci, Bob can perfectly guess Alice’s input clique label. Thus, the rows
corresponding to inputs that are encoded using the same symbol will have identical entries
across all columns in table W.

The αω(G) rows of W satisfying (T0) cannot be grouped into fewer than ω(G) number of
partitions such that any two rows in the same partition are identical. This follows from the
diagonal blocks W(ma(1)=Ci,ALL),(mb=Ci,ALL) being equal to Iω(G) so that W satisfies condition
(T0). Since each row of Iω(G) is different, the rows W(Ci,k),(ALL), where k ∈ O, of W are
also distinct. For a protocol using log2 ω(G) bit, let the disjoint partitions be Zr, where
r ∈ {0, 1, · · · , ω(G) − 1}. Each partition contains identical rows of W. For every Ci ∈ C, the
ω(G) rows W(Ci,0),(ALL),W(Ci,1),(ALL), · · · ,W(Ci,ω(G)−1),(ALL) must each belong to a different
partition Zr as they are all distinct. Every partition Zr contains exactly one row from this
set. Before proceeding, we record some properties of W when the rows can be grouped into
ω(G) disjoint partitions Zr while respecting the above restrictions. Imposing this requirement
introduces the following constraints on the structure of W that can be used to perform
distributed computation:

(i) Consider an off-diagonal block W(Ci,ALL),(Cj ,ALL) where Ci,Cj ̸=i ∈ C. For any k ∈
O, exactly one element in block W(Ci,ALL),(Cj ,ALL) among those common to the row
W(Ci,k),(ALL) can be non-zero. If instead two entries are non-zero, say W(Ci,k),(Cj ,l) ̸=
0,W(Ci,k),(Cj ,l′) ̸= 0 for l, l′ ∈ O. Then the row W(Ci,k),(ALL) cannot belong to any
partition Zr already containing a row W(Cj ,l̃),(ALL), where l̃ ∈ O. For each l̃ ∈ O, there
is a column W(ALL),(Cj ,l′′) where the rows W(Cj ,l̃),(ALL) and W(Ci,k),(ALL) have different
entries. The reason is that none of the rows in the block W(Cj ,ALL),(Cj ,ALL) = Iω(G) has
positive entries in two different columns. This would in turn force the number of partitions
to increase to ω(G) + 1.

(ii) Consider an off-diagonal block W(Ci,ALL),(Cj ,ALL) where Ci,Cj ̸=i ∈ C. For any l′ ∈
O, exactly one entry in block W(Ci,ALL),(Cj ,ALL) among those common with the col-
umn W(ALL),(Cj ,l′) can be non-zero. Say this is not the case and W(Ci,k),(Cj ,l′) ≠
0,W(Ci,k′),(Cj ,l′) ̸= 0 for instance, where k, k′ ∈ O. The rows containing these two
non-zero entries W(Ci,k),(ALL) as well as W(Ci,k′),(ALL) can only belong to the partition
containing W(Cj ,l′),(ALL). Since these rows W(Ci,k),(ALL) and W(Ci,k′),(ALL) are distinct,
they must belong to different partitions, again forcing more than ω(G) partitions. Thus, if
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the number of partitions is limited to ω, then each off-diagonal block W(Ci,ALL),(Cj ,ALL)

must be some permutation matrix π(Ci,Cj).

(iii) The table should satisfy WT = W. Otherwise there would be an element W(Ci,k),(Cj ,l) =
1 ̸= W(Cj ,l),(Ci,k), where Ci,Cj ∈ C and k, l ∈ O. The row W(Ci,k),(ALL) must belong to
the same partition as row W(Cj ,l),(ALL) as W(Ci,k),(Cj ,l) = 1 = W(Cj ,l)(Cj ,l) = 1 whereas
W(Cj ,l′)(Cj ,l) = 0 for all l′(̸= l) ∈ O. However, the rows W(Ci,k),(ALL) and W(Cj ,l),(ALL)

have different entries in column W(ALL),(Ci,k) as W(Ci,k),(Ci,k) = 1 ̸= W(Cj ,l),(Ci,k).
Thus, the row W(Ci,k),(ALL) ultimately cannot belong to any partition that contains
row W(Cj ,l′′),(ALL) where l′′ ∈ O, forcing more than ω(G) partitions. Moreover, once the
permutation matrices in the first row of blocks are fixed, the identity in block diagonals
require that the block permutations must satisfy π(Ci,Cj)=π−1

(C1,Ci)π(C1,Cj). Thus, the
entire family of permutations is determined by the choice of permutations with respect to
a reference clique, say C1.

For example, Alice and Bob consider a set {(vt,1, vt,2, · · · , vt,α) : vt,j ∈ V(Cj), t ∈
{1, 2, · · · , ω(G)}} for G such that for all t, j, j′ vt,j = vt,j′ whenever vt,j ∈ V(Cj′) else vt,j

and vt,j′ are non-adjacent. Also vt,j ̸= vt′,j′ whenever t ̸= t′ and j ̸= j′. Say clique label
l, k ∈ O correspond to binary colouring of Ci and Cj that assign binary colour 1 to vertex
vt,i and vt′,j , respectively. Then W(Cj ,l),(Ci,k) = 1 iff vt,i and vt′,j are in the same tuple, i.e, t = t′.

Now, we will construct a specific kind ω(G) disjoint partitions Zr where r ∈ {0, 1, · · · , ω(G −1)}
of the inputs of Alice based on a table that has the form as stated above.

Step 1: For all k ∈ {0, 1, · · · , ω(G) − 1}, (ma(1) = C1,ma(2) = k) ∈ Zk.

Step 2: ∀j ∈ {2, · · · , α}, if W(C1,ALL),(Cj ,ALL) is the permutation matrix πC1,Cj and k′ is the
kth element of πC1,Cj × (0 1 · · · ω(G) − 1)T , then the input (ma(1) = Cj ,ma(2) = k′) ∈ Zk.

Given an input (ma(1),ma(2)), Alice communicates the partition corresponding to the input.
Bob can thus pick a valid label n for his input maximum clique mb using the information of
the row. It is essential that each row W(ma(1),0),(ALL),W(ma(1),1),(ALL), · · · W(ma(1),ω(G)−1),(ALL)

belongs to a different partition otherwise Bob will not be able to satisfy consistency condition.

As an example, consider the graph G in Figure 3.3. For this graph, V(G) = {v1, v2, v3, v4, v5},
ω(G) = 3, the set of maximum cliques is C = {C1,C2}, and the set of clique labels is
O = {0, 1, 2}. Here, we have MA = C × O,MB = C and N = O. Table 3.2 shows W for
a protocol fixed by Alice and Bob that achieves zero-error distributed computation or rela-
tion reconstruction. The rows are partitioned as follows: Z0 = {W(C1,0),(ALL),W(C2,2),(ALL)},
Z1 = {W(C1,1),(ALL),W(C2,1),(ALL)} and Z2 = {W(C1,2),(ALL),W(C2,0),(ALL)}. On receiving
input (ma(1),ma(2)), Alice sends symbol τ = r if W(ma(1),ma(2)),(ALL) belongs to partition Zr.
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(ma(1),ma(2))/(mb, n) (C1, 0) (C1, 1) (C1, 2) (C2, 0) (C2, 1) (C2, 2)
(C1, 0) 1 0 0 0 0 1
(C1, 1) 0 1 0 0 1 0
(C1, 2) 0 0 1 1 0 0
(C2, 0) 0 0 1 1 0 0
(C2, 1) 0 1 0 0 1 0
(C2, 2) 1 0 0 0 0 1

Table 3.2: An example of the table W of conditional probabilities for a protocol that performs
the distributed computation of R(G), based on the graph in Figure 3.3.

Figure 3.3: A graph G with ω(G) = 3 and two maximum cliques C1 and C2.

After receiving τ , Bob identifies the corresponding row and uses it to output the clique label
n for his input clique mb. This guarantees that the consistency condition is always satisfied.
Hence, log2 3 bit of communication are sufficient for the distributed computation of R(G).

■

Notice that given log2 ω(G) bits of communication without shared resources, Alice and Bob
must use deterministic encoding and decoding for achieving zero-error distributed computation
of R(G). In particular, whenever input maximum cliques ma(1) = mb, Bob’s output clique
label n must be equal to Alice’s input clique label ma(2). Thus, Alice must encode the inputs
(ma(1),ma(2)) ∈ {(Ci, 0), (Ci, 1), · · · , (Ci, ω(G) − 1)} in different symbols. If Alice randomises her
encoding locally, Bob cannot determine Alice’s input clique label and guess it perfectly when
they receive the same maximum clique. Likewise, if Bob locally randomises his decoding of the
received symbol, he will fail to reproduce Alice’s clique label whenever their input cliques match.

Theorem 3.1 shows that there is no quantum advantage in the distributed computation of
R(G) for the graphs we considered. We now show that a quantum advantage exists in the
relation reconstruction task. The FOR of the graph plays no role in distributed computation but
becomes relevant for relation reconstruction, where quantum communication enables unbounded
advantage.
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3.2.2 Strong Communication Complexity of R(G)

In this section, we study the classical and quantum one-way strong communication complexity
of the relation R(G) when the parties do not have shared resources. We focus on specific
classes of graphs G for the relation reconstruction task. The orthogonality graph G which
we would consider has vertex set V(G) and edge set E(G). It contains α(≥ 2) maximum
cliques C = {C1,C2, · · · ,Cα}, and the set of clique labels for each maximum clique is O =
{0, 1, . . . , ω(G) − 1}, where ω(G) ≥ 2. The graph has at least two distinct maximum cliques,
say Ci,Cj , such that some vertex in Ci is non-adjacent to at least two vertices in Cj . This
orthogonality graph G is assumed to satisfy the following conditions:

(G0) : Every vertex of G belongs to at least one maximum clique in the graph.

(G1) : For each maximum clique Ci and each vertex vk ∈ V(Ci), take any vertex vk′ in another
maximum clique Cj but not in Ci. Then there exists a vertex vl ∈ V(G) which is adjacent
only to vk.

For graph G satisfying (G1), symmetry of the condition implies that there exists a vertex
vl′ ∈ V(G) which is adjacent only to vk′ . For such a graph, the relation R(G) ⊂ MA × MB × N,
is defined with MA = C × O, MB = C and N = O. In the relation reconstruction, given Alice’s
input ma = (ma(1),ma(2)) ∈ MA and Bob’s input mb ∈ MB, Bob must never output n ∈ N if
(ma(1),ma(2),mb, n) /∈ R(G). Moreover, for each such input pair, Bob’s outputs across different
rounds must span {n : (ma(1),ma(2),mb, n) ∈ R(G)}. In other words, p(n|ma(1),ma(2),mb) > 0
for all (ma(1),ma(2),mb, n) ∈ R(G). Before turning to the classical communication cost of relation
reconstruction, we introduce a notion for a graph that will be useful in determining the classical
S-CCR without shared resources.

Definition 3.3. Let G be a graph with vertex set V(G) and edge set E(G). A disjointness
representation of G is an assignment of distinct non-empty subsets Tv ⊆ T of a finite set T ,
which we refer to as ground set, to the vertices v ∈ V(G) such that, for any two distinct vertices
vi, vj ∈ V(G): (i) Tvi ̸⊆ Tvj , Tvj ̸⊆ Tvi , i.e. {Tv} is an anti-chain and (ii) Tvj ∩ Tvi = ∅ if
(vi, vj) ∈ E(G).

Definition 3.4. The disjointness number K(G) is the size of the smallest set T such that G
admits a disjointness representation over some ground set T .

Disjointness representation is a set-theoretic analogue of orthogonal representation with an ad-
ditional anti-chain property. The disjointness number is thus almost set-theoretically equivalent
of the orthogonal range of a graph.
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Observation 3.1. For any graph G, K(G) ≥ ω(G), since the vertices of a maximum clique
must be assigned pairwise disjoint non-empty sets. This requires at least ω(G) distinct elements
in T .

Now consider a disjointness representation {Tv : v ∈ V(G)} of graph G defined over the ground
set T . By Definition, the family {Tv}v∈V(G) forms an anti-chain. For any distinct v, v′ ∈ V(G)
we have Tv ̸⊆ Tv′ and Tv′ ̸⊆ Tv. By Sperner’s theorem, the maximum size of an anti-chain on a
k-element set T is

( k
⌊k/2⌋

)
[246]. Hence,

(3.15) |V(G)| ≤
(

k

⌊k/2⌋

)
≤ 2k

We define

(3.16) k∗ = min
{
k : |V(G)| ≤

(
k

⌊k/2⌋

)}
Since K(G) is the minimum possible size of such a ground set T , then K(G) ≥ k∗ . This is
because k ≥ k∗ is necessary just to satisfy the condition (i) in Definition 3.3. However, it does
not guarantee that condition (ii) is satisfied for such k. Taking the logarithm on both sides in
Equation (3.15), it follows that

(3.17) K(G) ≥ k∗ ≥ log2 |V(G)|

Using refinement of Stirling’s formula (sometimes called Robbins bounds), for k ≥ 1 we have√
2πk (k

e )ke
1

12k+1 < k! <
√

2πk (k
e )ke

1
12k . This implies an upper bound on the central binomial

coefficient,
( k

⌊k/2⌋
)

≤ c 2k
√

k
for some constant c > 0 [247]. Now take k such that

( k
⌊k/2⌋

)
≥ |V(G)|.

For k satisfying Equation (3.15),

|V(G)| ≤ c
2k

√
k

=⇒ log2 |V(G)| ≤ k − log2 k

2 + log2 c(3.18)

=⇒ k ≥ log2 |V(G)| + log2 k

2 − log2 c(3.19)

As k ≥ 1, it follows that k ≥ log2 |V(G)| − log2 c. Substituting this in Equation (3.19),

k ≥ log2 |V(G)| + log2 k

2 − log2 c ≥ log2 |V(G)| + log2(log2 |V(G)| − log2 c)
2 − log2 c(3.20)

For large |V(G)|, log2(log2 |V(G)| − log2 c) = log2 log2 |V(G)| +O(1). So,

k ≥ log2 |V(G)| + log2 log2 |V(G)|
2 +O(1)(3.21)
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Since the inequality (3.21) also holds for k = k∗, and K(G) ≥ k∗, we obtain the asymptotic
lower bound

K(G) ≥ log2 |V(G)| + log2 log2 |V(G)|
2 +O(1)(3.22)

Now we show that the minimum classical cost of relation reconstruction, i.e. S-CCR, without
shared resources grows at least logarithmically with the disjointness number K(G) of the graph.

Theorem 3.2. For R(G), where G satisfies conditions (G0) and (G1), the classical S-CCR
without shared resources and without private randomness for Alice is log2 |V(G)| bits7. More
generally, the classical S-CCR without shared resources is at least log2K(G) bit.

Proof. Before the task begins, Alice and Bob may fix a protocol. Such a protocol can be
represented by a table W with αω(G) rows and αω(G) columns. Its entries are conditional
probabilities p(n|ma(1),ma(2),mb). If W satisfies conditions (T0) and (T1) (see Section 3.1.1),
then it accomplishes relation reconstruction. Given input (ma(1),ma(2)), Alice communicates the
associated row, and Bob with probability p(n|ma(1),ma(2),mb) outputs clique label n based on
his input mb. The deterministic strategy used in the proof of Theorem 3.1 cannot be applied here.
In that case, W assigns probability 1 to a single outcome n for each input (ma(1),ma(2)) of Alice
and mb of Bob. For relation reconstruction, however, we require that p(n|ma(1),ma(2),mb) > 0
for all n ∈ N when (ma(1),ma(2),mb, n) ∈ R(G).

Given a table W, if two rows W(Ci,k),(ALL) and W(Ci′ ,k′),(ALL), where Ci,Ci′ ∈ C and k, k′ ∈ O,
are identical then Alice can encode them using the same symbol for communication. Bob can
then decode the row from the received symbol and output his clique label based on his input. In
the graph G, a vertex v may belong to two distinct maximum cliques, say Ci and Ci′ . Then there
exist labels k ∈ O for Ci and k′ ∈ O for Ci′ corresponding to binary colourings for respective
cliques that assign colour 1 to v. Then rows W(Ci,k),(ALL) and W(Ci′ ,k′),(ALL) can be given iden-
tical entries while satisfying T(0) and T(1). This can be seen as follows. Corresponding v, the
input-output tuples (Ci, k,Ci, k), (Ci′ , k′,Ci′ , k′), (Ci, k,Ci′ , k′), (Ci′ , k′,Ci, k) ∈ R(G). For satis-
fying condition (T0), the associated entries W(Ci,k),(Ci,k) = W(Ci′ ,k′),(Ci′ ,k′) = W(Ci,k),(Ci′ ,k′) =
W(Ci′ ,k′),(Ci,k) = 1. Moreover, since adjacency of v with vertices in other cliques of G is fixed,
we have for every Cj(̸=i,i′) ∈ C and l ∈ O: (Ci, k,Cj , l) /∈ R(G) ⇐⇒ (Ci′ , k′,Cj , l) /∈ R(G)
and (Ci, k,Cj , l) ∈ R(G) ⇐⇒ (Ci′ , k′,Cj , l) ∈ R(G). Thus, to satisfy (T0) set W(Ci,k),(Cj ,l) =
W(Ci′ ,k′),(Cj ,l) = 0 for all Cj ∈ C, l ∈ O if (Ci, k,Cj , l) /∈ R(G). For satisfying (T1), as-
sign same positive values W(Ci,k),(Cj ,l) = W(Ci′ ,k′),(Cj ,l) > 0 for all Cj ∈ C, l ∈ O when
(Ci, k,Cj , l) ∈ R(G). In particular, the non-zero entries of the two rows can always be chosen
identically while satisfying (T1), and the zero entries coincide for both rows, satisfying (T0).

7This result is in Lemma 2 of [184]
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Consequently, these two rows can be encoded using the same symbol by Alice.

By repeating this process, Alice and Bob can eliminate redundant rows corresponding to the
same vertex. Each row of W that is associated with a vertex v ∈ V(G) can be given identical
assignments while satisfying (T0) and (T1). The resulting table W therefore has |V(G)|
distinct rows, each representing a unique vertex of G. Alice encodes identical rows using the
same symbol, and Bob decodes the received symbol to output a clique label with the appropriate
probability based on his input. Hence, log2 |V(G)| bit of communication are sufficient.

We now prove that for R(G), log2 |V(G)| bit of communication are necessary for relation
reconstruction when Alice does not have private randomness and the parties do not have shared
resources. Since G satisfies (G0), each vertex v belongs to some maximum clique Ci ∈ C. Thus,
corresponding to each vertex v ∈ V(G), there is some input of Alice (ma(1),ma(2)) = (Ci, k),
where the clique label k ∈ O corresponds to binary colouring of Ci that assigns colour 1 to v.
Hence, the row W(Ci,k),(ALL) is associated with vertex v. For any maximum clique Ci, each
of Alice’s input (ma(1),ma(2)) = (Ci, k), with k ∈ O must be encoded with a distinct symbol.
Otherwise, when mb = Ci, Bob could not output Alice’s clique label n = k with certainty. Thus,
Alice’s inputs corresponding to the vertices that belong to the same maximum clique must be
encoded using distinct symbols. Since G also satisfies (G1), consider a vertex vt ∈ V(Ci) and
a vertex v′

t ∈ V(Ci′) with v′
t /∈ V(Ci). Then there is a vertex v in some maximum clique Cj

which is adjacent to vt and non-adjacent to vt′ . By symmetry, there is also a vertex v′ in some
maximum clique Cj′ adjacent to vt′ but not to vt. Let Alice’s input ma = (ma(1),ma(2)) = (Ci, k)
and ma = (ma(1),ma(2)) = (Ci′ , k′) correspond to the vertex vt and vt′ . Here, clique label k
and k′ assign binary colour 1 to the vertex vt and vt′ in maximum clique Ci and Ci′ , res-
pectively. Let Bob’s input is mb = Cj and clique label l assigns value 1 to the vertex v in
this maximum clique Cj . Then for satisfying (T0), W(Ci,k),(Cj ,l) = p(l|Ci, k,Cj) = 0 and
W(Ci′ ,k′),(Cj ,l) = p(l|Ci′ , k′,Cj) > 0 for satisfying (T1). Since W(Ci,k),(Cj ,l) = p(l|Ci, k,Cj) = 0
and W(Ci′ ,k′),(Cj ,l) = p(l|Ci′ , k′,Cj) > 0, thus the rows W(Ci,k),(ALL) and W(Ci′ ,k′),(ALL) must
be distinct. Therefore, Alice cannot encode inputs (Ci, k) and (Ci′ , k′) with the same symbol:
doing so would either force Bob to output n = l with nonzero probability, violating (T0), or
never output it, preventing reconstruction. Combining both cases, inputs corresponding to
distinct vertices in V(G) must be encoded with distinct symbols. Thus, the classical system
used for communication must have dimension at least |V(G)|, which implies that log2 |V(G)|
bits are necessary.

We now argue that local randomisation over deterministic encodings and decodings cannot
reduce the communication cost below log2K(G) bits for relation reconstruction. In other words,
using fewer than log2K(G) bits together with private randomness cannot satisfy both (T0)
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and (T1). If it were possible, then G would admit a disjointness representation over a ground
set smaller than K(G). However, it is impossible from Definition 3.4.

Suppose Alice employs a convex mixture of deterministic encoding protocols, each using less
than log2K(G) bits. Let T denote the set of alphabets available to her, with |T | < K(G). The
conditional distribution can be written as

p(n|ma(1),ma(2),mb) =
∑
τ∈T

pe(τ |ma(1),ma(2))pd(n|τ,mb)(3.23)

where pe(τ |ma(1),ma(2)) is the probability with which Alice sends symbol τ given her in-
put and pd(n|τ,mb) is Bob’s decoding probability. For a symbol τ ∈ T , we define the set
MA,τ = {(ma(1),ma(2)) = (Ci, k) ∈ MA : pe(τ |ma(1),ma(2)) > 0}, i.e. all inputs that Alice may
encode as τ . To satisfy condition (T0), Bob’s decoding of τ must ensure pd(n|τ,mb) = 0
whenever (ma(1),ma(2),mb, n) /∈ R(G) for some (ma(1),ma(2)) ∈ MA,τ . Since G satisfies (G0),
each vertex v belongs to some maximum clique Ci ∈ C. Thus, corresponding to each vertex
v there is some input of Alice (ma(1),ma(2)) = (Ci, k), where k ∈ O is the clique label assign-
ing colour 1 to v in Ci. For each input, we define the support T(Ci,k) = {τ ∈ T : pe(τ |Ci, k) > 0}.

Consider any two (ma(1),ma(2)) = (Ci, k) and (Ci′ , k′) of Alice which correspond to two adjacent
vertices v, v′ ∈ V(G). Here, clique label k and k′ assign colour 1 to vertex v ∈ V(Ci) and
v′ ∈ V(Ci′), respectively. If Bob’s input mb = Ci, then the consistency conditions require
p(k|Ci, k,Ci) = 1 =⇒ pd(k|τ,Ci) = 1 ∀ τ ∈ T(Ci,k). On the other hand, for the Alice’s input
(Ci′ , k′), consistency requires p(k|Ci′ , k′,Ci) = 0 =⇒ pd(k|τ,Ci) = 0 ∀ τ ∈ T(Ci′ ,k′). Hence,

(i) T(Ci′ ,k′) ∩T(Ci,k) = ∅, whenever inputs (Ci′ , k′) and (Ci, k) correspond to adjacent vertices
v′, v ∈ V(G) respectively, in order to satisfy condition (T0).

Take any two non-adjacent vertices ṽ, ṽ′ ∈ V(G) and for each of them consider an input of Alice,
say (ma(1),ma(2)) = (Ci, k) and (Ci′ , k′). Since the vertices are non-adjacent, ṽ ∈ V(Ci) \ V(Ci′)
and ṽ′ ∈ V(Ci′) \ V(Ci). Here, clique label k and k′ assign colour 1 to vertex ṽ ∈ V(Ci) and
ṽ′ ∈ V(Ci′), respectively. Using (G1), there exists vertex v in maximum clique Cj and vertex
v′ in maximum clique Cj′ such that v is adjacent to ṽ and non-adjacent to ṽ′, while v′ is
adjacent to ṽ′ but not to ṽ. Say, clique labels l, l′ ∈ O assign binary colour 1, respectively, to v
in maximum clique Cj and v′ in maximum clique Cj′ . Suppose Bob’s input mb = Cj . Then
to satisfy (T0), p(l|Ci, k,Cj) = 0 =⇒ pd(l|τ,Cj) = 0 ∀ τ ∈ T(Ci,k). However, for successful
relation reconstruction p(l|Ci′ , k′,Cj) > 0 =⇒ pd(l|τ,Cj) > 0 for some τ ∈ T(Ci′ ,k′). Thus, for
successful relation reconstruction T(Ci′ ,k′) \ T(Ci,k) ̸= ∅. Now say Bob’s input is mb = Cj′ . Then
to satisfy (T0), p(l′|Ci′ , k′,Cj′) = 0 =⇒ pd(l′|τ,Cj′) = 0 ∀ τ ∈ T(Ci′ ,k′). However, for successful
relation reconstruction and p(l′|Ci, k,Cj′) > 0 =⇒ pd(l′|τ,Cj′) > 0 for some τ ∈ T(Ci,k). Thus,
for successful relation reconstruction T(Ci,k) \ T(Ci′ ,k′) ̸= ∅.
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(ii) Thus, T(Ci′ ,k′) ̸⊆ T(Ci,k) and T(Ci,k) ̸⊆ T(Ci′ ,k′) for inputs (Ci′ , k′) and (Ci, k) corresponding
to two non-adjacent vertices ṽ, ṽ′ ∈ V(G), respectively, in order to satisfy (T1).

Suppose relation reconstruction is possible using set of alphabets in T , where |T | < K(G),
i.e. using less than log2K(G) bits. Then conditions (i) and (ii) must hold for all inputs. For
each vertex v ∈ V(G) consider an input (Ci, k) corresponding to it and associate the set
Tv ≡ T(Ci,k) ⊂ T . From condition (i), if v and v′ are adjacent, then Tv ∩Tv′ = ∅. From condition
(ii), if v and v′ are non-adjacent, then Tv ̸⊆ Tv′ and Tv′ ̸⊆ Tv. Hence, the family {Tv : v ∈ V(G)}
forms a disjointness representation of G over T . But this contradicts the definition of K(G). It
is the minimum size of a ground set required for having such a representation for the graph G.
Since |T | < K(G), such a representation is impossible using T . Thus, relation reconstruction
cannot be achieved with fewer than log2K(G) bits when no shared resources are available.

Consequently, for the relation R(G), S-CCR without shared randomness and private randomness
(for Alice) is log2 |V(G)| bit. More generally, S-CCR without shared randomness is ≥ log2K(G)
bit. ■

Thus, the zero-error classical strong communication complexity of R(G) scales logarithmically
with the disjointness number K(G) of the graph. We now turn to the reconstruction of relations
using quantum communication protocols. We consider R(G) for graph G of the type described
earlier, which satisfy conditions (G0) and (G1).

Lemma 3.1. Let G be a graph satisfying (G0) and (G1) with faithful orthogonal range
ω(G), then for R(G) the quantum S-CCR without shared resources (and private randomness) is
log2 ω(G) qubit.

Proof. Alice and Bob know the graph G and a faithful orthogonal representation (FOR)
ϕ : V(G) → Cω(G) of G . The FOR ϕ assigns a unit vector ϕ(v) ∈ Cω(G) to each vertex v ∈ V(G)
such that ⟨ϕ(v)|ϕ(v′)⟩ = 0 if and only if v and v′ are adjacent in G. Say, Alice is given input
ma = (ma(1),ma(2)) = (Ci, k), where k ∈ O and Ci ∈ C. The clique label k corresponds to the
binary colouring that assigns 1 to vertex v of the maximum clique Ci ∈ C. Alice encodes it using
the quantum state ρ(Ci,k) = |ϕ(v)⟩ ⟨ϕ(v)| ∈ D(Cω(G)) and sends it to Bob. If Bob receives input
mb = Cj , then he performs the measurement {E = |ϕ(v′)⟩ ⟨ϕ(v′)| : v′ ∈ V(Cj)}. On obtaining
outcome corresponding to the projector |ϕ(v′)⟩ ⟨ϕ(v′)|, Bob outputs n = l, where the clique
label l ∈ O for Cj assigns colour 1 to the vertex v′. This quantum strategy always satisfies
the consistency condition. This is so because Tr[(|ϕ(v)⟩ ⟨ϕ(v)|)(|ϕ(v′)⟩ ⟨ϕ(v′)|)] is 1 if v = v′

and 0 if v is adjacent to v′. In all other cases, it is positive. Thus, the protocol accomplishes
relation reconstruction. Also, log2 ω(G) qubit are necessary. This is because all the inputs
(ma(1),ma(2)) ∈ {(Ci, 0), (Ci, 1), · · · , (Ci, ω(G) − 1)} must be encoded using mutually orthogonal
states. ■
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Using the results we discussed so far, we obtain a sufficient condition for quantum advantage in
the relation reconstruction task.

Theorem 3.3. Let G be a graph satisfying conditions (G0) and (G1) with faithful orthogonal
range ω(G). Then quantum advantage in relation reconstruction of R(G) without shared ran-
domness exists whenever K(G) > ω(G). If Alice has no private randomness, quantum advantage
already exists whenever |V(G)| > ω(G).

Proof. The proof of the claim follows from Theorem 3.2 and Lemma 3.1. For R(G), the classical
S-CCR without shared randomness is at least log2K(G) bit, and without private randomness
for Alice it is log2 |V(G)| bit. In contrast, the quantum S-CCR is log2 ω(G) qubit. ■

From Equation 3.22 and Observation 3.1, the disjointness number K(G) is lower-bounded by
max{ω(G), log2 |V(G)| + 1

2 log2 log2 |V(G)| +O(1)}. On the other hand, finding the minimum
dimension in which a graph admits a faithful orthogonal representation (FOR) is a hard problem
in general. Nevertheless, there are results that provide upper bounds on the faithful orthogonal
range [238, 248]. In [238], it was shown that G has an FOR in dimension d if its complement Ḡ
is (n− d)-connected. Hence, all graphs where the parameter d = ω(G), has a FOR in dimension
ω(G).

3.2.3 Unbounded Quantum Advantage in Relation Reconstruction

Having a sufficient condition for quantum advantage in the reconstruction of R(G), we now
ask how large the separation can be between classical and quantum resources in this task.
For this purpose consider the family of graph G(α,β)

γ , as in Definition 2.25, where α, β, γ ∈ N,
α ≥ 2, β ≥ 2, and γ ∈ [0, β

2 ). G(α,β)
γ consists of a chain of α maximum cliques, each of size β.

The consecutive maximum cliques Ci and Ci+1 share exactly γ vertices for i ∈ {1, 2, · · · , α− 1},
and the rest of the maximum cliques do not share any additional vertices and edges. When
γ = 0, all the maximum cliques of G(α,β)

γ are disconnected. We refer to such graphs as G(α,β)
disc. .

Theorem 3.4. There exists a class of graphs G satisfying (G0) and (G1) for which the
separation between classical and quantum one-way S-CCR for R(G) is unbounded in both cases:
(i) when the parties do not share any resources, and (ii) when Alice additionally does not have
private randomness.

Proof. Consider the family of graphs G(α,β)
γ with parameter α ∈ N and fixed constants

β(≥ 2) ∈ N and γ ∈ [0, β
2 ). Each graph in the family has clique number ω(G(α,β)

γ ) = β and its
order is |V(G(α,β)

γ )| = α(β − γ) + γ. From Lemma 2.1, the graph G(α,β)
γ has FOR in dimension

β. Thus, the faithful orthogonal range of G(α,β)
γ is ω(G(α,β)

γ ) = β. From Observation 3.1 and
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Equation (3.22),

K(G(α,β)
γ ) ≥ max{ω(G(α,β)

γ ), log2 |V(G(α,β)
γ )| + 1

2 log2 log2 |V(G(α,β)
γ | +O(1)}(3.24)

=⇒ K(G(α,β)
γ ) ≥ max{β, log2{α(β − γ) + γ} + 1

2 log2(log2{α(β − γ) + γ}) +O(1)}(3.25)

As β ∈ N \ {0, 1} and γ ∈ (0, β/2) are constants, log2{α(β − γ) + γ} ≥ log2 α + log2(β − γ).
Also, log2(log2{α(β − γ) + γ}) ≥ log2 log2 α. Substituting them in Equation (3.25),

K(G(α,β)
γ ) ≥ max{β, log2 α+ log2(β − γ) + 1

2 log2 log2 α+O(1)}(3.26)

From Theorem 3.2, the classical S-CCR for R(G(α,β)
γ ) is log2 |V(G(α,β)

γ )| = log2[α(β − γ) + γ]
bit when Alice has no private randomness and the parties share no resources. This quantity
grows with α. More generally, without shared resources, the classical S-CCR for R(G(α,β)

γ ) is at
least log2K(G(α,β)

γ ) bit, which also increases with α (see Equation (3.26)). From Lemma 3.1,
the quantum S-CCR for R(G(α,β)

γ ) is log2 β qubit, which is independent of α. Hence, the gap
between classical and quantum S-CCR grows unboundedly with α, establishing unbounded
separation. ■

In the above proof, the input set size is log2(α2β), where β is fixed. The separation between
classical and quantum communication is at least

max{log2 β, log2[log2 α+ log2(β − γ) + 1
2 log2 log2 α] +O(1)} − log2 β(3.27)

when no shared resources are available. If Alice also lacks private randomness, then the separa-
tion is log2[α(β − γ) + γ] − log2 β.

We now consider the payoff for relation reconstruction as defined in Equation (3.11). Let G be
a graph with clique number and faithful orthogonal range both equal to ω(G), and satisfying
conditions (G0) and (G1). For R(G), the maximum payoff using log2 ω(G) qubits depends on
the choice of an optimal FOR in dimension ω(G). Given a quantum strategy as in Lemma 3.1,
based on a FOR ϕ : V(G) → Cω(G), the payoff is determined by the minimum overlap between
vectors assigned to non-adjacent vertices of G. Let v be the vertex in maximum clique Ci ∈ C
corresponding to Alice’s input ma = (ma(1),ma(2)) = (Ci, k), i.e., clique label k corresponds to
the binary colouring that assigns 1 to vertex v in Ci. Similarly, for Bob’s input mb = Cj and
output n = l, the clique label l ∈ O for Cj assigns colour 1 to the vertex v′. Then

SR(G) = min
(ma(1),ma(2),mb,n)∈R(G)

p(n|ma(1),ma(2),mb)

= min
(Ci,k,Ci,l)∈R(G)

Tr
[
|ϕ(v)⟩

〈
ϕ(v)

∣∣ϕ(v′)
〉 〈
ϕ(v′)

∣∣](3.28)

= min
(v,v′)/∈E(G)

|
〈
ϕ(v)

∣∣ϕ(v′)
〉

|2(3.29)
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For R(G), the maximum payoff with log2 ω(G) qubits is achieved by choosing a faithful orthogonal
representation ϕ : V(G) → Cω(G) that maximises the minimum overlap between vectors
corresponding to non-adjacent vertices of G. The optimisation problem for the maximum payoff,
denoted SCω(G),max

R(G) , can be stated as follows:

SCω(G),max
R(G) = max

ϕ:V(G)→Cω(G)

{
min

(v,v′)/∈E(G)
|
〈
ϕ(v)

∣∣ϕ(v′)
〉

|2
}

(3.30)

In general, finding faithful orthogonal representations for a graph is a hard problem. This
optimisation depends on finding FOR that maximises the minimum overlap between two
non-adjacent vertices and is non-trivial to solve for a general graph.

3.3 Relation Reconstruction with Shared Resources

So far, we have considered relation reconstruction using classical or quantum communication
without shared resources. We now turn to the PM scenario described in Section 3.1, where
the parties may use shared resources or public coins. These resources may be classical (shared
randomness) or quantum (shared entanglement). In most communication problems with public
coins, the focus is on the minimum communication required to perform a task, while allowing
unrestricted access to the shared resource. Here, however, we treat both communication and
public coins as costly resources. In particular, we consider the PM scenario where the amount of
communication (classical or quantum) is limited, and investigate how much public coin (shared
randomness or entanglement) is required to accomplish relation reconstruction.

3.3.1 Shared Randomness Assisted Classical Communication

We first discuss the amount of shared randomness, or classical public-coin assistance, required
for relation reconstruction with classical communication. For R(G), when the amount of classical
communication is limited to log2 ω(G) bits and K(G) > ω(G), we give a lower bound on the
shared randomness necessary for relation reconstruction. The necessary shared randomness
increases as log2(⌈log2 α⌉ + 1) bits in the number of maximum cliques α in the graph. We
consider the relation R(G), which is defined for some specific graphs in this section. Let
graph G has vertex set V(G) and edge set E(G), and there are α(≥ 2) maximum cliques
C = {C1,C2, · · · ,Cα} in the graph. The set of clique labels is O = {0, 1, · · · , ω(G) − 1}. The
clique number, chromatic number and faithful orthogonal range are equal to ω(G). The graph
satisfies conditions (G0) and (G1). And K(G) > ω(G) for the graph. From Theorem 3.1,
the zero-error classical communication complexity of R(G) without shared randomness is
log2 ω(G) bit. Equivalently, log2 ω(G) bit is minimum communication required for satisfying
(T0). From Theorem 3.2, the zero-error classical strong communication complexity without
shared randomness is at least log2K(G) bit. In other words, it is the minimum communication
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(ma(1),ma(2))/(mb, n) (C1, 0) (C1, 1) (C1, 2) (C2, 0) (C2, 1) (C2, 2)
(C1, 0) 1 0 0 0 ∗ ∗
(C1, 1) 0 1 0 0 ∗ ∗
(C1, 2) 0 0 1 1 0 0
(C2, 0) 0 0 1 1 0 0
(C2, 1) ∗ ∗ 0 0 1 0
(C2, 2) ∗ ∗ 0 0 0 1

Table 3.3: The table W corresponding to a protocol that performs the relation reconstruction
of R(G) based on the graph G is shown in Figure 3.3. The entries marked ∗ have values in
(0, 1). For the protocol that achieves algebraic maximum for the payoff, all entries marked ∗
have value 0.5.

required to simultaneously satisfy (T0) and (T1). We now show that with log2 ω(G) bits and
arbitrary shared randomness, both (T0) and (T1) can be satisfied (see Observation 3.2). This
resource can also achieve the algebraic maximum for the payoff S∗

R(G). We then calculate the
minimum amount of shared randomness assistance necessary to simultaneously satisfy (T0)
and (T1), or equivalently, accomplish relation reconstruction.

Observation 3.2. For R(G), a strategy with log2 ω(G) bit can satisfy (T0). Alice and Bob
may adopt a deterministic strategy, described by an αω(G) × αω(G) table W of conditional
probabilities p(n|ma(1),ma(2),mb). With shared randomness, they can pre-select a set of all
deterministic strategies (or equivalently, tables) that satisfy the consistency condition or (T0).
Using the shared randomness, they can switch between these strategies in a correlated way across
different rounds. Over multiple rounds, they can satisfy (T1). Quite trivially, the maximum
amount of shared randomness required is the logarithm of the number of all such deterministic
strategies that individually satisfy the consistent colouring of pairwise clique conditions or
equivalently (T0).

As an example, consider the graph G in Figure 3.3. Any strategy that satisfies (T0) and (T1)
has the form shown in Table 3.3, where the entries marked by ∗ are strictly in (0, 1) subject to
normalisation. A table for a classical deterministic strategy is given in Table 3.2, and another
in Table 3.4. With 1 bit shared randomness, Alice and Bob can switch between these two
strategies and satisfy (T0) and (T1) simultaneously. If they use both the strategies with equal
probability, then they also achieve the payoff S∗

R(G) = 0.5. Now we provide a lower bound on
the amount of shared randomness assistance required for reconstruction of relation R(G) when
log2 ω(G) bit of communication is allowed.

Theorem 3.5. Let graph G has α maximum cliques with clique number ω(G) = β′ and
K(G) > β′. Suppose G has faithful orthogonal range ω(G) = β′ and satisfies conditions (G0)
and (G1). Then the necessary (though not always sufficient) amount of shared randomness
required to achieve relation reconstruction of R(G) with log2 ω(G) bit of communication is equal
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(ma(1),ma(2))/(mb, n) (C1, 0) (C1, 1) (C1, 2) (C2, 0) (C2, 1) (C2, 2)
(C1, 0) 1 0 0 0 1 0
(C1, 1) 0 1 0 0 0 1
(C1, 2) 0 0 1 1 0 0
(C2, 0) 0 0 1 1 0 0
(C2, 1) 1 0 0 0 1 0
(C2, 2) 0 1 0 0 0 1

Table 3.4: Another example of the table W corresponding to a classical deterministic protocol
that performs the distributed computation of R(G) based on the graph G is shown in Figure
3.3.

to the minimum shared randomness required for relation reconstruction of R(G(α,β=2)
disc. ) with 1

bit of communication.

Proof. For R(G), the maximum amount of shared randomness required for relation reconstruc-
tion with log2 ω(G) bit of communication is given by the number of deterministic strategies,
or equivalently the number of tables W, that Alice and Bob can use while satisfying the
constraints from the proof of Theorem 3.1, especially (i),(ii) and (iii). We observe the following
based on these constraints on the table corresponding to a deterministic protocol which uses
log2 ω(G) bit. Among all graphs G with the same clique number and number of maximum
cliques, the reconstruction of relation R(G) based on a graph in which all maximum cliques
are disconnected from each other requires the largest amount of shared randomness. This is
because the corresponding W satisfying both (T0) and (T1) has the maximum number of
entries marked ∗, which must be assigned values in (0, 1). Conversely, when each maximum
clique shares the maximum number of vertices with all other maximum cliques, the required
amount of shared randomness is minimal for the reconstruction of relation R(G) based on this
graph. This is because the number of entries marked ∗, which take values from (0, 1), in W
that satisfies both (T0) and (T1) is the least. All maximum cliques in such a graph can share
β′ − 2 vertices in common (from Observation 2.1). If the graph has both clique number and
faithful orthogonal representation equal to β′, then by Observation 2.1, any two maximum
cliques can share up to β′ − 2 vertices. See Figure 3.4 for an example of such a graph.

Thus, a lower bound on the amount of shared randomness required for the reconstruction of
relation R(G) based on any graph G with α maximum clique and clique number β′ can be
obtained by considering the graph where all the maximum cliques share β′ − 2 vertices in
common. For this graph G, |V(G)| = ω(G) + 2(α− 1) = β′ − 2(α− 1). For the reconstruction
of relation R(G) defined on this graph G, let W represent the form of table satisfying both
(T0) and (T1). The number and structure of the free entries ∗ in W is identical to that in a
table W′ that satisfies both (T0) and (T1) for reconstruction of relation R(G(α,β=2)

disc. ). Hence,
the set of classical deterministic strategies, and therefore the shared randomness required for
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Figure 3.4: Graph G and G′ both have two maximum cliques and clique number 5. The graph
G has two maximum cliques that are disconnected. The two maximum cliques in G′ share 3
vertices.

(ma(1),ma(2))/(mb, n) (C1, 0) (C1, 1) (C2, 0) (C2, 1)
(C1, 0) 1 0 ∗ ∗
(C1, 1) 0 1 ∗ ∗
(C2, 0) ∗ ∗ 1 0
(C2, 1) ∗ ∗ 0 1

Table 3.5: The table W corresponding to a protocol that performs the relation reconstruction of
R(G(α,β=2)

disc. ) is shown in Figure 3.5. The entries marked ∗ have values in (0, 1). For the protocol
that achieves algebraic maximum for the payoff, all entries marked ∗ have value 0.5.

Figure 3.5: Graph G with clique number ω(G) = 3 contains two maximum cliques that share
ω(G) − 2 = 1 vertices. For R(G), the conditional probability table W satisfying both (T0) and
(T1) is equivalent, with respect to the free entries marked ∗, to the corresponding table for
R(G(α,β=2)

disc. ).

reconstruction, is the same for both cases. For example, in the graphs shown in Figure 3.5, the
tables corresponding to relation reconstruction, i.e. satisfying both (T0) and (T1), are shown
in Table 3.3 and Table 3.5. These two tables are equivalent with respect to the entries marked
by ∗, which take values in (0, 1). Thus, a lower bound on shared randomness for reconstruction
of the relation R(G) while using log2 β

′ bit communication can be obtained by considering the
amount of shared randomness needed for reconstruction of relation R(G(α,β=2)

disc. ). ■

We can now provide the lower bound on the amount of shared randomness assistance required
for reconstruction of relation R(G) when log2 ω(G) bit of communication is allowed, expressed
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in terms of the number of maximum cliques in the graph.

Corollary 3.1. Let G be a graph with α maximum cliques, clique number ω(G) = β′, faithful
orthogonal range β′, and K(G) > ω(G), satisfying conditions (G0) and (G1). Then at least
log2(⌈log2 α⌉ + 1) bit8 of shared randomness are necessary (though not always sufficient) to
accomplish relation reconstruction of R(G) with log2 β

′ bit of communication.

Proof. To lower bound the shared randomness required for reconstructing R(G) with log2 β
′

bits of communication, we use Theorem 3.5. Specifically, we calculate the amount of shared
randomness needed for reconstruction of relation R(G(α,β=2)

disc. ) with 1 bit communication.

The reconstruction of relation R(G(α,β=2)
disc. ) using one bit of communication requires a convex

mixture of deterministic protocols, each individually using one bit. The final conditional proba-
bility table W̃ must have only positive entries in the off-diagonal blocks W̃(Ci,ALL),(Cj ̸=i,ALL),
and each diagonal block W̃(Ci,ALL),(Ci,ALL) must be equal to I2, where Ci,Cj ∈ C, in order
to satisfy (T0) and (T1). Thus, for every off-diagonal block W̃(Ci,ALL),(Cj ̸=i,ALL), there must
exist deterministic strategies with the following property: in one table p(l|Ci, k,Cj) = 1 and in
another p(l|Ci, k,Cj) = 0, where k, l ∈ {0, 1}. Now, consider the table W corresponding to a
deterministic protocol with 1 bit of communication that satisfies (T0). For each such strategy,
the off-diagonal block W(Ci,ALL),(Cj ̸=i,ALL) is either I2 or the matrix σ1 (Pauli-x). For such W,
W(Ci,ALL),(Cj ,ALL) = W(C1,ALL),(Ci,ALL) ⊕2 W(C1,ALL),(Cj ,ALL) where we use the map I2 → 0
and σ1 → 1. Since communication is limited to one bit, the constraints in the proof of Theorem
3.1 (i.e. conditions (i), (ii), (iii)) imply that the entire table W is fixed once the blocks in its
first row are chosen. To ensure that every off-diagonal block W̃(C1,ALL),(Cj ̸=1,ALL) in the final
table has positive entries, the convex mixture must include at least one deterministic table
with W(C1,ALL),(Cj ̸=1,ALL) = I2 and another deterministic table with W(C1,ALL),(Cj ̸=1,ALL) = σ1.
Similar requirement for any off-diagonal block W̃(Ci ̸=1,ALL),(Cj ̸=i,ALL) implies that, the con-
vex mixture must include at least one deterministic table with W(Ci ̸=1,ALL),(Cj ̸=i,ALL) =
W(C1,ALL),(Ci̸=1,ALL) ⊕2 W(C1,ALL),(Cj ̸=i,ALL) = I2 and another deterministic table such that
W(Ci̸=1,ALL),(Cj ̸=i,ALL) = W(C1,ALL),(Ci ̸=1,ALL) ⊕2 W(C1,ALL),(Cj ̸=i,ALL) = σ1.

Mapping I2 7→ 0 and σ1 7→ 1, any deterministic table W corresponds to a binary string of
length α: {W(C1,ALL),(C1,ALL),W(C1,ALL),(C2,ALL), · · · ,W(C1,ALL),(Cα,ALL)} where the first entry
is always 0. To achieve relation reconstruction with minimum shared randomness, we seek a
binary matrix N with α columns and as few rows as possible, where each row represents a
deterministic table W. The matrix must satisfy the following conditions: every pair j, j′ ∈ [α],
there exist rows i, i′ such that Ni,j ⊕2 Ni,j′ = 1 and Ni′,j ⊕2 Ni′,j′ = 0. If there are r rows in

8In [184], there was an overstatement in the scaling of the amount of shared randomness in terms of the
number of the maximum clique which has been corrected here.
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the matrix, then we can consider the columns as α number of bit strings each of length r. The
first column is (0, 0, · · · , 0)T . Since each string z ∈ {0, 1}r has a complement z̄, there are 2r−1

disjoint pairs. We can select at most one string from each pair as a column of N. Hence, at most
2r−1 distinct assignments as columns are possible. Consequently, α ≤ 2r−1 =⇒ r ≥ ⌈log2 α⌉+1.
Therefore, at least ⌈log2 α⌉ + 1 deterministic tables are required, and the amount of shared
randomness necessary is log2(⌈log2 α⌉ + 1) bit. ■

We now discuss the amount of shared randomness required for reconstructing relation R(G)
and achieving the payoff S∗

R(G(α,β=2)
disc.

)
when log2 ω(G(α,β=2)

disc. ) = 1 bit of communication is allowed.
This lower bound is linked to the existence of certain orthogonal arrays. Let us first briefly
discuss orthogonal arrays (OA).

Definition 3.5. Let A be an N × k array with entries from a set S and s = |S|. A is an
orthogonal array with s levels, strength t ∈ {0, 1, . . . , k} and index L ∈ N if every N×t sub-array
of A contains each possible t-tuple formed using elements of S exactly L times. It is denoted
by OA(N, k, s, t).

The notion of orthogonal arrays has been widely studied in quantum information theory,
particularly in entanglement theory [249–251] and quantum error correction [252]. We focus
on OA(N, k, s, t) with s = 2, S = {0, 1}, and strength t = 2. Let N∗

k denote the minimum N

for which an orthogonal array OA(N∗
k , k, 2, 2) exists. In such an array, every N∗

k × 2 sub-array
contains each of the tuples (0, 0), (0, 1), (1, 0), and (1, 1) appearing with the same frequency.
N∗

k is connected to the necessary amount of shared randomness required for reconstructing
relation R(G(α,β=2)

disc. ) and achieving the payoff S∗
R(G(α,β=2)

disc.
)

with log2 ω(G(α,β=2)
disc. ) = 1 bit of

communication.

Corollary 3.2. For G(α,β=2)
disc. at least one bit of shared randomness is necessary when α = 2,

and at least log2N
∗
k bit of shared randomness are necessary when α > 2, to achieve rela-

tion reconstruction of R(G(α,β=2)
disc. ) and obtain the payoff S∗

R(G(α,β=2)
disc.

)
= 0.5 with one bit of

communication.

Proof. The reconstruction of relation R(G(α,β=2)
disc. ) with one bit of communication requires a con-

vex mixture of deterministic protocols, each using one bit. To satisfy (T0) and (T1) and obtain
payoff S∗

R(G(α,β=2)
disc.

)
= 0.5, the final table of conditional probabilities W̃ should be of the following

form. All entries in the off-diagonal blocks W̃(Ci,ALL),(Cj ̸=i,ALL) must be 0.5, and each diagonal
block W̃(Ci,ALL),(Ci,ALL) equals I2, where Ci,Cj ∈ C. This is possible if, for every off-diagonal
block W̃(Ci,ALL),(Cj ̸=i,ALL), we have uniform mixture of deterministic tables W where half of
them have W(Ci,ALL),(Cj ̸=i,ALL) = I2 and rest have W(Ci,ALL),(Cj ̸=i,ALL) = σ1. Each entry in
the block then has a weight 0.5. Now, consider the table W corresponding to a deterministic
protocol with 1 bit of communication. For such W, the off-diagonal block W(Ci,ALL),(Cj ̸=i,ALL) is
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either I2 or the matrix σ1. Also, W(Ci,ALL),(Cj ,ALL) = W(C1,ALL),(Ci,ALL) ⊕2 W(C1,ALL),(Cj ,ALL)

where I2 → 0 and σ1 → 1. Since communication is restricted to 1 bit, using the constraints
established in the, the constraints in the proof of Theorem 3.1 (i.e. conditions (i), (ii), (iii)), the
full table W is fixed once the blocks in its first row are assigned.

For α = 2, the uniform convex mixture of two deterministic tables W, one with
W(C1,ALL),(C2,ALL) = I2 and another with W(C1,ALL),(C2,ALL) = σ1, achieves payoff S∗

R(G(α=2,β=2)
disc.

)
= 0.5. For α = 3, the uniform convex mixture of four deterministic table W, each as-
signing W(C1,ALL),(C2,ALL) = I2 or σ1 and W(C1,ALL),(C3,ALL) = I2 or σ1, lead to payoff
S∗

R(G(α=3,β=2)
disc.

)
= 0.5. For α ≥ 2, we need minimal collection of deterministic tables W such that

for every pair Cj ̸=1,Cj′ ̸=1 ∈ C, we have the following. There are equal number of tables W
where (W(C1,ALL),(Cj ,ALL),W(C1,ALL)(Cj′ ,ALL)) ∈ {(I2, I2), (I2, σ1), (σ1, I2), (σ1, σ1)}. Mapping
I2 → 0 and σ1 → 1, this reduces to the orthogonal array problem discussed earlier. Specifically,
we want an array with α− 1 columns and the minimum number of rows N∗

α−1 such that each
pair of columns (t = 2) contains all four tuples {(0, 0), (0, 1), (1, 0), (1, 1)} in their rows occurring
with equal frequency. Thus for α > 2, the reconstruction of relation R(G(α,β=2)

disc. ) using one bit
communication requires log2N

∗
α−1 bit of shared randomness to obtain the payoff S∗

R(G(α,β=2)
disc.

)
.

■

For graphs G with faithful orthogonal range ω(G), where K(G) > ω(G) and conditions (G0)
and (G1) hold, assistance from shared resources becomes necessary when communication is
limited to log2 ω(G) bits for reconstructing relation R(G). Interestingly, there are graphs where
bounded quantum communication also requires shared randomness to reach the payoff S∗

R(G). In
such cases, even with one-way log2 ω(G) bit or qubit, shared resources are needed to accomplish
relation reconstruction. In fact, for some graphs with ω(G) = 2, one bit of communication
assisted by shared randomness achieves a higher payoff than any protocol restricted to only
single-qubit communication without any shared resource.

Theorem 3.6. There exist graphs G with clique number and faithful orthogonal range ω(G),
satisfying conditions (G0) and (G1), for which shared randomness is necessary to achieve
relation reconstruction of R(G) and attain the payoff S∗

R(G) when log2 ω(G) bits or qubit of
communication are allowed.

Proof. We will prove this by considering the graph G(α,β)
disc. with α = β+ 2. The graph has clique

number β and faithful orthogonal range β (using Lemma 2.1). For R(G(α,β)
disc. ), the algebraic

maximum payoff is S∗
R(G(α,β)

disc.
)

= 1
β . When the allowed communication is log2 β qubits without

shared randomness, every protocol as in proof of Lemma 3.1 yields a payoff SR(G(α,β)
disc.

) <
1
β . The

quantum protocol in this case relies on some FOR for encoding and decoding. However, in Cβ

there are at most β + 1 mutually unbiased bases (MUBs), which are insufficient to implement

71



CHAPTER 3. UNBOUNDED QUANTUM ADVANTAGE IN COMMUNICATION

unbiased encoding and decoding for α = β + 2. Hence the assignment p(n|ma(1),ma(2),mb) = 1
β

wherever ma(1) ̸= mb and (ma(1),ma(2),mb, n) ∈ R(G(α,β)
disc. ) cannot be achieved with log2 β qubit

communication. Moreover, log2 β bit communication without shared randomness also fails to
accomplish relation reconstruction (Theorem 3.2). In contrast, if shared randomness is allowed,
log2 β bit communication suffices to achieve relation reconstruction and obtain the payoff
S∗

R(G(α,β)
disc.

)
= 1

β . ■

As an example, consider the graph G(α=4,β=2)
disc. . From Corollary 3.2, 1 bit communication and

log2N
∗
3 bit shared randomness can accomplish reconstruction of the relation R(G(α=4,β=2)

disc. ) and
obtain payoff S∗

R(G(α=4,β=2)
disc.

)
= 0.5. However, without shared randomness 1 qubit communication

can accomplish reconstruction of the relation R(G(α=4,β=2)
disc. ). However, the payoff obtained is

always less than 0.5 as only 3 MUBs exist in C2.

3.3.2 Arbitrary Separation Between Entanglement and Shared Randomness

For R(G), we saw that shared randomness, or classical public coins, can assist classical communi-
cation in relation reconstruction when the communication is limited to log2 ω(G) bits. A natural
question is how much assistance is required from quantum entanglement, or quantum public
coins, for the same task. We show that a fixed amount of entanglement can advantageously assist
limited classical communication in a family of tasks that would otherwise need an unbounded
amount of shared randomness.

Theorem 3.7. There exists a family of graphs G with clique number and faithful orthogonal
range ω(G) = β, satisfying conditions (G0) and (G1), for which the gap between entanglement
assistance and shared randomness required to achieve relation reconstruction of R(G) with log2 β

bit of communication is unbounded. In particular, for relation reconstruction of R(G(α,β=2)
disc. )

with one bit communication the gap between entanglement and shared randomness assistance
scales as log2(⌈log2 α⌉ + 1) with the number of maximum cliques α.

Proof. We will prove this by considering the family of graphs G(α,β=2)
disc. where α ≥ 2. These

graphs have clique number β = 2 and faithful orthogonal range 2 (using Lemma 2.1). For
R(G(α,β=2)

disc. ), at least log2(⌈log2 α⌉ + 1) bit shared randomness is necessary for relation recon-
struction when only 1 bit communication is allowed. This follows from Corollary 3.1. In contrast,
the relation reconstruction is possible with 1 bit communication when Alice and Bob share max-
imally entangled state |Ψ−⟩AB = 1√

2 (|01⟩AB − |10⟩AB), i.e. 1 e-bit entanglement. Each vertex

v ∈ V(G(α,β=2)
disc. ) is adjacent to exactly a unique vertex v′ ∈ V(G(α,β=2)

disc. ). For each such pair of
vertices, Alice and Bob assign them distinct orthogonal pairs of states from an equatorial circle
of the Bloch sphere. Say |ψv⟩ = c(v,v′) |0⟩ + (1 − c(v,v′)) |1⟩ and |ψv′⟩ = (1 − c(v,v′)) |0⟩ − c(v,v′) |1⟩
where c(v,v′) ∈ (0, 1).
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Suppose, Alice is given input ma = (ma(1),ma(2)) = (Ci, k), where k ∈ O and Ci ∈ C. The
clique label k corresponds to the binary colouring that assigns 1 to vertex v of the maximum
clique Ci ∈ C. Then Alice performs the measurement {|ψv⟩ ⟨ψv| , |ψv′⟩ ⟨ψv′ |} on her part of the
entangled state |Ψ−⟩AB = 1√

2 (|ψvψv′⟩AB − |ψv′ψv⟩AB). If she gets an outcome corresponding
to |ψv⟩ ⟨ψv| then she sends 0, otherwise she sends symbol 1. Upon receiving Alice’s sent symbol,
Bob applies σ1 to his part of the entangled system only if the received symbol is 1. Next, if Bob
receives input mb = Cj , then he performs the measurement {|ψ(ṽ)⟩ ⟨ψ(ṽ)| , 1 − |ψ(ṽ)⟩ ⟨ψ(ṽ)|},
where ṽ ∈ V(Cj), on his part of shared entangled state. On obtaining outcome corresponding to
the projector |ψ(ṽ)⟩ ⟨ψ(ṽ)|, Bob outputs n = l, where the label l ∈ O for Cj assigns colour 1 to
the vertex ṽ. Otherwise, he outputs the label corresponding to the neighbour of ṽ. This quantum
strategy always satisfies the consistency condition and accomplishes relation reconstruction. The
protocol is essentially remote state preparation on a great circle of the Bloch sphere [253, 254].

When the allowed communication is only 1 bit, the amount of shared randomness necessary
increases with the number of maximum cliques α in the graph. On the other hand, 1 e-bit
shared entanglement is sufficient for the task. With increasing α, this leads to an unbounded
separation between the two shared resources. ■

3.4 Some Applications

We now discuss some applications of the tasks presented so far. The first application is the
operational detection of mutually unbiased bases (MUBs) through relation reconstruction. We
then discuss the role of the tasks as dimension witnesses and in the semi-device-independent
detection of non-classical communication, as well as shared resources.

3.4.1 Operational Detection of MUBs

A set of orthonormal bases in Cd is called mutually unbiased bases (MUBs) if, for any two
bases in the set, the squared absolute value of the inner product between a vector from one
basis and a vector from the other is always 1

d . Equivalently, two projective measurements on a
quantum system with Hilbert space Cd are mutually unbiased if their projectors correspond
to two MUBs. MUBs have been widely used in various information processing tasks as well
as quantum cryptography [255–260]. We discuss the operational detection of MUBs through
input-output statistics observed in a communication task defined in the PM scenario. For some
specific graph G, we consider relation reconstruction for R(G) while using log2 ω(G) qubit of
communication and no shared resources. Achieving the payoff S∗

R(G) in this setting implies the
use of MUBs in Cω(G).

Observation 3.3. The graph G(α,β)
disc. has both clique number and faithful orthogonal range in

ω(G(α,β)
disc. ) = β. Given log2 β qubit communication without any shared resources, if a quantum
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protocol achieves payoff S∗
R(G(α,β)

disc.
)

= 1
β in relation reconstruction for R(G(α,β)

disc. ), then Bob’s

measurement must correspond to MUBs in Cβ.

For example, consider relation reconstruction for R(G(α=3,β=2)
disc. ) when only 1 bit communication

from Alice to Bob is allowed and no shared resources are available. Given a maximum clique and
its label, Alice chooses the MUB associated with her input clique. She prepares the eigenstate of
that MUB corresponding to the vertex assigned binary colour 1 by the clique label and sends it
to Bob. Bob then performs the projective measurement corresponding to the MUB of his input
clique and outputs the clique label based on the outcome. The achievable payoff in this case
is S∗

R(G(α=3,β=2)
disc.

)
= 1

2 . Conversely, to obtain this payoff, every probability p(n|ma(1),ma(2),mb)
that should tak positive value specifically in (0, 1) for relation reconstruction, must be assigned
0.5. These input-output tuples correspond to non-adjacent vertices of the graph. Hence, the
preparations for such non-adjacent vertices must have an overlap of 1

2 .

3.4.2 Dimension Witness and Semi-device-Independent Detection of
Non-classical Resources

The information-processing tasks defined in the PM scenario can also be used for identifying
some features of the resources employed in the task. In such tasks, one natural question is
regarding the operational dimension of the communicated system. Another is whether the
resource used is classical or non-classical. For a quantum system, the operational dimension
coincides with the dimension of the associated Hilbert space. The problem of dimension wit-
nessing has been widely studied [153, 261–263]. Some approaches make no assumptions about
the internal workings of the devices and infer the dimension or non-classicality directly from
input-output correlations. These are called device-independent schemes. Others allow for certain
reasonable assumptions about the devices, leading to semi-device-independent schemes. We
now show how the tasks discussed earlier can serve as semi-device-independent witnesses for
both dimension and non-classicality.

Consider a graph G that satisfies (G0) and (G1) and has faithful orthogonal range ω(G).
If the communication is strictly less than log2K(G) and no shared resources are allowed,
accomplishing relation reconstruction for R(G) implies that the communicated system must
be non-classical (see Theorem 3.2). Next, consider the reconstruction of relation R(G(α,β=2)

disc. )
when 1 bit of communication and limited shared resources, say log2 d bits or e-bit, are available.
A positive payoff SR(G(α,β=2)

disc. ) > 0 implies that the shared resource must be non-classical
whenever log2(⌈log2 α⌉ + 1) > d (see the proof of Theorem 3.7). For a dimension witness,
consider zero-error distributed computation of R(G), where the graph satisfies the constraints
in Section 3.2.1. If some protocol achieves zero-error distributed computation of R(G), then the
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communicated system must be at least ω(G)-dimensional.

Summary: We explored distributed computation and relation reconstruction in the PM
scenario for relations defined through the Clique Labelling Problem on graphs. We first
considered the case without shared resources. While no quantum advantage was found for
zero-error distributed computation, we showed an unbounded separation between classical
and quantum communication resources in relation reconstruction for certain graph families.
This advantage disappears when shared resources are allowed. However, we showed that for
relations defined using specific graphs, the amount of shared resources required grows with the
number of maximum cliques when classical communication is bounded. We then demonstrated
an unbounded separation between classical and quantum shared resources. In particular, for
a family of graphs, a constant amount of shared entanglement can assist one bit of classical
communication to accomplish relation reconstruction, whereas achieving the same with shared
randomness requires an arbitrary amount. Finally, we discussed some applications of these tasks
in detecting MUBs and as semi-device-independent witnesses of dimension and non-classicality.
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Detection of Non-Projective-Simulable Measurements

Chapter Note

This chapter is based on work which was done in collaboration with Dr. Some Sankar
Bhattacharya and Prof. Dr. hab Paweł Horodecki [185].

The set of all measurements which can be performed on a system is specified by the physical
theory. In a classical theory, a measurement on a d-dimensional system can have at most d
irreducible outcomes. Measurement with more than d outcomes in this theory is simply a
post-processing of some d-outcome extremal measurement performed on the same system.
Similarly, there exists POVMs with N(> d) outcomes on a d-dimensional system that can be
simulated by using post-processing and a d-outcome projective measurement (PVM) on the
d-dimensional system. We refer to such POVMs as projective-simulable (PS) measurements (see
Definition 2.1). However, quantum theory also allows for measurements on a d-dimensional
system with more than d irreducible outcomes. There exist POVMs with N > d outcomes that
cannot be realised by post-processing the outcomes of any d-outcome PVM performed on the
same system. We call such measurements non-projective-simulable (nPS) (see Definition 2.2
and Section 2.1). In this chapter, we will discuss some operational detection schemes for such
measurements using information processing tasks defined in a Bell scenario.

General POVMs beyond projective measurements serve as useful resources in many infor-
mation processing tasks. Their applications include quantum state discrimination [166–169],
entanglement detection [170], quantum tomography [171–175], cryptographic protocols [176],
port-based teleportation [177–179], quantum metrology [180–182], and randomness certification
[183]. They are also resourceful in areas such as quantum computing [264–266] and quantum
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information theory [151, 267]. The broad range of applications makes the problem of detecting
such measurements quite relevant. A trivial approach is to prepare random states and perform
tomography [268] of the measurement device. However, this method requires a lot of resources.
This motivates the search for more efficient detection schemes.

In the last Chapter 3, we saw that information processing tasks can be used to reveal non-
classicality of the resources used during the task. Similar methods have been applied to the
detection of general quantum POVMs. In a one-way PM scenario with limited quantum com-
munication, a robust scheme for semi-device-independent detection of three and four-outcome
qubit POVMs was proposed in [269]. A similar detection scheme for a seven-outcome ququad
non-projective measurement in the PM scenario was presented in [270]. These works require, in
addition, some known measurements to characterise the unknown device. Beyond PM scenarios,
detection has also been studied in the Bell scenario, where space-like separated parties perform
local measurements based on their inputs on a shared quantum state [271, 272]. This approach
typically assumes bounds on the local dimension of the shared system. Additionally, the inputs
are chosen randomly in both the PM scenario and the Bell scenario. Thus, these approaches
require a source of randomness.

Any classical device can only generate pseudo-random strings. A genuine source of randomness,
in contrast, requires a non-classical resource and therefore can be regarded as costly. Even a
small amount of such randomness can be useful to detect non-classical resources [273, 274]. In
Bell scenarios, which are often used to witness non-classicality, this reliance on randomness
amounts to using one non-classical resource to certify another. This circularity has motivated
alternate approaches that avoid input randomness. For instance, [275] proposed a network
scenario with multiple separated parties and independent preparation sources, where the parties
perform fixed local measurements. More recently, [276, 277] studied a Bell-type setup with-
out any inputs. Only assuming an upper bound on the local dimension of the shared system,
this setting was used to certify the non-classicality of both the preparation and the measurement.

In this chapter, following [276, 277], we adopt a Bell scenario without inputs to provide
randomness-free detection schemes for non-projective-simulable measurements under the as-
sumption of an upper bound on the local operational dimension of the shared system. Multiple
copies of the measurement device are distributed between spatially separated parties. Each
party receives a subsystem and performs the given measurement on their subsystem. This setup
does not require seed randomness or pre-characterised measurements.

We begin by introducing the operational setup and the information processing task in Section
4.1. In this setting, we show that any correlation generated using a classical system of local
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operational dimension d can also be achieved by performing a projective-simulable measurement
on a shared quantum system of local dimension d, and vice versa. In Section 4.2 we propose
detection schemes in a bipartite scenario for three and four-outcome qubit nPS, assuming the
local dimension of the shared system is 2. Some of these schemes are robust against arbitrary
depolarising noise. In Section 4.3 we consider five-outcome qutrit nPS and discuss their detection
in both bipartite and tripartite scenarios, assuming the local dimension of the shared system is
3. We first present a detection scheme while considering the case where both parties perform the
identical measurement in a bipartite scenario. We provide numerical evidence for the robustness
of this scheme against arbitrary depolarising noise. We then relax this assumption and propose
detection schemes for five-outcome qutrit nPS in both bipartite and tripartite settings. For
these tasks, we numerically obtain bounds on the payoff achievable with projective-simulable
measurements, and we show violations of these bounds using a qutrit shared state and a qutrit
POVM. Finally, in Section 4.4 we extend the notion of nPS to GPTs. We then use an operational
task to show that the square-bit model or box world theory is unphysical.

4.1 Information Processing Task Without Input Randomness

In a standard Bell scenario, parties receive inputs and return outputs. Such scenarios usually
assume freedom of choice, which requires the inputs to be chosen at random. We consider
a modification in which the parties perform fixed measurements, thereby eliminating the
requirement for seed randomness. In this setting, the parties are still free to apply local
operations. We use such scenarios to define information processing tasks, under the additional
assumption that the local operational dimension of the shared system is bounded.

4.1.1 The Setup

We consider an operational scenario with n spatially separated parties A1, A2, . . . , An sharing
an n-partite system prepared by a device PA1,A2,...,An . Each subsystem has a local operational
dimension d (see Figure 4.1). The parties have local sources of randomness but no shared
correlations. Each party Ai, where i ∈ [n], has an uncharacterised measurement device MAi

that can produce an outcome in {0, 1, . . . , k−1}, where k > d. After measuring their subsystem,
party Ai outputs an outcome ai ∈ {0, 1, . . . , k − 1}. The resulting joint distribution is denoted
by {P (a1, a2, . . . , an)}a1,a2,...,an . Let us denote this setup by [n, d, k]. In this chapter, we restrict
attention to bipartite and tripartite cases, with parties labelled A,B, and C, and their outcomes
a, b, and c, respectively. In some instances, we also assume that the measurement devices are
identical for all parties.

The shared system and measurement device could be described by classical, quantum or post-
quantum theory. However, we mainly consider shared resources and measurements to be either
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Figure 4.1: A schematic representation of the task G[n, d, k]. The n spatially separated parties
A1, A2, . . . , An share an n-partite system prepared using PA1,A2,...,An , where each subsystem
has operational dimension d. Each party Ai uses an uncharacterised k-outcome measurement
device MAi with k > d and outputs ai ∈ {0, 1, . . . , k − 1}. The joint distribution of outcomes
is denoted by {P (a1, a2, · · · , an)}a1,a2,··· ,an .

classical or quantum. We define

C(k, n) := {{P (a1, a2, · · · , an)}a1,a2,··· ,an}(4.1)

as the set of all valid k-outcome joint probability distributions. Let CCl
d (k, n) ⊂ C(k, n) denote the

subset achievable using n-partite classical systems with local operational dimension d. Similarly,
CQ

d (k, n) and CP Q
d (k, n) denote the set of {P (a1, a2, · · · , an)}a1,a2,··· ,an achievable using, respec-

tively, k-outcome quantum measurements and k-outcome projective-simulable measurements
on n-partite quantum systems with local dimension d. Then CnP S

d (k, n) = CQ
d (k, n) \ CP Q

d (k, n)
is the set of correlations that can only be generated with k-outcome non-projective-simulable
measurements on such systems. We now show that the correlations generated by k-outcome
projective-simulable measurements on n-partite quantum systems with local dimension d are
the same as those achievable using n-partite classical systems of the same local dimension. Thus,
projective-simulable measurements are effectively classical in this scenario [n, d, k]. Consequently,
in a task defined in setup [n, d, k], any advantage while sharing quantum systems with local
dimension d must stem from nPS measurements.

Theorem 4.1. In the setup [n, d, k] with k > d, CCl
d (k, n) = CP Q

d (k, n).

Proof. We present the proof for n = 2. The case of general n > 2 follows by a straightfor-
ward extension of this argument. Consider a correlation {P (a, b)}k−1

a,b=0 ∈ CP Q
d (k, 2). Such
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a correlation can be realised using a shared quantum state ρAB ∈ D(Cd ⊗ Cd) and lo-
cal projective-simulable measurements MA := {Ea =

∑d−1
t=0 p(a|t)|ψt⟩⟨ψt|}k−1

a=0 for A and
MB := {Fb =

∑d−1
t′=0 p

′(b|t′)|ϕt′⟩⟨ϕt′ |}k−1
b=0 for B. Here, {p(a|t)}k−1

a=0 and {p′(b|t′)}k−1
b=0 are valid

conditional probability distributions for all t, t′ ∈ {0, 1, · · · , d − 1}. The sets {|ψt⟩}d−1
t=0 and

{|ϕt′⟩}d−1
t′=0 form orthonormal bases of Cd. We now show that {P (a, b)}k−1

a,b=0 can also be obtained
by sharing a classical state ωCl

AB = (p0,0, p0,1, . . . , pd−1,d−1), where
∑d−1

i=0
∑d−1

j=0 pi,j = 1, with
the local dimension d, and performing measurement W d→k

A by A and W d→k
B by B. In classical

theory, the probability rule is given by (W d→k
A ⊗W d→k

B )(ωCl
AB)T (see Section 2.2.1).

The probability P (a, b) in quantum theory is given by

P (a, b) = Tr
[
ρAB Ea ⊗ Fb

]
= Tr

[
ρAB

∑
t

p(a|t)|ψt⟩⟨ψt| ⊗
∑
t′

p′(b|t′)|ϕt′⟩⟨ϕt′ |
]

(4.2)

=
∑
t,t′

p(a|t)p′(b|t′) Tr
[
ρAB |ψt⟩⟨ψt| ⊗ |ϕt′⟩⟨ϕt′ |

]
(4.3)

We write ρAB =
∑d−1

ijkl=0 αijkl (|ψiϕj⟩⟨ψkϕl|) and substitute it in the Equation (4.3).

P (a, b) =
∑
t,t′

p(a|t)p′(b|t′) Tr
[
ρAB|ψtϕt′⟩⟨ψtϕt′ |

]

=
∑
t,t′

p(a|t)p′(b|t′)
d−1∑

ijkl=0
αijkl Tr

[
(|ψiϕj⟩⟨ψkϕl|)|ψtϕt′⟩⟨ψtϕt′ |

]
(4.4)

=
∑
t,t′

p(a|t)p′(b|t′)
d−1∑

ijkl=0
αijkl δt,kδl,t′δi,tδj,t′(4.5)

=
∑
t,t′

p(a|t)p′(b|t′)αtt′tt′(4.6)

=
∑
t,t′

p(a|t)p′(b|t′)
d−1∑
ij=0

αijij Tr
[
|ψiϕj⟩⟨ψiϕj | · |ψtϕt′⟩⟨ψtϕt′ |

]
(4.7)

=
∑
t,t′

p(a|t)p′(b|t′)
d−1∑
ij=0

αijij Tr
[
|ij⟩⟨ij| · |tt′⟩⟨tt′|

]
(4.8)

=
∑
t,t′

p(a|t)p′(b|t′) Tr
[
ρ̃AB |mn⟩⟨mn|

]
(ρ̃AB =

d−1∑
ij=0

αijij |ij⟩⟨ij|)(4.9)

=
∑
t,t′

(W d→k
A )a,t(W d→k

B )b,t′ pt,t′(4.10)

In Equation (4.3), we used the classical state ωCl
AB = (p0,0, p0,1, . . . , pd−1,d−1) where pi,j = αijij

for i, j ∈ {0, 1, · · · , d − 1}. The measurement for A is a local stochastic map W d→k
A where

(W d→k
A )i,j = p(a = i|t = j) for i ∈ {0, · · · , k − 1} and j ∈ {0, · · · , d − 1}. Similarly, the
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measurement for B is W d→k
B with entries (W d→k

B )i,j = p′(b = i|t′ = j) for i ∈ {0, · · · , k − 1}
and j ∈ {0, · · · , d− 1}. The probability P (a, b) is also the probability of outcomes a and b when
W d→k

A and W d→k
B are applied to ωCl

AB. Hence, CP Q
d (k, 2) ⊆ CCl

d (k, 2).

The converse CCl
d (k, 2) ⊆ CP Q

d (k, 2) is easy to show. Consider a correlation {P (a, b)}k−1
a,b=0 ∈

CCl
d (k, 2) is obtained from a classical state ωCl

AB = (p0,0, p0,1, . . . , pd−1,d−1) with local operational
dimension d and local measurements W d→k

A and W d→k
B by A and B. Consider the diagonal

quantum state ρ̃AB =
∑d−1

ij=0 pi,j |ij⟩⟨ij| in the computational basis, along with projective
measurements in that basis followed by local post-processing via W d→k

A for A and W d→k
B for B.

This reproduces the same correlation {P (a, b)}k−1
a,b=0. The argument extends to arbitrary n by

assuming local projective-simulable measurements for each party acting on a shared multipartite
state. The proof proceeds exactly as discussed above. ■

From Theorem 4.1, the correlations generated by local projective-simulable measurements on
an n-partite quantum system of local dimension d are identical to those achievable with an
n-partite classical system of the same dimension. In this sense, k-outcome local projective-
simulable measurements on d-dimensional quantum systems are effectively classical resources.
Hence, any quantum advantage observed in a task defined by the scenario [n, d, k] certifies the
use of non-projective-simulable measurements on a d-dimensional quantum system. Suppose
that the measurement devices are identical for all parties in the setup [n, d, k]. Here, the set
of all correlations obtained from k-outcome projective-simulable measurements on a shared
system with local dimension d is the same as the set of classically simulable correlations
obtained by applying identical post-processing to a shared classical state with local dimension
d. When identical projective-simulable measurements are used on a quantum system with
d-dimensional subsystems, this is equivalent to requiring that the post-processing of associated
projective measurement outcomes is identical for all parties. From this observation and the
proof of Theorem 4.1, it follows that the correlations generated by identical projective-simulable
measurements on a shared quantum system with local dimension d are the same as those
generated by a shared classical state with local dimension d and identical post-processing of
outcomes.

4.1.2 The Task G[n, d, k]

An operational scenario [n, d, k] consists of n parties sharing a system with local operational
dimension d and each party produces outcomes in {0, 1, · · · , k−1}, where k > d. Such a scenario
can be used to define a task G[n, d, k]. The objective of such a task can be one of the following:
(i) it could be to generate correlations in a chosen subset Cor[n, d, k] ⊆ C(k, n), or alterna-
tively, (ii) there could be a payoff function S(n,d,k) defined over the probability distribution
P = {P (a1, a2, · · · , an)}a1,a2,··· ,an for the task. In the second case, the goal is to maximise the
payoff using the available shared resources and measurements. If the payoff has an upper bound
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SP Q,max
(n,d,k) for correlation in the set in CP Q

d (k, n), then any violation of this bound by correlations
in CQ

d (k, n) implies detection of an nPS measurement on a d-dimensional quantum system. For
each task, we will specify the objective explicitly at the beginning. When the measurement
devices are identical for all parties, we denote the task by Gsym[n, d, k].

From Theorem 4.1, CCl
d (k, n) = CP Q

d (k, n). Given a payoff function S(n,d,k),

SP Q,max
(n,d,k) = max

P ={P (a1,a2,··· ,an)}a1,a2,··· ,an ∈CP Q
d

(k,n)
S(n,d,k)(P )

= max
P ={P (a1,a2,··· ,an)}a1,a2,··· ,an ∈CCl

d
(k,n)

S(n,d,k)(P ) = SCl,max
(n,d,k)(4.11)

We will optimise over CCl
d (k, n) to get the projective-simulable bound SP Q,max

(n,d,k) on the payoff for a
given task. Recall from Section 2.2.1 that the state space of an n-partite classical system with lo-
cal operational dimension d is (Ωdn)A1A2···An = {ωCl

A1A2···An
= (pi1,i2,··· ,in)i1,i2,··· ,in∈{0,1,··· ,d−1} ∈

[0, 1]dn :
∑

i1,i2,··· ,in∈{0,1,··· ,d−1} pi1,i2,··· ,in = 1}. In the scenario [n, d, k], the local measurement
(Md→k

Ai
)Cl of party Ai is described by a column stochastic map W d→k

Ai
with entries (W d→k

Ai
)r,s =

wAi
r,s, where

∑k−1
r=0 w

Ai
r,s = 1 ∀ s ∈ {0, 1, · · · , d − 1} and wAi

r,s ≥ 0 ∀r ∈ {0, 1, · · · , k − 1}, s ∈
{0, 1, · · · , d − 1}. The outcome distribution P = {P (a1, a2, · · · , an)}a1,a2,··· ,an ∈ CCl

d (k, n) in
this case is given by P = (⊗n

i=1W
d→k
Ai

)(ωCl
A1A2···An

)T . Thus, SCl,max
(n,d,k) is obtained by optimising

over all states in (Ωdn)A1A2···An and local measurements {W d→k
Ai

}i∈[n].

Corollary 4.1. Consider task G[n, d, k] with some payoff function S(n,d,k). If for some P =
{P (a1, a2, · · · , an)}a1,a2,··· ,an ∈ CQ

d (k, n) we have S(n,d,k)(P ) > SCl,max
(n,d,k) , then the local measure-

ments used by the parties must be nPS.

Proof. From Theorem 4.1, CCl
d (k, n) = CP Q

d (k, n). From Equation (4.11), SP Q,max
(n,d,k) = SCl,max

(n,d,k) .
Thus, any violation of the classical bound S(n,d,k)(P ) > SCl,max

(n,d,k) certifies the use of k-outcome
nPS measurements, given that the shared system has local operational dimension d. ■

For the scenario [n = 2, d = 2, k], we use the following known results to characterise classically
achievable correlations and the payoff functions associated with tasks defined in this setup. We
will use them in later sections.

Lemma 4.1. (Guha et al. [276]) All the bipartite classical states ωCl
AB ∈ (Ωd2)AB with local

operational dimension 2 can be generated from some state (p0,0 = p, p0,1 = 0, p1,0 = 0, p1,1 = 1−p)
with p ∈ [0, 1] by applying local stochastic maps.

To compute the classical bound SP Q,max
(n=2,d,k) for the setup [n = 2, d = 2, k], it is enough to optimise

over classical states of the form (p0,0 = p, p0,1 = 0, p1,0 = 0, p1,1 = 1 − p) where p ∈ [0, 1] and
local column stochastic maps for the parties.

83



CHAPTER 4. DETECTION OF NON-PROJECTIVE-SIMULABLE MEASUREMENTS

Lemma 4.2. (Guha et al. [276]) In the setup [n = 2, d = 2, k], any correlations P =
{P (a, b)}a,b ∈ C(k, n = 2) with P (a, b) = 0 for a = b and P (a, b) > 0 for a ̸= b cannot
be obtained by sharing a classical state of the form (p0,0 = p, p0,1 = 0, p1,0 = 0, p1,1 = 1 − p)
where p ∈ [0, 1]. Such correlations do not belong to CCl

d (k, n = 2).

Theorem 4.2. (Guha et al. [276]) In the setup [n = 2, d = 2, k = 3], consider a payoff function
S(2,2,3)(P ) = min a,b

a̸=b

P (a, b) defined over correlations P = {P (a, b)}a,b ∈ C(k = 3, n = 2). The

classical bound is SCl,max
(2,2,3) = 1

8 .

Next, we discuss detection schemes for three and four-outcome qubit nPS measurements.

4.2 Detecting Qubit Non-Projective-Simulable Measurements

We will now discuss various detection schemes for three and four-outcome qubit nPS mea-
surements in the scenario [n = 2, d = 2, k = 3] and [n = 2, d = 2, k = 4], respectively.
We begin by discussing a task for detecting three-outcome qubit nPS in the bipartite case
[n = 2, d = 2, k = 3], with parties A and B. A source PA,B prepares a state ρAB ∈ D(C2 ⊗ C2)
which is shared between them. Each party performs a POVM: MA = {Ea ∈ B(C2) : Ea ≥ 0}2

a=0
for A and MB = {Fb ∈ B(C2) : Fb ≥ 0}2

b=0 for B. These measurements generate the joint
distribution {P (a, b)}2

a,b=0, where P (a, b) = Tr[ρAB(Ea ⊗ Fb)]. For the task G[2, 2, 3], we define
the following payoff function over the distribution P = {P (a, b)}2

a,b=0 ∈ C(3, 2).

S(2,2,3)(P ) = min
a,b
a̸=b

P (a, b)(4.12)

Here, the maximum achievable payoff is achievable 1
6 , obtained when P (a, b) = 1

6 for a ̸= b

and P (a, b) = 0 otherwise, i.e. the anti-correlated outcomes are equiprobable. Any other
P = {P (a, b)}2

a,b=0 ∈ C(3, 2) yields a lower payoff. This task can serve as a detection scheme for
three-outcome qubit nPS measurements.

Theorem 4.3. Consider the payoff function S(2,2,3) defined in Equation (4.12) for the scenario
[n = 2, d = 2, k = 3]. Then, SP Q,max

(2,2,3) ≤ 1
8 , while there exists P = {P (a, b)}2

a,b=0 ∈ CQ
2 (3, 2) such

that S(2,2,3)(P ) = 1
6 > SP Q,max

(2,2,3) .

Proof. 1 Using Theorem 4.1 and Equation (4.11), we have SP Q,max
(2,2,3) = SCl,max

(2,2,3) . By us-
ing Theorem 4.2, SP Q,max

(2,2,3) ≤ 1
8 . The bound is violated by using shared state |Ψ−⟩AB =

1√
2 (|01⟩AB − |10⟩AB) together with the trine POVMs, i.e., MA = {Ea = 2

3 |ψa⟩ ⟨ψa| :
|ψa⟩ = cos[2π

3 a] |0⟩ + sin[2π
3 a] |1⟩ , a ∈ {0, 1, 2}} and MB = {Fb = 2

3 |ψb⟩ ⟨ψb| : |ψb⟩ =
1Also given in Section 3.2 of [185]
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cos[2π
3 b] |0⟩ + sin[2π

3 b] |1⟩ , b ∈ {0, 1, 2}}. This yields P = {P (a, b)}2
a,b=0 with P (a, b) = 1

6
for a ̸= b achieving payoff S(2,2,3)(P ) = 1

6 . ■

In the above proof, if trine POVMs are used, the payoff remains higher even with the noisy
shared state p |Ψ−⟩ ⟨Ψ−| + (1 − p) I

2 ⊗ I
2 , provided p > 1

4 . Consequently, the task defined by the
payoff function in Equation (4.12) can therefore serve as a detection scheme for three-outcome
qubit nPS measurements, whenever the projective-simulable bound SP Q,max

(2,2,3) is violated. By
considering a similar payoff function as in [276] for the scenario [n = 2, d = 2, k = 4], one can
also detect four-outcome qubit nPS measurements.

4.2.1 Detecting Qubit nPS Measurements Without Noise

We now define two tasks where the goal is to simulate any correlation from a specific set. We
will use the task defined in the scenario [n = 2, d = 2, k = 3] to detect 3-outcome qubit nPS
measurements and the task in scenario [n = 2, d = 2, k = 4] to detect 4-outcome qubit nPS
measurements. A source PA,B prepares a state ρAB ∈ D(C2 ⊗ C2) which is shared between
A and B. Each party performs a POVM: MA = {Ea ∈ B(C2) : Ea ≥ 0}k−1

a=0 for A and
MB = {Fb ∈ B(C2) : Fb ≥ 0}k−1

b=0 for B, where k ∈ {3, 4}. In the scenarios [n = 2, d = 2, k = 3]
and [n = 2, d = 2, k = 4], we consider the sets of target correlations Cor1[2, 2, 3] ⊂ C(3, 2) and
Cor1[2, 2, 4] ⊂ C(4, 2), respectively. For k ∈ {3, 4}, here we define the set

Cor1[2, 2, k] :=
{

{P (a, b)}k−1
a,b=0 ∈ C(k, 2) : P (a, b) = 0 if a = b, P (a, b) > 0 if a ̸= b

}
(4.13)

In the correlation simulation task G[2, 2, k] defined by Cor1[2, 2, k], the objective is to produce
some correlation in this set. k-outcome qubit projective-simulable measurements cannot generate
correlations in this set when the shared state is any ρAB ∈ D(C2 ⊗C2). We then show that some
correlations in Cor1[2, 2, k] can be realised using k-outcome qubit POVMs on a shared state
ρAB ∈ D(C2 ⊗ C2). Thus, these correlation simulation tasks can serve as detection schemes for
k = 3 and k = 4-outcome qubit nPS measurements.

Theorem 4.4. For k ∈ {3, 4}, in the task G[2, 2, k] defined using the set Cor1[2, 2, k],

CP Q
2 (k, 2)

⋂
Cor1[2, 2, k] = ∅

Proof. 2 From Theorem 4.1, we get CCl
d (k, 2) = CP Q

d (k, 2). Now, using Lemma 4.1, we can
assume wlog that the shared classical state is ωCl

AB = (p0,0 = p, p0,1 = 0, p1,0 = 0, p1,1 = 1 − p),
where p ∈ [0, 1]. Lemma 4.2 shows that any correlation P = {P (a, b)}a,b ∈ C(k, n = 2) with
P (a, b) = 0 when a = b and P (a, b) > 0 when a ̸= b cannot be obtained from ωCl

AB using any
local stochastic maps by A and B. Thus, CP Q

2 (k, 2)
⋂
Cor1[2, 2, k] = ∅. ■

2Also discussed in Section 3.2 − 3.3 of [185]
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Theorem 4.5. For k ∈ {3, 4}, in the task G[2, 2, k] defined using the set Cor1[2, 2, k],

CQ
2 (k, 2)

⋂
Cor1[2, 2, k] ̸= ∅

Proof. 3 Let k ∈ {3, 4}. Consider the shared state |Ψ−⟩AB = 1√
2 (|01⟩AB − |10⟩AB). Party A

performs the k-outcome extremal qubit POVM MA = {Ea = pa(I2+n⃗a·σ⃗)}k−1
a=0 , and B performs

MB = {Fb = pb(I2 + n⃗b · σ⃗)}k−1
b=0 . Here, pi > 0,

∑
i pi = 1, σ⃗ = (σ1, σ2, σ3), n⃗i ∈ R3, |n⃗i|2 = 1,∑

i pin⃗i = 0 and n⃗i ̸= n⃗j ∀i, j ∈ {0, 1, . . . , k − 1}. The resulting correlation {P (a, b)}k−1
a,b=0

satisfies P (a, b) = 0 when a = b and P (a, b) > 0 when a ̸= b. Thus, {P (a, b)}k−1
a,b ∈ Cor1[2, 2, k].

■

For k = 3, 4, using Theorem 4.4 and 4.5, the correlation simulation task G[2, 2, k] defined using
the set Cor1[2, 2, k] can be used for the detection of k-outcome qubit nPS measurements in the
absence of noise.

4.2.2 Robust Detection Scheme for Qubit nPS Measurements

We now present detection schemes for 3 and 4-outcome qubit nPS measurements that are robust
against arbitrary depolarising noise (except for the completely depolarising noise). As in Section
4.2.1, the aim is to simulate a correlation from a prescribed set of target correlations. The task in
scenario [n = 2, d = 2, k = 3] is used to detect 3-outcome qubit nPS measurements, and the task
in scenario [n = 2, d = 2, k = 4] is used to detect 4-outcome qubit nPS measurements. A source
PA,B prepares a state ρAB ∈ D(C2 ⊗C2) which is shared between A and B. Each party performs
a POVM: MA = {Ea ∈ B(C2) : Ea ≥ 0}k−1

a=0 for A and MB = {Fb ∈ B(C2) : Fb ≥ 0}k−1
b=0 for B,

where k ∈ {3, 4}. In the scenarios [n = 2, d = 2, k = 3] and [n = 2, d = 2, k = 4], we define the
target sets Cor2[2, 2, 3] ⊂ C(3, 2) and Cor2[2, 2, 4] ⊂ C(4, 2), respectively. For k ∈ {3, 4}, here
we define the set Cor2[2, 2, k] consisting of correlations {P (a, b)}k−1

a,b=0 ∈ C(k, 2) such that

P (a = i, b = i) = P (a = i′, b = i′) ̸= 1
k2(4.14)

and P (a = i, b = j) = P (a = i′, b = j′) ̸= 1
k2 ∀ i, i′, j( ̸= i), j′( ̸= i′) ∈ {0, 1, · · · , k − 1}(4.15)

In other words, Cor2[2, 2, k] is the set of correlations where all correlated outcomes occur with
the same probability, and all anti-correlated outcomes occur with the same probability. In the
correlation simulation task G[2, 2, k] based on Cor2[2, 2, k], the goal is to obtain any correlation
from the set Cor2[2, 2, k]. We show that k-outcome qubit projective-simulable measurements
cannot generate such correlations when the shared state is any ρAB ∈ D(C2 ⊗ C2). In contrast,
certain correlations in Cor2[2, 2, k] can be realised with k-outcome qubit POVMs on a shared
state ρAB ∈ D(C2 ⊗C2). Thus, these tasks provide a method to detect k = 3 and k = 4 outcome

3Also discussed in Section 3.2 − 3.3 of [185]
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qubit nPS measurements. We further show that the detection remains robust under arbitrary
depolarising noise.

4.2.2.1 Detecting 3-outcome Qubit nPS Mesurements with Cor2[2, 2, 3]

Let us consider the task G[2, 2, 3] based on the target correlation set Cor2[2, 2, 3] and discuss
the detection scheme for 3-outcome qubit nPS measurement.

Theorem 4.6. In the task G[2, 2, 3] defined by the set Cor2[2, 2, 3],

CP Q
2 (3, 2)

⋂
Cor2[2, 2, 3] = ∅

Proof. 4 From Theorem 4.1, we have CP Q
d (3, 2) = CCl

d (3, 2). Using Lemma 4.1, we assume
wlog that the shared classical state is ωCl

AB = (p0,0 = p, p0,1 = 0, p1,0 = 0, p1,1 = 1 − p), where
p ∈ [0, 1]. Let the measurements of A and B be described by column stochastic map W 2→3

A and
W 2→3

B , respectively. Let the entries of the column stochastic maps be (W 2→3
A )r,s = wr,s and

(W 2→3
B )r,s = w′

r,s, respectively, where r ∈ {0, 1, 2}, s ∈ {0, 1}. These entries satisfy the usual
constraints for a stochastic map:

2∑
r=0

wr,s = 1 ∀ s ∈ {0, 1} and wr,s ≥ 0 ∀ r ∈ {0, 1, 2}, s ∈ {0, 1}(4.16)

2∑
r=0

w′
r,s = 1 ∀ s ∈ {0, 1} and w′

r,s ≥ 0 ∀ r ∈ {0, 1, 2}, s ∈ {0, 1}(4.17)

The outcome distribution P = {P (a, b)}2
a,b=0 ∈ CCl

d (3, 2) obtained from the shared state and
measurement is given by

P = (W 2→3
A ⊗W 2→3

B )(ωCl
AB)T(4.18)

For the correlation P = {P (a, b)}2
a,b=0 in Equation (4.18) to lie in set Cor2[2, 2, 3], the following

conditions must be satisfied:

P (0, 0) = P (1, 1) = P (2, 2) ̸= 1
9(4.19)

P (0, 1) = P (0, 2) = P (1, 0) = P (1, 2) = P (2, 0) = P (2, 1) ̸= 1
9(4.20)

From Equations (4.19) and (4.20), the marginals for both A and B must satisfy

(4.21) P (a) = 1
3 ∀ a ∈ {0, 1, 2} and P (b) = 1

3 ∀ b ∈ {0, 1, 2}
4Also discussed in Section 3.2 of [185]
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Using Equation (4.21) together with constraints from Equations (4.16) and (4.17), we find that
0 < p < 1 must hold. For p = 0 or p = 1, the state ωCl

AB cannot satisfy the constraints in the
Equations (4.19) and (4.20). Intuitively, the state ωCl

AB is a probability distribution with zero
mutual information when p = 0 or p = 1, while the correlations in Cor2[2, 2, 3] have non-zero
mutual information. Since mutual information cannot increase under local operations [244],
such correlations cannot be obtained. Substituting the condition from Equation (4.21) into the
expression in Equation (4.18), and imposing the constraints from Equations (4.16) and (4.17),
we obtain

w0,1 = 1
(1 − p)(1

3 − p w0,0) and w1,1 = 1
(1 − p)(1

3 − p w1,0)(4.22)

w′
0,1 = 1

(1 − p)(1
3 − p w′

0,0) and w′
1,1 = 1

(1 − p)(1
3 − p w′

1,0)(4.23)

We substitute Equations (4.22) and (4.23) into Equations (4.19) and (4.20), and solve them
using a symbolic solver (Mathematica) under the constraints in Equations (4.16) and (4.17).
We consider two cases: P (0, 0) > P (0, 1) and P (0, 0) < P (0, 1). In both cases, the system of
equations has no solution. ■

Theorem 4.7. In the task G[2, 2, 3] defined by the set Cor2[2, 2, 3],

∅ ̸= CQ
2 (3, 2)

⋂
Cor2[2, 2, 3] ⊊ Cor2[2, 2, 3]

Proof. 5 First, we show that some correlations in Cor2[2, 2, 3] do not belong to CQ
2 (3, 2). In other

words, they cannot be obtained by sharing a bipartite quantum state ρAB ∈ D(C2 ⊗ C2) and
performing POVMs MA byA and MB byB. For a correlation P = {P (a, b)}2

a,b=0 ∈ Cor2[2, 2, 3],
let P (0, 0) = α and P (0, 1) = β. Using the definition of Cor2[2, 2, 3] and normalisation condition,
we obtain,

3α+ 6β = 1 =⇒ α = 1
3 − 2β(4.24)

For P = {P (a, b)}2
a,b=0 ∈ Cor2[2, 2, 3], the mutual information is 2 log2 3 + 3α log2 α+ 6β log2 β.

When the parties share a state ρAB ∈ D(C2 ⊗ C2), they can only apply local operations. Since
mutual information is non-increasing under local completely positive trace-preserving maps, its
value cannot exceed log2 d, where d is the subsystem dimension [244]. For qubits, this bound is 1.
Hence, any correlation in Cor2[2, 2, 3] with mutual information greater than 1 cannot be obtained
using a shared two-qubit state. In particular, correlations P = P (a, b)2

a,b=0 ∈ Cor2[2, 2, 3]
satisfying

(4.25) 2 log2 3 + 3α log2 α+ 6β log2 β > 1

do not belong to CQ
2 (3, 2), as they cannot be generated from any two-qubit state and lo-

cal POVMs (see region R4 in Figure 4.2). Now, we will show that some correlations in
5Also discussed in Section 3.2 of [185]
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a\b 0 1 2
0 1

9(1 − p) 1
18(2 + p) 1

18(2 + p)
1 1

18(2 + p) 1
9(1 − p) 1

18(2 + p)
2 1

18(2 + p) 1
18(2 + p) 1

9(1 − p)

Table 4.1: Correlations P = {P (a, b)}2
a,b=0 ∈ Cor2[2, 2, 3] generated using shared state (ρp)AB

and qubit trine POVM by A and B when p ∈ (0, 1].

a\b 0 1 2
0 1

9(1 + p) 1
18(2 − p) 1

18(2 − p)
1 1

18(2 − p) 1
9(1 + p) 1

18(2 − p)
2 1

18(2 − p) 1
18(2 − p) 1

9(1 + p)

Table 4.2: Correlations P = {P (a, b)}2
a,b=0 ∈ Cor2[2, 2, 3] generated using shared state (ρ̃p)AB

and qubit trine POVM by A and B when p ∈ (0, 1].

P = {P (a, b)}2
a,b=0 ∈ CQ

2 (3, 2) also belong to Cor2[2, 2, 3].

Let the shared state be (ρp)AB = p |Ψ−⟩AB ⟨Ψ−| + (1 − p)( I2
2 )A ⊗ ( I2

2 )B, where |Ψ−⟩AB =
1√
2 (|01⟩AB − |10⟩AB) is the two-qubit singlet state and p ∈ (0, 1]. Both parties perform the

qubit trine POVM: MA = {Ea = 2
3 |ψa⟩ ⟨ψa| : |ψa⟩ = cos[2π

3 a] |0⟩ + sin[2π
3 a] |1⟩ , a ∈ {0, 1, 2}},

and MB = {Fb = 2
3 |ψb⟩ ⟨ψb| : |ψb⟩ = cos[2π

3 b] |0⟩ + sin[2π
3 b] |1⟩ , b ∈ {0, 1, 2}}. The resulting

correlation is shown in Table 4.1. For P = {P (a, b)}2
a,b=0 ∈ Cor2[2, 2, 3], let P (0, 0) = α and

P (0, 1) = β. Using the above state and measurements, all correlations with α ∈ [0, 1
9) can be

realised. The limiting value α = 0 is reached for p = 1 (see region R1 in the Figure 4.2).

Now, let the shared state be (ρ̃p)AB := p
∣∣Ψ+〉

AB

〈
Ψ+∣∣+ (1 − p)( I2

2 )A ⊗ ( I2
2 )B, where

∣∣Ψ+〉
AB =

1√
2 (|01⟩AB + |10⟩AB) and p ∈ (0, 1]. Both parties perform the qubit trine POVM: MA = {Ea =

2
3 |ψa⟩ ⟨ψa| : |ψa⟩ = cos[2π

3 a]
∣∣∣0+1√

2

〉
+sin[2π

3 a]
∣∣∣0−1√

2

〉
, a ∈ {0, 1, 2}}, and MB = {Fb = 2

3 |ψb⟩ ⟨ψb| :

|ψb⟩ = cos[2π
3 b]

∣∣∣0+1√
2

〉
+ sin[2π

3 b]
∣∣∣0−1√

2

〉
, b ∈ {0, 1, 2}}. The resulting correlation is given in Table

4.2. For P = {P (a, b)}2
a,b=0 ∈ Cor2[2, 2, 3], let P (0, 0) = α and P (0, 1) = β. Using the above

state and measurements, all correlations with α ∈ (1
9 ,

2
9 ] can be simulated using this shared

state and measurements. The upper limit α = 2
9 is reached for p = 1. (see region R2 in the

Figure 4.2).
■

From Theorem 4.6 and 4.7, correlations in CQ
2 (3, 2)

⋂
Cor2[2, 2, 3], such as those shown in Table

4.1 and 4.2, are generated using 3-outcome qubit nPS measurements on shared two-qubit
state. Beyond these cases, it is unknown whether all correlations in Cor2[2, 2, 3] with mutual
information at most 1 belong to CQ

2 (3, 2). In particular, it remains open whether correlations
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Figure 4.2: Correlations in Cor2[2, 2, 3] that can be simulated using 3-outcome qubit nPS
measurements. For P = {P (a, b)}2

a,b=0 ∈ Cor2[2, 2, 3], let P (0, 0) = α and P (0, 1) = β.
Correlations with α in region R1 can be simulated using a qubit trine POVM on the shared
state (ρp)AB, while correlations with α in R2 can be simulated using a rotated qubit trine
POVM on (ρ̃p)AB. Correlations with α in region R4 cannot be obtained using local qubit
POVMs on any shared two-qubit state. Whether correlations with α in region R3 belong to
CQ

2 (3, 2) is unknown.

with α > 2
9 , shown as region R3 in Figure 4.2, can be simulated using 3-outcome qubit POVMs.

Robustness against arbitrary depolarising noise: From the discussion above, correlations in
Cor2[2, 2, 3] are not qubit projective-simulable when the parties share a two-qubit state. For
example, suppose the goal is to generate correlations {P (a, b)}2

a,b=0 ∈ Cor2[2, 2, 3] with P (0, 0) =
0. The parties can share the two-qubit singlet |Ψ−⟩AB = 1√

2 (|01⟩AB − |10⟩AB) and perform a
qubit trine POVMs: MA = {Ea = 2

3 |ψa⟩ ⟨ψa| : |ψa⟩ = cos[2π
3 a] |0⟩ + sin[2π

3 a] |1⟩ , a ∈ {0, 1, 2}},
and MB = {Fb = 2

3 |ψb⟩ ⟨ψb| : |ψb⟩ = cos[2π
3 b] |0⟩ + sin[2π

3 b] |1⟩ , b ∈ {0, 1, 2}}. In practice,
both the state and the measurements may be noisy. A standard model is depolarising noise
under which the shared state becomes (ρϵs)AB = ϵs |Ψ−⟩AB ⟨Ψ−| + (1 − ϵs)( I2

2 )A ⊗ ( I2
2 )B where

ϵs ∈ (0, 1]. Similarly, depolarising noise affects the measurements and the noisy measurement is
given by MA = {Ea = (Πa)A : a ∈ {0, 1, 2}} and MB = {Fb = (Πb)B : b ∈ {0, 1, 2}}, where
(Πi)X for X = A,B and i ∈ {0, 1, 2} is given below with noise parameters ϵA, ϵB ∈ (0, 1]:
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a\b 0 1 2
0 1

9(1 − ϵsϵAϵB) 1
18(2 + ϵsϵAϵB) 1

18(2 + ϵsϵAϵB)
1 1

18(2 + ϵsϵAϵB) 1
9(1 − ϵsϵAϵB) 1

18(2 + ϵsϵAϵB)
2 1

18(2 + ϵsϵAϵB) 1
18(2 + ϵsϵAϵB) 1

9(1 − ϵsϵAϵB)

Table 4.3: Correlations P = {P (a, b)}2
a,b=0 ∈ Cor2[2, 2, 3] generated using the noisy shared state

(ρϵs)AB and noisy qubit trine POVMs. The parameters ϵs, ϵA, ϵB denote the noise in the shared
state and in A’s and B’s measurements, respectively.

(Π0)X =
(1+ϵX

3 0
0 1−ϵX

3

)
, (Π1)X =

2−ϵX
6

−ϵX

2
√

3
−ϵX

2
√

3
2+ϵX

6

 , (Π2)X =

2−ϵX
6

ϵX

2
√

3
ϵX

2
√

3
2+ϵX

6

(4.26)

The noisy state and measurements generate the correlations shown in Table 4.3. For any
ϵs, ϵA, ϵB ∈ (0, 1], the resulting correlations lie in Cor2[2, 2, 3]. Hence, this detection scheme is
robust against arbitrary depolarising noise.

If the parties want to achieve correlations {P (a, b)}2
a,b=0 ∈ Cor2[2, 2, 3] with P (0, 0) = 2

9 , they
can share the two-qubit state

∣∣Ψ+〉
AB = 1√

2 (|01⟩AB + |10⟩AB). Both parties perform qubit

trine POVM: MA = {Ea = 2
3 |ψa⟩ ⟨ψa| : |ψa⟩ = cos[2π

3 a]
∣∣∣0+1√

2

〉
+ sin[2π

3 a]
∣∣∣0−1√

2

〉
, a ∈ {0, 1, 2}},

and MB = {Fb = 2
3 |ψb⟩ ⟨ψb| : |ψb⟩ = cos[2π

3 b]
∣∣∣0+1√

2

〉
+ sin[2π

3 b]
∣∣∣0−1√

2

〉
, b ∈ {0, 1, 2}}. Even with

this state and measurement, the scheme remains robust against arbitrary depolarising noise,
following the process discussed above. More generally, let ρAB be any two-qubit shared state,
and let MA = {Ea}2

a=0 and MB = {Fb}2
b=0 be qubit POVMs, where

∑
iEi =

∑
i Fi = I2,

Ei > 0 and Fi > 0. The resulting correlations are P (a, b) = Tr[ρAB(Ea ⊗ Fb)]. A fixed shared
state can be used to detect 3-outcome qubit nPS measurements with this scheme whenever the
resulting correlations satisfy the constraints in Equations (4.14) and (4.15).

4.2.2.2 Detecting 4-outcome Qubit nPS Measurements with Cor2[2, 2, 4]

Next, we consider the task G[2, 2, 4], based on the target set Cor2[2, 2, 4] defined in Equations
(4.14) and (4.15), to present a detection scheme for 4-outcome qubit nPS measurements. This
scheme is also robust against arbitrary depolarising noise.

Theorem 4.8. In the task G[2, 2, 4] defined by Cor2[2, 2, 4],

CP Q
2 (4, 2)

⋂
Cor2[2, 2, 4] = ∅

Proof. 6 From Theorem 4.1, we have CP Q
d (4, 2) = CCl

d (4, 2). Using Lemma 4.1, we can assume
wlog that the shared classical state is ωCl

AB = (p0,0 = p, p0,1 = 0, p1,0 = 0, p1,1 = 1 − p), where
6Also discussed in Section 3.3 of [185]
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p ∈ [0, 1]. Let A and B perform the column stochastic map W 2→4
A and W 2→4

B , respectively.
Let the entries of the column stochastic maps be (W 2→4

A )r,s = wr,s and (W 2→4
B )r,s = w′

r,s,
respectively, where r ∈ {0, 1, 2, 3}, s ∈ {0, 1}. These entries satisfy:

3∑
r=0

wr,s = 1 ∀ s ∈ {0, 1} and wr,s ≥ 0 ∀ r ∈ {0, 1, 2, 3}, s ∈ {0, 1}(4.27)

3∑
r=0

w′
r,s = 1 ∀ s ∈ {0, 1} and w′

r,s ≥ 0 ∀ r ∈ {0, 1, 2, 3}, s ∈ {0, 1}(4.28)

The resulting outcome distribution P = {P (a, b)}3
a,b=0 ∈ CCl

d (4, 2) is given by

P = (W 2→4
A ⊗W 2→4

B )(ωCl
AB)T(4.29)

For the correlation P = {P (a, b)}3
a,b=0 in Equation (4.29) to belong to Cor2[2, 2, 4], the following

conditions must be satisfied:

P (0, 0) = P (1, 1) = P (2, 2) = P (3, 3) ̸= 1
16(4.30)

P (0, 1) = P (0, 2) = P (0, 3) = P (1, 0) = P (1, 2) = P (1, 3) = P (2, 0) = P (2, 1) =(4.31)

P (2, 3) = P (3, 0) = P (3, 1) = P (3, 2) ̸= 1
16

From Equations (4.30) and (4.31), the marginals for both A and B must be uniform.

(4.32) P (a) = 1
4 ∀ a ∈ {0, 1, 2, 3} and P (b) = 1

4 ∀ b ∈ {0, 1, 2, 3}

Using Equation (4.32) together with constraints from Equations (4.27) and (4.28), gives
0 < p < 1. For p = 0 or p = 1, the state ωCl

AB cannot satisfy the Equations (4.30) and (4.31).
Intuitively, the state ωCl

AB is a probability distribution with zero mutual information when p = 0
or p = 1. The correlations in Cor2[2, 2, 4] have non-zero mutual information. Since mutual
information cannot increase under local operations [244], such correlations cannot be obtained
when p = 0 or p = 1. Now, substituting the Equation (4.32) into the expression in Equation
(4.29), and applying the constraints in Equations (4.27) and (4.28), we obtain

wr,1 = 1
(1 − p)(1

4 − p wr,0) and w′
r,1 = 1

(1 − p)(1
4 − p w′

r,0) ∀ r ∈ {0, 1, 2, 3}(4.33)

We substitute Equations (4.33) into Equations (4.30) and (4.31), and solve them using a symbolic
solver (Mathematica) under the constraints in Equations (4.27) and (4.28). We consider two
cases: P (0, 0) > P (0, 1) and P (0, 0) < P (0, 1). In both cases, the system of equations has no
solution. ■

Theorem 4.9. In the task G[2, 2, 4] defined by Cor2[2, 2, 4],

∅ ̸= CQ
2 (4, 2)

⋂
Cor2[2, 2, 4] ⊊ Cor2[2, 2, 4]
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Proof. 7 We first show that some correlations in Cor2[2, 2, 4] do not lie in CQ
2 (4, 2), i.e., they

cannot be realised by sharing a two-qubit state ρAB ∈ D(C2 ⊗C2) and locally performing qubit
POVMs MA and MB. For P = {P (a, b)}3

a,b=0 ∈ Cor2[2, 2, 4], let P (0, 0) = α and P (0, 1) = β.
We get the following from the definition of Cor2[2, 2, 4] and using normalisation condition

4α+ 12β = 1 =⇒ α = 1
4 − 3β(4.34)

For P = {P (a, b)}3
a,b=0 ∈ Cor2[2, 2, 4], the mutual information is 4 + 4α log2 α + 12β log2 β.

Sharing ρAB ∈ D(C2 ⊗ C2), the parties can only apply local operations. Since mutual informa-
tion is non-increasing under local completely positive trace-preserving maps, its value cannot
exceed log2 d, where d is the subsystem dimension [244]. For qubits, this bound is 1. Hence, any
correlation in Cor2[2, 2, 4] with mutual information greater than 1 cannot be obtained using
a shared two-qubit state. In particular, correlations P = P (a, b)2

a,b=0 ∈ Cor2[2, 2, 4] satisfying
4 + 4α log2 α+ 12β log2 β > 1 do not belong to CQ

2 (4, 2) (see region R4 in Figure 4.3). Now, we
will show that some correlations in CQ

2 (4, 2) also lie in Cor2[2, 2, 3].

Let the shared state be (ρp)AB = p |Ψ−⟩AB ⟨Ψ−| + (1 − p)( I2
2 )A ⊗ ( I2

2 )B, where |Ψ−⟩AB =
1√
2 (|01⟩AB − |10⟩AB) is the two-qubit singlet state and p ∈ (0, 1]. Both parties perform

the qubit SIC-POVM: MA = {Ea = 1
2 |ψa⟩ ⟨ψa| : |ψa⟩ = |0⟩ for a = 0, |ψa⟩ =

√
1
3 |0⟩ +√

2
3 e

2πi
3 (a−1) |1⟩ for a ∈ {1, 2, 3}}, and MB = {Fb = 1

2 |ψb⟩ ⟨ψb| : |ψb⟩ = |0⟩ for b = 0, |ψb⟩ =√
1
3 |0⟩ +

√
2
3 e

2πi
3 (b−1) |1⟩ for b ∈ {1, 2, 3}}. The resulting correlation is shown in Table 4.4. For

P = {P (a, b)}3
a,b=0 ∈ Cor2[2, 2, 4], let P (0, 0) = α and P (0, 1) = β. Using the above-mentioned

state and measurements, all correlations with α ∈ [0, 1
16) can be realised. The limiting value

α = 0 is reached for p = 1 (see region R1 in the Figure 4.3).

Now, consider the shared state (ρ̃p)AB := p
∣∣Φ+〉

AB

〈
Φ+∣∣+(1−p)( I2

2 )A⊗( I2
2 )B, where

∣∣Φ+〉
AB =

1√
2 (|00⟩AB + |11⟩AB) and p ∈ (0, 1]. The parties perform the qubit SIC-POVM given below:

MA ={Ea = 1
2 |ψa⟩ ⟨ψa| : |ψa⟩ = 1√

2
(|0⟩ + |1⟩) for a = 0,

|ψa⟩ = (1 +
√

2 e
2πi

3 (a−1)) |0⟩ + (1 −
√

2 e
2πi

3 (a−1)) |1⟩√
6

for a ∈ {1, 2, 3}}
(4.35)

MB ={Fb = 1
2 |ψb⟩ ⟨ψb| : |ψb⟩ = 1√

2
(|0⟩ + |1⟩) for b = 0,

|ψb⟩ = (1 +
√

2 e
2πi

3 (1−b)) |0⟩ + (1 −
√

2 e
2πi

3 (1−b)) |1⟩√
6

for b ∈ {1, 2, 3}}
(4.36)

The resulting correlation is shown in Table 4.5. For P = {P (a, b)}3
a,b=0 ∈ Cor2[2, 2, 4], let

P (0, 0) = α and P (0, 1) = β. With this state and measurement, all correlations with α ∈ ( 1
16 ,

1
8 ]

7Also discussed in Section 3.3 of [185]
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a\b 0 1 2 3
0 1

16(1 − p) 1
48(3 + p) 1

48(3 + p) 1
48(3 + p)

1 1
48(3 + p) 1

16(1 − p) 1
48(3 + p) 1

48(3 + p)
2 1

48(3 + p) 1
48(3 + p) 1

16(1 − p) 1
48(3 + p)

3 1
48(3 + p) 1

48(3 + p) 1
48(3 + p) 1

16(1 − p)

Table 4.4: Correlations P = {P (a, b)}3
a,b=0 ∈ Cor2[2, 2, 4] generated using shared state (ρp)AB

and qubit SIC-POVM by A and B when p ∈ (0, 1].

a\b 0 1 2 3
0 1

16(1 + p) 1
48(3 − p) 1

48(3 − p) 1
48(3 − p)

1 1
48(3 − p) 1

16(1 + p) 1
48(3 − p) 1

48(3 − p)
2 1

48(3 − p) 1
48(3 − p) 1

16(1 + p) 1
48(3 − p)

3 1
48(3 − p) 1

48(3 − p) 1
48(3 − p) 1

16(1 + p)

Table 4.5: Correlations P = {P (a, b)}3
a,b=0 ∈ Cor2[2, 2, 4] generated using shared state (ρ̃p)AB

and rotated qubit SIC-POVM by A and B when p ∈ (0, 1].

can be simulated. The upper limit α = 1
8 is reached for p = 1. (see region R2 in the Figure 4.3).

■

From Theorem 4.8 and 4.9, correlations in CQ
2 (4, 2)

⋂
Cor2[2, 2, 4], such as those shown in Table

4.4 and 4.5, are generated using 4-outcome qubit nPS measurement on a shared two-qubit state.
Beyond these examples, it is not known whether all correlations in Cor2[2, 2, 4] with mutual
information at most 1 belong to CQ

2 (4, 2). In particular, it remains open whether correlations
with α > 1

8 , shown as region R3 in Figure 4.3, can be simulated using 4-outcome qubit POVMs.

Robustness against arbitrary depolarising noise: As discussed above, correlations in Cor2[2, 2, 4]
are not qubit projective-simulable when the shared system is a two-qubit system, while some
can be obtained with 4-outcome qubit nPS measurements. For example, to generate correlations
{P (a, b)}3

a,b=0 ∈ Cor2[2, 2, 4] with P (0, 0) = 0, the parties may share |Ψ−⟩AB = 1√
2 (|01⟩AB −

|10⟩AB) and perform the qubit SIC-POVM: MA = {Ea = 1
2 |ψa⟩ ⟨ψa| : |ψa⟩ = |0⟩ for a =

0, |ψa⟩ =
√

1
3 |0⟩ +

√
2
3 e

2πi
3 (a−1) |1⟩ for a ∈ {1, 2, 3}}, and MB = {Fb = 1

2 |ψb⟩ ⟨ψb| : |ψb⟩ =

|0⟩ for b = 0, |ψb⟩ =
√

1
3 |0⟩ +

√
2
3 e

2πi
3 (b−1) |1⟩ for b ∈ {1, 2, 3}}. In practice, both the state

and the measurements may be noisy. Under depolarising noise, the shared state is (ρϵs)AB =
ϵs |Ψ−⟩AB ⟨Ψ−| + (1 − ϵs)( I2

2 )A ⊗ ( I2
2 )B where ϵs ∈ (0, 1]. Similarly, under depolarising noise

the measurements are MA = {Ea = (Πa)A : a ∈ {0, 1, 2, 3}} and MB = {Fb = (Πb)B : b ∈
{0, 1, 2, 3}}. (Πi)X for X = A,B and i ∈ {0, 1, 2, 3} is given below with noise parameters
ϵA, ϵB ∈ (0, 1]:
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a\b 0 1 2 3
0 1

16(1 − ϵ) 1
48(3 + ϵ) 1

48(3 + ϵ) 1
48(3 + ϵ)

1 1
48(3 + ϵ) 1

16(1 − ϵ) 1
48(3 + ϵ) 1

48(3 + ϵ)
2 1

48(3 + ϵ) 1
48(3 + ϵ) 1

16(1 − ϵ) 1
48(3 + ϵ)

3 1
48(3 + ϵ) 1

48(3 + ϵ) 1
48(3 + ϵ) 1

16(1 − ϵ)

Table 4.6: Correlations P = {P (a, b)}4
a,b=0 ∈ Cor2[2, 2, 4] generated using noisy shared state

(ρϵs)AB and noisy qubit SIC-POVMs. The parameters ϵs, ϵA, ϵB denote the noise in the shared
state and in A’s and B’s measurements, respectively, and ϵ = ϵsϵAϵB.

(Π0)X =
(1+ϵX

4 0
0 1−ϵX

4

)
, (Π1)X =

3−ϵX
12

ϵX

3
√

2
ϵX

3
√

2
3+ϵX

12

 ,
(Π2)X =

 3−ϵX
12

i
1
3 ϵX

3
√

2
i(i+

√
3 )ϵX

6
√

2
3+ϵX

12

 , (Π3)X =

 3−ϵX
12

i(i+
√

3 )ϵX

6
√

2

− i
1
3 ϵX

3
√

2
3+ϵX

12

(4.37)

These noisy resources produce the correlations in Table 4.6. For any ϵs, ϵA, ϵB ∈ (0, 1], the
resulting correlations lie in Cor2[2, 2, 4]. Thus, the detection scheme is robust against arbitrary
depolarising noise. If the goal is instead to obtain correlation in Cor2[2, 2, 4] with P (0, 0) = 1

8 ,
the parties may share

∣∣Φ+〉
AB = 1√

2 (|00⟩AB + |11⟩AB) and perform the qubit SIC-POVMs
defined in Equation (4.35) and (4.36). In this case as well, the detection scheme remains robust
under arbitrary depolarising noise.
We saw that correlations in Cor2[2, 2, 3] cannot be generated using local 3-outcome qubit
projective-simulable measurements on a two-qubit shared state. From Theorem 4.1, CP Q

d (3, 2) =
CCl

d (3, 2). This raises the question of whether some correlations in Cor2[2, 2, 3] can be simulated
when the parties share two two-level bipartite classical states, where both states are uncorrelated
with each other. We further assume that the measurement devices are identical copies. Each
party, A and B, measures each subsystem independently and then jointly post-processes the
outcomes. As the target correlation Corr3[2, 2, 3], consider P (0, 0) = P (1, 1) = P (2, 2) = 0 and
P (0, 1) = P (0, 2) = P (1, 0) = P (1, 2) = P (2, 0) = P (2, 1) = 1

6 . We now show that under these
conditions, i.e. identical measurement devices and shared pairs of classical two-level systems,
target correlation in Corr3[2, 2, 3] cannot be simulated.

Corollary 4.2. The correlation in Cor2[2, 2, 3] cannot be simulated by sharing bipartite classical
states ωCl

AB ⊗ ω̃Cl
AB, where each subsystem has local dimension 2, when the parties use identical

classical measurements. The same correlation can, however, be realised by performing identical
3-outcome qubit nPS measurements on a shared two-qubit state.

Proof. The target correlation P (0, 0) = P (1, 1) = P (2, 2) = 0, P (0, 1) = P (0, 2) = P (1, 0) =
P (1, 2) = P (2, 0) = P (2, 1) = 1

6 can be realised using shared state |Ψ−⟩AB = 1√
2 (|01⟩AB −
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Figure 4.3: Correlations in Cor2[2, 2, 4] that can be simulated using 4-outcome qubit nPS
measurements. For P = {P (a, b)}4

a,b=0 ∈ Cor2[2, 2, 4], let P (0, 0) = α and P (0, 1) = β.
Correlations with α in region R1 can be simulated using a qubit SIC-POVM on the shared state
(ρp)AB, while correlations with α in R2 can be simulated using a rotated qubit SIC-POVM
on (ρ̃p)AB. Correlations with α in region R4 cannot be obtained using local qubit POVMs on
any shared two-qubit state. Whether correlations with α in region R3 belong to CQ

2 (4, 2) is
unknown.

|10⟩AB) when A and B perform 3-outcome qubit trine measurements (see proof of Theorem 4.7).

Using Lemma 4.1, we may assume wlog that the pair of two-level classical states is ωCl
AB ⊗ ω̃Cl

AB =
(p0,0 = p, p0,1 = 0, p1,0 = 0, p1,1 = 1 − p) ⊗ (p′

0,0 = p′, p′
0,1 = 0, p′

1,0 = 0, p′
1,1 = 1 − p′) =

(pp′, 0, 0, 0, 0, p(1 − p′), 0, 0, 0, 0, (1 − p)p′, 0, 0, 0, 0, (1 − p)(1 − p′)) where p, p′ ∈ [0, 1]. If p = 0
or 1, the state ωCl

AB can be locally prepared. From Lemma 4.2, classical state ω̃Cl
AB cannot

simulate the target correlation. Hence, using ωCl
AB ⊗ ω̃Cl

AB with p ∈ {0, 1} and p′ ∈ [0, 1] cannot
reproduce it either. By symmetry, the same holds if p′ ∈ {0, 1}. Thus, both parameters must
satisfy p, p′ ∈ (0, 1). Since the measurement devices are identical, both can be described
by a column-stochastic map W 4→3

A = W 4→3
B = W 4→3 with entries (W 4→3)r,s = wr,s where

r ∈ {0, 1, 2}, s ∈ {0, 1, 2, 3} and they satisfy
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2∑
r=0

wr,s = 1 ∀ s ∈ {0, 1, 2, 3} and wr,s ≥ 0 ∀ r ∈ {0, 1, 2}, s ∈ {0, 1, 2, 3}(4.38)

The correlation P = {P (a, b)}2
a,b=0 generated is

P = (W 4→3 ⊗W 4→3)(ωCl
AB ⊗ ω̃Cl

AB)T(4.39)

Taking p, p′ ∈ (0, 1) and solving for P (0, 0) = 0 using expression from Equation (4.39), we
obtain w0,0 = w0,1 = w0,2 = w0,3 = 0. Similarly, solving for P (1, 1) = P (2, 2) = 0 yields wr,s = 0
for all r, s. This contradicts the normalisation condition in Equation (4.38). Hence, the target
correlation cannot be simulated in this setting. ■

4.3 Detecting Qutrit Non-Projective-Simulable Measurements

We now discuss detection schemes for 5-outcome qutrit nPS measurements. We begin with the
bipartite scenario [n = 2, d = 3, k = 5], assuming that the measurement devices of both parties
are identical. In this case, we present a correlation simulation task that serves as a detection
scheme for 5-outcome qutrit nPS measurements and provide numerical evidence showing that
the scheme is robust against arbitrary depolarising noise. Next, we consider both bipartite
[n = 2, d = 3, k = 5] and tripartite [n = 3, d = 3, k = 5] scenarios, without assuming that the
measurement devices are identical. Here, we define tasks using payoff functions. We numerically
compute the projective-simulable bounds on these payoff functions and show that they can
be violated using qutrit POVMs on shared qutrit states. In general, as the local dimension
d increases, the number of parameters associated with correlations generated by arbitrary
projective-simulable measurements grows. As a result, determining whether a given target
correlation can be realised by projective-simulable measurements becomes computationally
demanding. The same difficulty also exists while optimising for the projective-simulable bound
of some payoff function used to define a task.

4.3.1 Detecting 5-outcome Qutrit nPS Measurements with Gsym[2, 3, 5]

Consider the scenario [n = 2, d = 3, k = 5] with two spatially separated parties, A and B. A
source PA,B prepares a two-qutrit state ρAB ∈ D(C3 ⊗ C3) which is shared between them.
Each party has access to a measurement device described by a POVM: MA = {Ea ∈ B(C3) :
Ea ≥ 0}4

a=0 for A and MB = {Fb ∈ B(C3) : Fb ≥ 0}4
b=0 for B. We additionally assume that

the devices of both parties are identical. For this task Gsym[2, 3, 5], the target correlation set is
Cor1[2, 3, 5], which contains a single correlation {P (a, b)}4

a,b=0 defined as

97



CHAPTER 4. DETECTION OF NON-PROJECTIVE-SIMULABLE MEASUREMENTS

a\b 0 1 2 3 4
0 1−ϵ2ν

9
2+ϵ2ν

36
2+ϵ2ν

36
2+ϵν+3ϵ2ν

36
2−ϵν−ϵ2ν

36
1 2+ϵ2ν

36
1−ϵ2ν

36
2+ϵ2ν

72
4+2ϵν−3ϵ2ν

144
4−2ϵν+ϵ2ν

144
2 2+ϵ2ν

36
2+ϵ2ν

72
1−ϵ2ν

36
4+2ϵν−3ϵ2ν

144
4−2ϵν+ϵ2ν

144
3 2+ϵν+3ϵ2ν

36
4+2ϵν−3ϵ2ν

144
4+2ϵν−3ϵ2ν

144
1+ϵν−2ϵ2ν

36
2+ϵ2ν

72
4 2−ϵν−ϵ2ν

36
4−2ϵν+ϵ2ν

144
4−2ϵν+ϵ2ν

144
2+ϵ2ν

72
1−ϵν

36

Table 4.7: Correlations {P (a, b)}4
a,b=0 ∈ Cor2[2, 3, 5], where ν, ϵ ∈ (0, 1].

P (0, 0) = P (1, 1) = P (2, 2) = P (3, 3) = P (4, 4) = P (0, 4) = P (4, 0) = 0

P (0, 1) = P (0, 2) = P (1, 0) = P (2, 0) = 1
12 , P (0, 3) = P (3, 0) = 1

6
P (1, 2) = P (2, 1) = P (3, 4) = P (4, 3) = 1

24
P (1, 3) = P (1, 4) = P (2, 3) = P (2, 4) = P (3, 1) = P (3, 2) = P (4, 1) = P (4, 2) = 1

48

(4.40)

The set of correlations Cor2[2, 3, 5] is shown in Table 4.7, where ν, ϵ ∈ (0, 1]. The correlation
{P (a, b)}4

a,b=0 ∈ Cor1[2, 3, 5] is a special case of this set, obtained by substituting ν = ϵ = 1. We
will first show that the target correlation Cor1[2, 3, 5] cannot be generated using two identical
5-outcome qutrit projective-simulable measurements on a shared two-qutrit state.

Theorem 4.10. In the task Gsym[2, 3, 5] defined by the set Cor1[2, 3, 5], the target correla-
tion in Cor1[2, 3, 5] cannot be generated using identical 5-outcome qutrit projective-simulable
measurements on a shared two-qutrit state.

Proof. 8 As a consequence of Theorem 4.1, any correlation generated by 5-outcome qutrit
projective-simulable measurements on a two-qutrit shared state can also be obtained from
a shared three-level classical system. We represent the shared classical state as ωCl

A,B =
(pi,j)i,j∈{0,1,2} with

∑2
i,j=0 pi,j = 1 and pi,j ≥ 0 for all i, j ∈ {0, 1, 2}. Since the measurements of

A and B are identical, both are described by a column-stochastic map W 3→5
A = W 3→5

B = W 3→5

with entries (W 3→5)r,s = wr,s where r ∈ {0, 1, 2, 3, 4}, s ∈ {0, 1, 2}. They satisfy

4∑
r=0

wr,s = 1 ∀ s ∈ {0, 1, 2} and wr,s ≥ 0 ∀ r ∈ {0, 1, 2, 3, 4}, s ∈ {0, 1, 2}(4.41)

The resulting correlation P = {P (a, b)}4
a,b=0 is given by

(4.42) P = (W 3→5 ⊗W 3→5)(ωCl
A,B)T

8Also discussed in Section 4.2 of [185]
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Substituting the values from Equation (4.40) into (4.42), the expressions for the correlated
outcomes are:

P (0, 0) = p0,0w
2
0,0 + p0,1w0,1w0,0 + p0,2w0,2w0,0 + p1,0w0,1w0,0 + p2,0w0,2w0,0+

p1,1w
2
0,1 + p1,2w0,1w0,2 + p2,1w0,1w0,2 + p2,2w

2
0,2 = 0

P (1, 1) = p0,0w
2
1,0 + p0,1w1,1w1,0 + p0,2w1,2w1,0 + p1,0w1,1w1,0 + p2,0w1,2w1,0+

p1,1w
2
1,1 + p1,2w1,1w1,2 + p2,1w1,1w1,2 + p2,2w

2
1,2 = 0

P (2, 2) = p0,0w
2
2,0 + p0,1w2,1w2,0 + p0,2w2,2w2,0 + p1,0w2,1w2,0 + p2,0w2,2w2,0+

p1,1w
2
2,1 + p1,2w2,1w2,2 + p2,1w2,1w2,2 + p2,2w

2
2,2 = 0

P (3, 3) = p0,0w
2
3,0 + p0,1w3,1w3,0 + p0,2w3,2w3,0 + p1,0w3,1w3,0 + p2,0w3,2w3,0+

p1,1w
2
3,1 + p1,2w3,1w3,2 + p2,1w3,1w3,2 + p2,2w

2
3,2 = 0

P (4, 4) = p0,0w
2
4,0 + p0,1w4,1w4,0 + p0,2w4,2w4,0 + p1,0w4,1w4,0 + p2,0w4,2w4,0+

p1,1w
2
4,1 + p1,2w4,1w4,2 + p2,1w4,1w4,2 + p2,2w

2
4,2 = 0

(4.43)

The terms in Equations (4.43) are non-negative individually. Thus, every term must be zero
for the correlated outcomes to be zero. This implies pi,i = 0 for i ∈ {0, 1, 2}. If instead pi,i ≠ 0
for some i ∈ {0, 1, 2}, then wj,i = 0 for all j ∈ {0, 1, 2, 3, 4}, contradicting the normalisation∑

j wj,i = 1 in Equation (4.41). Thus, pi,i = 0 for i ∈ {0, 1, 2}. Substituting pi,i = 0 into (4.42)
and equating the expressions with the values in (4.40) using a symbolic solver (Mathematica),
we find that there is no solution for ωCl

A,B and W 3→5 which also satisfies the constraints in
Equation (4.41). ■

Theorem 4.11. The correlation in Cor1[2, 3, 5] can be simulated using two identical qutrit
POVMs on a shared two-qutrit state.

Proof. 9 Let the shared two-qutrit state be |ψ⟩AB = 1√
6 (|01⟩AB + |02⟩AB + |10⟩AB + |12⟩AB +

|20⟩AB − |21⟩AB). The parties perform the following POVM: MA = {Ea = |ψa⟩ ⟨ψa|}4
a=0 for

A and MB = {Fb = |ψb⟩ ⟨ψb|}4
b=0, where |ψ0⟩ = |0⟩ , |ψ1⟩ = 1√

2 |1⟩ , |ψ2⟩ = 1√
2 |2⟩ , |ψ3⟩ =

1
2(|1⟩ + |2⟩), |ψ4⟩ = 1

2(|1⟩ − |2⟩). This yields the correlation in Equation (4.40). ■

Evidence of robustness against noise: We now present numerical evidence that correlations
in Cor2[2, 3, 5], defined in Table 4.7 with ν, ϵ ∈ (0, 1], are not obtainable using identical
5-outcome qutrit projective-simulable measurements. For several discrete values of ν, ϵ ∈
{0.01, 0.02, . . . , 0.99, 1}, we checked whether the corresponding correlations P = {P (a, b)}4

a,b=0 ∈
Cor2[2, 3, 5] could be generated using identical 5-outcome qutrit projective-simulable mea-
surements. Following the approach in Theorem 4.10, we assumed a shared classical three-
level state ωCl

A,B = (pi,j)i,j∈{0,1,2} with
∑2

i,j=0 pi,j = 1 and pi,j ≥ 0. Since the measurements
9Also discussed in Section 4.2 of [185]
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of A and B are identical, they are described by the same column-stochastic map W 3→5

with entries (W 3→5)r,s = wr,s where r ∈ {0, 1, 2, 3, 4}, s ∈ {0, 1, 2}. The entries satisfy∑4
r=0wr,s = 1 ∀ s ∈ {0, 1, 2} and wr,s ≥ 0. The resulting correlation P = P (a, b)4

a,b=0 is
given by P = (W 3→5 ⊗W 3→5)(ωCl

A,B)T . Equating this expression with the corresponding values
in Table 4.7, we solved the system using a symbolic solver (Mathematica) for each choice of
ν and ϵ in the set {0.01, 0.02, 0.03, · · · , 0.99, 1}. For each chosen pair (ν, ϵ), we obtain that
the system of equations does not have a solution. This provides numerical evidence that no
two-qutrit state and identical 5-outcome qutrit projective-simulable measurements can generate
correlations in Cor2[2, 3, 5].

On the other hand, correlations in Cor2[2, 3, 5] can be realised using identical 5-outcome
qutrit POVMs. Let the noisy shared state be (ρp) = p |ψ⟩AB ⟨ψ| + (1 − p)( I3

3 )A ⊗ ( I3
3 )B where

|ψ⟩AB = 1√
6 (|01⟩AB + |02⟩AB + |10⟩AB + |12⟩AB + |20⟩AB − |21⟩AB) and p ∈ (0, 1]. The parties

perform POVM: MA = {Ea = Πϵ
a}4

a=0 and MB = {Fb = Πϵ
b}4

b=0, where ϵ ∈ (0, 1] and

Πϵ
0 =


1+2ϵ

3 0 0
0 1−ϵ

3 0
0 0 1−ϵ

3

 ,Πϵ
1 =


1−ϵ

6 0 0
0 1+2ϵ

6 0
0 0 1−ϵ

6

 ,Πϵ
2 =


1−ϵ

6 0 0
0 1−ϵ

6 0
0 0 1+2ϵ

6

(4.44)

Πϵ
3 =


1−ϵ

6 0 0
0 1+ ϵ

2
6

ϵ
4

0 ϵ
4

1+ ϵ
2

6

 ,Πϵ
4 =


1−ϵ

6 0 0
0 1+ ϵ

2
6

−ϵ
4

0 −ϵ
4

1+ ϵ
2

6

(4.45)

The resulting correlations lie in Cor2[2, 3, 5]. In essence, these operators can be written as
Πϵ

i = κi(I3 + ϵ
∑8

j=1 sjGj) where Πi = κi(I3 +
∑8

j=1 sjGj) are the effects from the proof of
Theorem 4.11 and {Gj}8

j=1 are the eight 3 × 3 Gell-Mann matrices.

4.3.2 Detecting 5-outcome Qutrit nPS Measurements with G[2, 3, 5]

Consider the scenario [n = 2, d = 3, k = 5] with two spatially separated parties A andB. A source
PA,B prepares a two-qutrit state ρAB ∈ D(C3 ⊗ C3) which is shared between them. Each party
has access to a measurement device described by a POVM: MA = {Ea ∈ B(C3) : Ea ≥ 0}4

a=0
for A and MB = {Fb ∈ B(C3) : Fb ≥ 0}4

b=0 for B. We define the task G[2, 3, 5)] using the
following payoff function defined for correlation P = {P (a, b)}4

a,b=0 ∈ C(5, 2)

S(2,3,5)(P ) = [ min
a̸=b

(a,b)/∈{(0,4),(4,0)}

P (a, b)] −
4∑

i=0
P (i, i)(4.46)

Projective-simulable Bound for the payoff: From Theorem 4.1, CCl
d (5, 2) = CP Q

d (5, 2) and
from Equation (4.11), SCl,max

(2,3,5) = SP Q,max
(2,3,5) . To obtain projective-simulable bound, we optimise
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S(2,3,5)(P ) over correlations in CCl
d (5, 2). Take a general shared classical state with local oper-

ational dimension 3: ωCl
A,B = (pi,j)i,j∈{0,1,2} with

∑2
i,j=0 pi,j = 1 and pi,j ≥ 0 for all i, j. The

local stochastic maps are W 3→5
A for A and W 3→5

B for B with entries (W 3→5
A )r,s = wr,s and

(W 3→5
B )r,s = w′

r,s, where r ∈ {0, 1, 2, 3, 4}, s ∈ {0, 1, 2}. The entries satisfy

4∑
r=0

wr,s = 1,
4∑

r=0
w′

r,s = 1 ∀ s ∈ {0, 1, 2} and wr,s ≥ 0, w′
r,s ≥ 0 ∀ r, s(4.47)

The resulting correlation P = {P (a, b)}4
a,b=0 is given by P = (W 3→5

A ⊗ W 3→5
B )(ωCl

A,B)T . The
optimisation is

SCl,max
(2,3,5) = max

P ={P (a,b)}4
a,b=0∈CCl

d
(5,2)

[
[ min

a̸=b
(a,b)/∈{(0,4),(4,0)}

P (a, b)] −
4∑

i=0
P (i, i)

]
(4.48)

A numerical optimisation under these constraints yields

(4.49) SCl,max
(2,3,5) = 1.84749 × 10−10 ≈ 0

Quantum Violation of SCl,max
(2,3,5) : A quantum strategy exceeds this bound. Consider the two-qutrit

shared state |ψ⟩AB = 1√
6 (|01⟩AB + |02⟩AB + |10⟩AB + |12⟩AB + |20⟩AB − |21⟩AB). Both parties

perform the POVM MA = {Ea = |ψa⟩ ⟨ψa|}4
a=0 for A and MB = {Fb = |ψb⟩ ⟨ψb|}4

b=0. Here
|ψ0⟩ = |0⟩ , |ψ1⟩ = 1√

2 |1⟩ , |ψ2⟩ = 1√
2 |2⟩ , |ψ3⟩ = 1

2(|1⟩ + |2⟩), |ψ4⟩ = 1
2(|1⟩ − |2⟩). The resulting

correlation P = {P (a, b)}4
a,b=0 is given by: P (a, b) = Tr [(Ea ⊗ Fb)|ψ⟩AB⟨ψ|]. The payoff using

this strategy is

(4.50) S(2,3,5)(P ) = 1
48 = 0.0208 > SP Q,max

(2,3,5) .

Since this strategy violates SP Q,max
(2,3,5) , therefore, the POVMs used are qutrit nPS measurements.

4.3.3 Detecting 5-outcome Qutrit nPS Measurements with G[3, 3, 5]

Consider the scenario [n = 3, d = 3, k = 5] with three spatially separated parties A, B
and C. A source PA,B,C prepares a three-qutrit state ρABC ∈ D(C3 ⊗ C3 ⊗ C3) which is
shared between them. Each party has access to a measurement device described by a POVM:
MA = {Ea ∈ B(C3) : Ea ≥ 0}4

a=0 for A and MB = {Fb ∈ B(C3) : Fb ≥ 0}4
b=0 for B and

MC = {Gc ∈ B(C3) : Gc ≥ 0}4
c=0. We define the task G[3, 3, 5)] using the following payoff

function defined for correlation P = {P (a, b, c)}4
a,b,c=0 ∈ C(5, 3)

S(3,3,5)(P ) = min
(a,b,c)∈Z

P (a, b, c)(4.51)

where Z = {(a, b, c) : a ̸= b, c = 0}
⋃

{(a, b, c) : a ̸= c, b = 0}
⋃

{(a, b, c) : b ̸= c, a = 0}
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Projective-simulable Bound for the payoff: From Theorem 4.1, CCl
d (5, 3) = CP Q

d (5, 3) and
from Equation (4.11), SCl,max

(3,3,5) = SP Q,max
(3,3,5) . To obtain CP Q

d (5, 3), we optimise S(3,3,5)(P ) over
correlations in CCl

d (5, 3). Take a general tripartite classical state with local operational dimension
3: ωCl

A,B,C = (pi,j,l)i,j,l∈{0,1,2} with
∑2

i,j,l=0 pi,j,l = 1 and pi,j,l ≥ 0 for all i, j, l. The local
stochastic maps are W 3→5

A for A, W 3→5
B for B and W 3→5

C for C with entries (W 3→5
A )r,s = wr,s,

(W 3→5
B )r,s = w′

r,s and (W 3→5
C )r,s = w′′

r,s, where r ∈ {0, 1, 2, 3, 4}, s ∈ {0, 1, 2}. The entries satisfy

4∑
r=0

wr,s = 1,
4∑

r=0
w′

r,s = 1,
4∑

r=0
w′′

r,s = 1 ∀ s ∈ {0, 1, 2} and wr,s ≥ 0, w′
r,s ≥ 0, w′′

r,s ≥ 0 ∀ r, s

(4.52)

The resulting correlation P = {P (a, b, c)}4
a,b,c=0 is given by P = (WA

3→5⊗WB
3→5⊗WC

3→5)(ωCl
A,B,C)T .

The optimisation is thus

SCl,max
(3,3,5) = max

P ={P (a,b,c)}4
a,b,c=0∈CCl

d
(5,3)

[
min

(a,b,c)∈Z
P (a, b, c)

]
(4.53)

A numerical optimisation under these constraints yields

(4.54) SCl,max
(3,3,5) = 0.015888

Quantum Violation of SCl,max
(3,3,5) : A quantum strategy exceeds this bound. Consider the two-qutrit

shared state |ψ⟩ABC = 1√
6 (|012⟩ABC + |120⟩ABC + |201⟩ABC −|021⟩ABC −|102⟩ABC −|210⟩ABC).

Both parties perform the POVM MA = {Ea = 1
2Πa}4

a=0 for A, MB = {Fb = 1
2Πb}4

b=0 for
B and MC = {Gc = 1

2Πc}4
c=0 for C, where Π0 = |0⟩⟨0|,Π1 = |1⟩⟨1|,Π2 = |2⟩⟨2|,Π3 =

(|1⟩ + |2⟩)(⟨1| + ⟨2|),Π4 = (|1⟩ − |2⟩)(⟨1| − ⟨2|). The resulting correlation P = {P (a, b, c)}4
a,b,c=0

is given by: P (a, b, c) = Tr [(Ea ⊗ Fb ⊗Gc)|ψ⟩ABC⟨ψ|]. The payoff using this strategy is

(4.55) S(3,3,5)(P ) = 0.020833 > SP Q,max
(3,3,5)

Since this strategy violates SP Q,max
(3,3,5) , therefore, the POVMs are qutrit nPS measurements.

4.4 Analogue of Non-Projective-Simulable Measurements for
GPTs

Similar to the notion of projective-simulable measurements in quantum theory, we introduce a
class of measurements in GPTs that we call sharp simulable measurements. Consider a theory
TH with a system SysA(ΩA, EA) of type A having operational dimension dA.

Definition 4.1. A dA-outcome measurement with effects {ei ∈ EA}dA
i=1, satisfying

∑dA
i=1 ei = uA,

is called sharp if all the effects are extremal points of the effect space EA.
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Sharp measurements generalise the role of projective measurements in quantum theory. Note
that in other works, “sharp” is sometimes used to denote repeatable or minimally disturbing
measurements as well. When the operational dimension dA of a system SysA(ΩA, EA) is known,
we can define measurements with N(> dA) outcomes obtained by post-processing the outcome
probabilities of a sharp dA-outcome measurement.

Definition 4.2. Given a system SysA(ΩA, EA) with operational dimension dA, an N -outcome
measurement with N > dA and effects {ei ∈ EA}N

i=1, satisfying
∑N

i=1 ei = uA, is called sharp
simulable if there exists a sharp measurement {fj ∈ EA}dA

j=1, with
∑dA

j=1 fj = uA and probability
distribution {P (i|j)}N

i=1 for j ∈ [dA] such that ei =
∑dA

j=1 P (i|j)fj .

In quantum theory, for a system described by Hilbert space Cd, sharp simulable measurements
correspond to projective-simulable measurements (Definition 2.1). Any N -outcome measurement
with N > dA for the system SysA(ΩA, EA) that cannot be expressed in the form of Definition
4.2 is called not-sharp simulable.

Now consider the box-world theory TH = B for instance, which is described in Section 2.2.3.
We show that a task defined in the setup of Section 4.1.1 can be used to detect not-sharp
simulable measurements in this theory. In particular, we use the setup [n = 2, d = 2, k = 3],
which involves two parties, A and B, sharing states with local operational dimension 2. Each
party has a measurement device producing outcomes a ∈ {0, 1, 2} for A and b ∈ {0, 1, 2} for
B. Recall that in box-world B, the state space ΩA of an elementary system SysA(ΩA, EA)
is defined as ΩA = Conv{ω1, ω2, ω3, ω4} ⊂ R3 (see Equation (2.4)) and effect space EA =
Conv{O, uA, e1, e2, e3, e4} ⊂ R3 (see Equations (2.5) and (2.6)). An elementary box-world
system has operational dimension 2 and two sharp measurements: {e1, e3} and {e2, e4}. A
composite system SysAB(ΩAB, EAB) consists of two elementary systems SysA(ΩA, EA) and
SysB(ΩB, EB). The state space is ΩAB = Conv{(ωi)AB : i ∈ [24]} where product extremal
states {(ωi)AB}16

i=1 are given in Equation (2.7) and entangled states {(ωi)AB}24
i=17 are given in

Equation (2.8). The effect space EAB = {(e)AB = (e)A ⊗ (e)T
B : (e)A ∈ EA, (e)B ∈ EB}.

In the scenario [n = 2, d = 2, k = 3], analogous to the sets CQ
2 (3, 2) and CCl

2 (3, 2) we define
CP R

2 (3, 2) as follows. It is the set of all joint probability distributions P = {P (a, b)}2
a,b=0

achievable in the PR-model with local operational dimension 2:

Definition 4.3. CP R
2 (3, 2) is the set of correlations P = {P (a, b)}2

a,b=0 of the form

P (a, b) = Tr
[
(fa)T

A ⊗ (gb)B · ωAB

]
, a, b ∈ {0, 1, 2}(4.56)

where ωAB ∈ ΩAB is shared state, and the measurements of the parties are {(fa)A ∈ EA}2
a=0,

{(gb)B ∈ EB}2
b=0, where

∑
a∈{0,1,2}(fa)A = uA,

∑
b∈{0,1,2}(gb)B = uB.

The set of sharp-simulable correlations in the PR-model is defined as follows
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Definition 4.4. CSP R
2 (3, 2) is the set of correlations P = {P (a, b)}2

a,b=0 of the form

P (a, b) = Tr
[
(fa)T

A ⊗ (gb)B · ωAB

]
, a, b ∈ {0, 1, 2}(4.57)

where ωAB ∈ ΩAB is the shared state, and the measurements of the parties are {(fa)A =∑
i∈{0,1} p(a|i) (hi)A}2

a=0, {(gb)B =
∑

j∈{0,1} p
′(b|j) (h′

j)B}2
b=0. {p(a|i)}2

a=0 and {p′(b|j)}2
b=0 are

a probability distribution for i, j ∈ {0, 1} and {(h0)A, (h1)A} is a sharp measurement for system
A and {(h′

0)B, (h′
1)B} is a sharp measurement for systemB. Here,

∑
a(fa)A = uA,

∑
b(gb)B = uB.

For A, there are two sharp measurements: {(e1)A, (e3)A} and {(e2)A, (e4)A}. Similarly, B has
two sharp measurements {(e1)B, (e3)B} and {(e2)B, (e4)B}. We now show that there exist
correlations in CP R

2 (3, 2) which cannot be obtained using any 3-outcome sharp simulable
measurement on a shared bipartite state in box-world with local dimension 2.

Theorem 4.12. CSP R
2 (3, 2) ⊊ CP R

2 (3, 2).

Proof. We first show that CCl
2 (3, 2) = CSP R

2 (3, 2) and then prove that CCl
2 (3, 2) ⊊ CP R

2 (3, 2).
A classical system of operational dimension 2, i.e. a bit, can be embedded in a box-world
elementary system with state space Ω̃ := Conv{ω1, ω3} and the measurements being the
post-processings of {e1, e3}. To obtain a correlation in CCl

2 (3, 2), suppose the shared clas-
sical state is ωCl

A,B = (pi,j)i,j∈{0,1} with
∑1

i,j=0 pi,j = 1 and pi,j ≥ 0 for all i, j. And the
local stochastic maps are W 2→3

A for A and W 2→3
B for B with entries (W 2→3

A )r,s = wr,s and
(W 2→3

B )r,s = w′
r,s, where r ∈ {0, 1, 2}, s ∈ {0, 1}. Here

∑2
r=0wr,s = 1,

∑2
r=0w

′
r,s = 1 ∀ s ∈ {0, 1}

and wr,s ≥ 0, w′
r,s ≥ 0. The same correlation can be reproduced in box-world using the bipartite

state ωAB = p0,0(ω1)A ⊗ (ω2)T
B + p0,1(ω1)A ⊗ (ω4)T

B + p1,0(ω3)A ⊗ (ω2)T
B + p1,1(ω3)A ⊗ (ω4)T

B

with local sharp measurements {(h0)A = e1, (h1)A = e3} by A and {(h′
0)B = e2, (h′

1)B = e4}
by B followed by classical post-processing of outcomes: W 2→3

A for A and W 2→3
B for B. Thus,

CCl
2 (3, 2) ⊆ CSP R

2 (3, 2).

Consider any joint probability distribution {P (a, b)}2
a,b=0 obtained from a bipartite box-world

state ωAB and sharp-simulable measurements, say {(fa)A =
∑

i∈{0,1} p(a|i) (hi)A}2
a=0 for A

and {(gb)B =
∑

j∈{0,1} p
′(b|j) (h′

j)B}2
b=0 for B. Here, {(h0)A, (h1)A} be the sharp measurement

for A and {(h′
0)B, (h′

1)B} be the sharp measurement for B. Then the correlation {P (a, b)}2
a,b=0

can be expressed as

P (a, b) = Tr
[
(fa)T

A ⊗ (gb)B · ωAB

]
(4.58)

=
∑

i,j∈{0,1}
p(a|i) p′(b|j) Tr

[
(hi)T

A ⊗ (h′
j)B · ωAB

]
(4.59)

Take bipartite classical state ωCl
AB = (p0,0, p0,1, p1,0, p1,1) with pi,j = Tr

[
(hi)T

A ⊗ (h′
j)B · ωAB

]
for i, j ∈ {0, 1} and local column stochastic maps W 2→3

A for A and W 2→3
B for B with entries
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(W 2→3
A )r,s = wr,s = p(r|s) and (W 2→3

B )r,s = w′
r,s = p′(r|s), where r ∈ {0, 1, 2}, s ∈ {0, 1}. This

classical state and measurement gives the same probability distribution as in the Equation
(4.59). Thus, CSP R

2 (3, 2) ⊆ CCl
2 (3, 2).

We will show that CCl
2 (3, 2) ⊂ CP R

2 (3, 2). Consider the bipartite shared state
ωAB = p1

2 ((ω6)AB + (ω16)AB) + 1−p1
2 ((ω22)AB + (ω23)AB) and local measurements {(f0)A =

1
6(e1)A + 1

2(e4)A, (f1)A = 1
3(e1)A + 1

3(e2)A, (f2)A = 1
6(e2)A + 1

2(e3)A} for A and {(g0)B =
1
2(e2)B + 1

6(e3)B, (g1)B = 1
3(e3)B + 1

3(e4)B, (g2)B = 1
2(e1)B + 1

6(e4)B for B. The correla-
tion P = {P (a, b)}2

a,b=0 obtained using the state and measurements is given by P (a, b) =
Tr
[
(fa)T

A ⊗ (gb)B · ωAB

]
.

Consider the payoff function S(2,2,3) = mina,b∈{0,1,2}
a̸=b

P (a, b), defined over the observed joint

probability distribution {P (a, b)}2
a,b=0. Substituting the value p1 = 0.07 in the shared state ωAB

defined above, leads to a correlation {P (a, b)}2
a,b=0 for which S(2,2,3)(P ) = 0.14. This exceeds

the classical bound on the payoff SCl,max
(2,2,3) = SP Q,max

(2,2,3) = 1
8 (using Theorem 4.3 and Equation

(4.11)). Thus, CCl
2 (3, 2) ⊊ CP R

2 (3, 2).
■

Using an operational task, we show that the box-world theory is unphysical. Consider the
setup [n = 2, d = 2, k = 3] with two parties, A and B, sharing states of local operational
dimension 2. Each party has a measurement device producing outcomes a ∈ {0, 1, 2} for A
and b ∈ {0, 1, 2} for B. For this task, we use the payoff function defined in Equation (4.12):
S(2,2,3)(P ) = min a,b

a̸=b

P (a, b) for correlations P = {P (a, b)}2
a,b=0 ∈ C(3, 2)

Theorem 4.13. There exist a correlation P = {P (a, b)}2
a,b=0 ∈ CQ

2 (3, 2) such that P /∈
CP R

2 (3, 2).

Proof. From Theorem 4.3, there is a correlation P = {P (a, b)}2
a,b=0 ∈ CQ

2 (3, 2) achieving
S(2,2,3)(P ) = 1

6 . We now optimise the payoff over correlations in CP R
2 (3, 2). This is done by

considering all states in the convex state space ωAB ∈ ΩAB and measurements {(fa)A ∈ EA}2
a=0,

{(gb)B ∈ EB}2
b=0 with

∑
a∈{0,1,2}(fa)A = uA,

∑
b∈{0,1,2}(gb)B = uB. Numerical maximisation

gives SP R,max
(2,2,3) ≈ 0.156 < 1

6 . ■

We present a class of operational tasks based on simulating specific target correlations or
achieving a payoff function. These tasks require no seed randomness and only assume a
bound on the local dimension of the shared system. We first establish the equivalence between
correlations generated by qudit projective-simulable measurements on a shared system of local
dimension d and those obtained from a pre-shared classical d-level system. In the bipartite
setting, we then provide detection schemes for three- and four-outcome qubit non-projective-
simulable (nPS) measurements, which remain robust against arbitrary noise. We extend the
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discussion to five-outcome qutrit nPS measurements, both in bipartite and tripartite scenarios.
For the case of uncharacterised devices, we numerically derive projective-simulable bounds
on payoff functions and demonstrate their violation using qutrit POVMs on shared qutrit
states. When the measurement devices are assumed to be identical, we show the impossibility of
simulating certain target correlations with two-qutrit projective-simulable measurements. These
correlations can then serve as detection schemes for qutrit nPS measurements. Finally, we show
that some of these tasks can also rule out hypothetical theories without input randomness. For
instance, the square-bit (box-world) theory, which generates PR correlations in Bell scenarios,
is rendered unphysical if a payoff beyond a certain threshold is observed in the corresponding
task.
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Correlation Assisted Classical Communication

Chapter Note

This chapter is partially based on work which was done in collaboration with Dr. Anubhav
Chaturvedi, Dr. Some Sankar Bhattacharya and Prof. Dr. hab Paweł Horodecki [2]. A
part of the chapter is based on unpublished results.

In Chapter 3, we analysed the advantage of quantum communication over classical communica-
tion in a one-way PM scenario. Previous works have also shown the advantage of quantum shared
resources in assisting quantum communication. For example, in the PM scenario with one-way
communication and shared entanglement, two-bit information can be transmitted by sending
only one qubit through superdense coding [7]. Shared entanglement can also increase the capacity
of quantum channels [30] and offer an advantage in other quantum communication tasks [31, 36].

Interestingly, although shared entanglement cannot be used for direct communication, it can
lower the cost of classical communication in information-processing tasks or increase the
probability of success. Initial demonstrations of such advantages appeared in communication
complexity problems, both in bipartite [32] as well as multipartite scenarios [32–34]. These works
showed that classical communication assisted by shared entanglement can outperform shared
randomness-assisted classical communication. Subsequent works further explored such advan-
tages of entanglement-assisted classical communication, often connecting them to violations of
some Bell inequalities [39–44]. In a prepare-and-measure (PM) scenario, [28] showed an example
of unbounded separation between one-way classical communication complexity assisted by shared
entanglement and that assisted by shared randomness: while the former remained constant,
the latter scaled linearly as Ω(n). Several other results have also demonstrated the advantages

107



CHAPTER 5. CORRELATION ASSISTED CLASSICAL COMMUNICATION

of shared entanglement to classical communication in the one-way PM scenario [35–38, 278–280].

Within PM scenarios involving one-way communication, several works have focused on the
minimal setting where Bob has no input, which we refer to as minimal scenario. Here, Alice
receives an input ma ∈ MA and sends a message to Bob, who produces an output n ∈ N. When
only shared randomness is allowed as assistance, sending a d-dimensional quantum system is
equivalent to sending a d-dimensional classical system [281]. Any distribution {p(n|ma)}n,ma

obtained using log2 d qubit communication can also be realised using log2 d bit communication.
Thus, quantum advantage in this minimal PM setting must rely on non-classical resources
such as entanglement. In this minimal PM scenario, works have shown the advantage of shared
entanglement in assisting classical communication. For instance, [45, 46] considered correlation-
assisted channel simulation. The task is to simulate a target channel, say T̄ : T̄ → T̄ , using
some available resource classical channel T : T → T , described by the transition probabilities
{T (τ ′|τ)}τ,τ ′ , and shared correlations. When the target is some noiseless channel and the
available classical channel is a noisy one, then the problem of zero-error simulation involves
finding the maximum alphabet size (zero-error capacity) that can be communicated perfectly
with a single use of the noisy channel T : T → T . It was shown that entanglement assistance
can increase the zero-error capacity of such channels beyond what is possible with shared
randomness alone. Moreover, access to post-quantum resources, such as no-signalling corre-
lations, can lead to further improvements. These benefits also extend to asymptotic settings,
where multiple independent uses of the channel are allowed [45, 46, 162]. The reverse zero-error
channel simulation, where the target is a noisy channel and the available resource channel
is noiseless, was also explored in this work. The goal is to find the noiseless channel with
minimal capacity that suffices for such a simulation with a single use. Here, entanglement
reduces the required capacity compared with shared randomness. Post-quantum no-signalling
correlations require a resource channel of even lower capacity. However, these advantages vanish
asymptotically, highlighting a fundamental contrast between the single-shot and asymptotic
regimes. Similar to the correlation-assisted zero-error channel simulation problem, a task in the
minimal one-way PM scenario was introduced in [282]. The advantage of entanglement-assisted
classical communication for this task is related to quantum contextuality. This highlights a
deeper foundational underpinning of quantum advantages in minimal communication scenarios.
Very recently [283], it was shown that quantum and extremal no-signalling correlations can
enhance the zero-error capacity of a classical channel that otherwise has zero capacity under
shared randomness-assisted communication.

Recently, using a communication task defined in this minimal PM scenario [163] showed that
shared randomness-assisted one-bit communication is suboptimal while correlations violating
the CHSH inequality provide advantageous assistance to the one-bit classical channel. Subse-
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quently, [165] showed that Hardy-type non-local correlations with dichotomic inputs and outputs
provide an advantage over shared randomness in assisting a one-bit classical communication
channel in a task. These works suggest a strong link between non-locality and the advantages
achievable in correlation-assisted classical communication tasks, which we explore in this chapter.

We explore the interplay between non-locality and advantages in correlation-assisted classical
communication by considering a one-way PM scenario with bounded classical communication
where Bob has no input. First, we use a technique called wire-cutting to construct a Bell
inequality tailored to a correlation-assisted bounded classical communication task. For tasks
defined using a linear payoff function, we show that the advantage of entanglement assistance
corresponds exactly to a violation of the associated Bell inequality, and vice versa. This con-
nection allows us to study the advantages of non-local assistance in the communication task
through the Bell inequality violations. Then we explore whether a non-local correlation can
yield an advantage in some classical communication tasks. A key feature of classical channels is
that the message can be read during transmission without disturbing the communication. This
allows us to interpret the communicated letter as an observable and refer to this as wire-reading.
We show that wire-reading reveals advantageous use of non-local correlations in scenarios where
no such advantage exists otherwise. Specifically, including the classical message for the task
uncovers correlations beyond those classically achievable, even when the set of all correlations
in the initial task without wire-reading could be reproduced using shared randomness assistance
to the classical channel.

Using wire-reading, we construct families of bounded classical communication tasks in the
Bob-without-input PM scenario. In these tasks, non-local correlations provide an advantage,
while shared randomness leads to strictly suboptimal payoffs. For each task, we derive the
maximum payoff achievable with shared randomness assistance. In the first family, we prove
that correlations from any non-local facet of the no-signalling polytope optimally assist the
bounded classical channel by achieving the maximum payoff. However, for higher values of
parameters defining the task, this advantage decreases rapidly, making it harder to demonstrate
the advantage of shared entanglement. In particular, some correlations on the isotropic line
connected to a non-local facet, though non-local, may fail to offer an advantage. We then
propose a second family of tasks which can demonstrate the advantage of sharing some of these
correlations. We introduce a class of tasks tailored to a non-local facet in the no-signalling
polytope. Here, correlations in that facet are optimal and maximise the payoff. Considering
tasks defined for non-local extremal or facet correlations with n inputs and dichotomic outputs,
we show that all correlations on the isotropic line joining such an extremal/facet point and
white noise remain resourceful as long as the noise fraction is below 0.5. Finally, we introduce a
third family of tasks that highlights the role of Hardy non-local correlations with dichotomic
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Figure 5.1: One-way prepare-and-measure (PM) scenario with two parties, Alice and Bob. They
communicate through a classical channel T : T → T and may share no-signalling correlations
{P (a, b|x, y)}a,b,x,y ∈ N S, which can be local or non-local. Alice receives a random input m ∈ M,
while Bob has no input and produces an output n ∈ N.

inputs and d ∈ N outputs in assisting a one-bit channel, when d ≥ 2. In this case, the maximum
payoff with shared randomness is zero, while Hardy correlations achieve a payoff equal to the
Hardy violation. The advantage of using quantum-realisable Hardy-type correlations increases
with the task parameter. We explicitly present several instances of quantum advantage for
some of the tasks. For a particular task, we find that two-qutrit entangled states achieve the
maximum payoff, whereas assistance from two-qubit entangled states yields a strictly lower
payoff. This task can be used for the detection of the dimension of the shared entangled state.

The chapter is organised as follows. In Section 5.1, we describe the setup of correlation-
assisted communication tasks and construct a Bell inequality tailored to such tasks using
wire-cutting. We also introduce the notion of wire-reading. In Section 5.2, we present two
families of communication tasks. The first family demonstrates the advantage of assistance
from correlations belonging to any non-local facet of the no-signalling polytope. In the second
family, each task is defined for a non-local facet of the polytope. In Section 5.3, we introduce a
family of tasks showing the advantage of Hardy non-local correlations with dichotomic inputs
in assisting a one-bit channel. Finally, in Section 5.4, we demonstrate the advantage of shared
entanglement in some of these tasks.

5.1 Bell Inequalities for Classical Communication Tasks

We consider a one-way prepare-and-measure (PM) scenario with two parties, Alice and Bob.
They communicate through a single use of a discrete classical channel T : T → T . The channel
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is described by T (τ ′|τ), which represents the probability with which Bob receives symbol
τ ′ ∈ T when Alice sends τ ∈ T . The channel may be noisy in general. If it is noiseless, as in the
case of the tasks we present later, the channel is characterised by T (τ ′|τ) = δτ ′,τ . In addition
to the channel, the parties may share correlations as a resource. These can be classical (shared
randomness), quantum, or even post-quantum (no-signalling). Sharing non-local correlations
is regarded as costly, and we aim to show the advantage of such resources. In this scenario,
Alice receives a random input m ∈ M, while Bob has no input and produces an output
n ∈ N (see Figure 5.1). We assume both M and N are finite sets. Let {p(n|m)}m,n denote the
conditional probability distribution of Bob’s output given Alice’s input. Such a distribution may
be generated by local pre-processing and post-processing using the shared correlations together
with communication. Different tasks can be defined based on this probability distribution. We
consider tasks characterised by a success metric S, which is a linear function of the conditional
probability distribution p = {p(n|m)}m,n, expressed as

(5.1) S(p) =
∑
m,n

wm
n p(n|m) where wm

n ∈ R ∀ n ∈ N,m ∈ M

We denote the communication task in this PM scenario, characterised by the payoff function
in Equation (5.1), as CSM,NT . Suppose the parties share a no-signalling correlation P =
{P (a, b|x, y)}a∈A,b∈B,x∈X,y∈Y ∈ N S. Here, x ∈ X, y ∈ Y denote inputs to the shared correlation
for Alice and Bob, respectively, and a ∈ A, b ∈ B denote the outputs of the no-signalling
correlation for the respective parties (see Section 2.3). This correlation satisfies the no-signalling
constraints given in Equations (2.13) and (2.14). A distribution {p(n|m)}n,m can be realised
using the classical channel T : T → T with no-signalling correlation assistance if there exists
P ∈ N S and suitable strategies such that

(5.2) p(n|m) =
∑

a,b,x,y,τ,τ ′

[
p(x|m) pe(τ |a,m)P (a, b|x, y)T (τ ′|τ) p(y|τ ′) pd(n|τ ′, b)

]
Here, {p(x|m)}x∈X,m∈M is the probability with which Alice selects input x to the no-signalling
correlation upon receiving m. Similarly, {p(y|τ ′)}τ ′∈T,y∈Y is the probability with which Bob
selects input y to the correlation after receiving symbol τ ′. The set {pe(τ |a,m)}τ∈T,a∈A,m∈M

gives Alice’s probability of encoding τ for the channel, based on her input m and output a from
the correlation. The set {pd(n|τ ′, b)}τ ′∈T,n∈N,b∈B gives Bob’s probability of decoding n from his
received symbol τ ′ and correlation output b.

Remark 5.1. Consider a Bell scenario BX̃,Ỹ
Ã,B̃ with Alice and Bob, where X̃ = M, Ỹ = T, Ã = T

and B̃ = N. Thus, Alice and Bob receive inputs m ∈ M and τ ′ ∈ T , and produce outputs
τ ∈ T and n ∈ N, respectively. In this scenario BX̃,Ỹ

Ã,B̃ suppose the parties share a no-signalling
correlation P = {P (a, b|x, y)}a∈A,b∈B,x∈X,y∈Y ∈ N S and apply the following local pre- and
post-processing strategy [234, 235]. Alice queries x ∈ X to this correlation according to
{p(x|m)}x∈X,m∈M, based on her input m ∈ M. Similarly, Bob samples y ∈ Y according to
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distribution {p(y|τ ′)}τ ′∈T,y∈Y, based on his input variables τ ′ ∈ T and uses it as his input
to the correlation. Next, Alice post-processes her outcomes a ∈ A together with m to output
τ ∈ T , following distribution {pe(τ |a,m)}τ∈T,a∈A,m∈M. Bob post-processes his outcome b ∈ B
together with τ ′ to output n ∈ N, following {pd(n|τ ′, b)}τ ′∈T,n∈N,b∈B, respectively. The resulting
no-signalling correlation in BX̃,Ỹ

Ã,B̃ is {P (τ, n|m, τ ′)}τ,n,m,τ ′, which can be written as

P (τ, n|m, τ ′) =
∑

a,b,x,y

[
p(x|m)pe(τ |a,m)P (a, b|x, y)p(y|τ ′)pd(n|τ ′, b)

]
(5.3)

We can rewrite Equation (5.2) using the transformed no-signalling correlation
{P (τ, n|m, τ ′)}τ,n,m,τ ′ given in Equation (5.3).

p(n|m) =
∑
τ,τ ′

T (τ ′|τ)
( ∑

a,b,x,y

[
p(x|m) pe(τ |a,m)P (a, b|x, y) p(y|τ ′) pd(n|τ ′, b)

])
(5.4)

=
∑
τ,τ ′

T (τ ′|τ)P (τ, n|m, τ ′)(5.5)

Thus, the local pre- and post-processing maps transform the correlation {P (a, b|x, y)}a,b,x,y

into the no-signalling correlation {P (τ, n|m, τ ′)}τ,n,m,τ ′ (remark 5.1). The channel T couples
Alice’s post-processed outcome τ with Bob’s preprocessing input τ ′ via the transition probability
T (τ ′|τ), thereby implementing a wiring of the effective correlation. Operationally, Alice receives
input m ∈ M and uses it as input to the transformed correlation {P (τ, n|m, τ ′)}τ,n,m,τ ′ . She
sends her output τ ∈ T through the classical channel T . Bob, upon receiving τ ′ ∈ T , uses it as
input to the correlation and outputs n ∈ N.

Note that Equation (5.2) is not applicable if the correlation P = {P (a, b|x, y)}a,b,x,y allows
signalling from Bob to Alice, as the resulting quantity on the left may not be a valid conditional
probability distribution. In such cases, the distribution {p(n|m)}n,m defined by the equation
may fail to be a valid conditional probability distribution. To see this, consider a correlation
P that is signalling from Bob to Alice. Then there exists x∗ ∈ X such that for some a ∈ A
there are y′, y′′ ∈ Y for which Alice’s marginal distribution PA(a|x∗, y′) ̸= PA(a|x∗, y′′). From
normalisation

∑
a∈A PA(a|x∗, y) = 1 ∀ y ∈ Y. Define a set {ya}a∈A such that for each a, ya ∈ Y

maximises PA(a|x∗, y), i.e. PA(a|x∗, ya) = maxy∈Y PA(a|x∗, y). For the signalling correlation P ,
it is impossible that all ya are equal to some ỹ ∈ Y, since that would imply

∑
a∈A PA(a|x∗, y) < 1

for some y ∈ Y where y ̸= ỹ. Moreover,
∑

a∈A PA(a|x∗, ya) >
∑

a∈A PA(a|x∗, yã) = 1, for some
ã ∈ A. Now consider the PM scenario with M = X, N = B, and T : T → T be a noiseless
channel, i.e. T (τ ′|τ) = δτ ′,τ , with T = Y. Let Alice and Bob choose their received inputs to
P using {p(x|m) = δx,m}x,m and {p(y|τ ′) = δy,τ ′}τ ′,y based on their recieved input/ message.
Let Alice encode using {pe(τ |a,m) = δτ,ya}τ,a,m based on her input m and outcome a, and let
Bob decode using {pd(n|τ ′, b) = δn,b}τ ′,n,b based on his received message and output from P .
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Substituting these into Equation (5.2) for m = x∗ gives

(5.6) p(n|m = x∗) =
∑

a∈A,b∈B,x∈X,
y∈Y,τ,τ ′∈T

[
δx,m δτ,ya P (a, b|x, y)δτ ′,τ δy,τ ′ δn,b

]
=
∑
a∈A

P (a, n|x∗, ya)

Now, we show that
∑

n∈B p(n|m = x∗) is not normalised.

(5.7)
∑
n∈B

p(n|m = x∗) =
∑
n∈B

∑
a∈A

P (a, n|x∗, ya) =
∑
a∈A

PA(a|x∗, ya) > 1

Thus, p(n|m = x∗) is not a valid conditional probability distribution.

Suppose Alice and Bob share a local correlation P = {P (a, b|x, y)}a,b,x,y ∈ L or, equivalently
shared randomness, in the task CSM,N,T , where L is the local polytope. Shared randomness al-
lows them to coordinate their encodings and decodings by randomising over deterministic strate-
gies. Their choices are determined by an ontic state λ ∈ Λ, distributed according to {p(λ)}λ∈Λ.
A conditional probability distribution pΛ = {pΛ(n|m)}n,m is realisable through the classical
channel T : T → T , described by T (τ ′|τ), if there exists a distribution {p(λ)}λ∈Λ, an encoding
scheme {pe(τ |m, λ)}τ∈T,λ∈Λ,m∈M for Alice and a decoding scheme {pd(n|τ ′, λ)}n∈N,τ ′∈T,λ∈Λ for
Bob, such that

(5.8) pΛ(n|m) =
∑

λ,τ,τ ′

[
p(λ)pe(τ |m, λ)T (τ ′|τ)pd(n|τ ′, λ)

]
We will denote a conditional probability that can be expressed as in Equation (5.8) by pΛ =
{pΛ(n|m)}n,m later on. The deterministic encoding and decoding strategies correspond to
functions E : M → T and D : T → N. The maximum payoff, or local bound, achievable in
CSM,N,T with shared randomness assistance to the channel is then

(5.9) sΛ = max
pΛ

S(pΛ) = max
{pe(τ |λ,m)},{pd(n|τ ′,λ)},{p(λ)}

∑
m,n

wm
n pΛ(n|m)

The payoff in Equation (5.1) is linear in the conditional probabilities p(n|m). When Alice and Bob
have access to shared randomness, the local bound can be attained using an optimal deterministic
encoding and decoding strategy. If the conditional probability distribution p = {p(n|m)}n,m

cannot be written in the form of Equation (5.8), then it is not realisable with arbitrary shared
randomness assistance to the channel T : T → T . On the other hand, the same distribution can
be realised with non-local correlation assistance if there exists P ∈ N S \L and suitable encoding
and decoding strategies such that it can be written as in Equation (5.2). If the distribution
p = {p(n|m)}n,m realisable in this way achieves a payoff S(p) =

∑
m,nw

m
n p(n|m) > sΛ in the

task CSM,N,T , then it demonstrates the advantage of non-classical correlation in assisting the
channel. Next, we present a Bell inequality corresponding to the communication task using the
cutting the classical wire procedure.
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Figure 5.2: A schematic representation of the proof technique in Theorem 5.1, showing how
wire-cutting leads to the associated Bell inequality. The task CSM,N,T with payoff function S
corresponds to the Bell functional BS,T .

5.1.1 Cutting the classical wire

For the task CSM,N,T with payoff S defined in Equation (5.1), let the local bound sΛ be given
by Equation (5.9). To connect this task to a Bell inequality, consider a Bell scenario BM,T

T,N . In
this setting, Alice receives input m ∈ M and outputs τ ∈ T , while Bob receives τ ′ ∈ T and
outputs n ∈ N. The resulting no-signalling correlation is P = {P (τ, n|m, τ ′)}τ∈T,n∈N,m∈M,τ ′∈T

as illustrated in Figure 5.2. In BM,T
T,N , we the define following the Bell functional BS,T tailored

to the communication task CSM,N,T :

(5.10) BS,T (P ) =
∑

m,τ,τ ′,n
wm

n T (τ ′|τ) P (τ, n|m, τ ′)

The inequality S(pΛ) ≤ sΛ in the PM scenario then implies a Bell inequality based on Equation
(5.10), where pΛ = {pΛ(n|m)}n,m can be expressed as in Equation (5.8).

Lemma 5.1. For the task CSM,N,T with payoff function S defined in Equation (5.1) and
local bound sΛ, the following Bell inequality holds for all no-signalling correlations P =
{P (τ, n|m, τ ′)}m∈M,n∈N,τ∈T,τ ′∈T with a local hidden variable explanation:

(5.11) BS,T (P ) ≤ sΛ,

where the Bell functional BS,T (P ) is given in Equation (5.10).

Proof. 1 All conditional distributions ={pΛ(n|m)}n,m of the form in Equation (5.8) satisfy the in-
equality S(pΛ) ≤ sΛ for the task CSM,N,T . Now, any correlations
P = {P (τ, n|m, τ ′)}m∈M,n∈N,τ,τ ′∈T ∈ L, with a local-hidden variable model can be written
as

(5.12) P (τ, n|m, τ ′) =
∑

λ

p(λ)P (τ |m, λ)P (n|τ ′, λ)

1Also discussed as Lemma 1 in [2]
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for some probability distributions {p(λ)}λ∈Λ, {P (τ |m, λ)}m∈M,τ∈T,λ∈Λ, and
{p(n|τ ′, λ)}n∈N,τ ′∈T,λ∈Λ. Suppose, for contradiction, that there exists a no-signalling corre-
lation P admitting a local hidden-variable model of the form given in Equation (5.12) such
that BS,T (P ) > sΛ. Assume this correlation P is shared in the task CSM,N,T defined in the
PM scenario. In that case, using the channel T , the encoding {pe(τ |m, λ) = P (τ |m, λ)}τ,m,λ for
Alice, the decoding {pd(n|τ ′, λ) = P (n|τ ′, λ)}n,τ ′,λ for Bob, and shared randomness λ distributed
according to p(λ), the parties can generate a conditional distribution p = {p(n|m)}n,m. It is
of the same form as in Equation (5.8). Substituting this distribution p = {p(n|m)}n,m in the
payoff function S, S(p) =

∑
m,nw

m
n p(n|m) = BS,T (P ) > sΛ. This contradicts the fact that

S(pΛ) ≤ sΛ for all pΛ of the form given in Equation (5.8). ■

Geometrically, Lemma 5.1 shows that the hyperplane S(p) ≤ sΛ, defined over conditional
distributions p = {p(n|m)}n,m implies a corresponding hyperplane BS,T (P ) ≤ sΛ in the no-
signalling polytope N S for the Bell scenario BM,T

T,N . We now show the connection between a
violation of the inequality S(p) ≤ sΛ using no-signalling correlation assistance in task CSM,N,T

and violation of the corresponding Bell inequality BS,T (P ) ≤ sΛ.

Theorem 5.1. Let P = {P (τ, n|m, τ ′)}m∈M,n∈N,τ∈T,τ ′∈T ∈ N S. If P violates the Bell inequality
defined in Equation (5.11), i.e. BS,T (P ) > sΛ, then sharing P in the task CSM,N,T with
payoff function defined in Equation (5.1), yields a payoff strictly larger than the local bound
sΛ. Conversely, corresponding to a violation of the local bound sΛ for the payoff function S
defined for CSM,N,T with no-signalling correlation assistance, i.e. S(p) > sΛ, there exists a
correlation P = {P (τ, n|m, τ ′)}m∈M,n∈N,τ∈T,τ ′∈T ∈ N S, obtained via cutting the classical wire,
which violates the associated Bell inequality given in Equation (5.11), i.e. BS,T (P ) > sΛ.

Proof. 2 Consider a correlation P = {P (τ, n|m, τ ′)}m∈M,n∈N,τ∈T,τ ′∈T ∈ N S that violates the
Bell inequality in Equation (5.11), i.e. BS,T (P ) > sΛ. If P is shared in the task CSM,N,T , the
parties can use a strategy as follows. Alice uses her task input m ∈ M directly as the input
to the correlation P . Upon receiving output τ ∈ T from P , she sends it through the channel
T . Bob, upon receiving symbol τ ′ ∈ T , uses it as his input to P . In the task, he produces
outcome n ∈ N from the correlation P as his final output. Thus, the resulting distribution
p = {p(n|m)}n,m during the task is given as p(n|m) =

∑
τ,τ ′ T (τ ′|τ)P (τ, n|m, τ ′). Using the

expression for Bell functional BS,T as defined in Equation (5.10) and comparing it with the
payoff achieved in the task CSM,N,T using the above strategy, we get

(5.13) S(p) =
∑
m,n

wm
n p(n|m) = BS,T (P ) > sΛ

Now suppose there is a conditional probability distribution p = {p(n|m)}n,m for which S(p) > sΛ

in the task CSM,N,T , that p can be realised using a no-signalling correlation P̃ together with the
2Also discussed as Theorem 1 in [2]
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channel T : T → T , characterised by T (τ ′|τ). In this case, p(n|m) admits a representation of the
form in Equation (5.2), or equivalently in the form of Equation (5.5). The wire-cutting procedure
(see Fig. 5.2) ensures the existence of a correlation P = {P (τ, n|m, τ ′)}m∈M,n∈N,τ∈T,τ ′∈T ∈ N S
such that, when used with T , it realises the distribution p = {p(n|m)}n,m that achieves the
payoff S(p) > sΛ.

This can be seen as follows. From Equation (5.2), there exists an encoding and decoding strategy
for Alice and Bob, using P̃ and T , that realises p = {p(n|m)}n,m. Writing this expression in the
form of Equation (5.5) gives p(n|m) =

∑
τ,τ ′ T (τ ′|τ)P (τ, n|m, τ ′) where {P (τ, n|m, τ ′)}τ,n,m,τ ′

is another no-signalling correlation. The correlation P̃ is related to P by local pre- and post-
processing (see Remark 5.1). Using S(p) > sΛ, we obtain

BS,T (P ) =
∑

m,τ ′,τ,n
wm

n T (τ ′|τ)P (τ, n|m, τ ′) =
∑
m,n

wm
n p(n|m) = S(p) > sΛ(5.14)

■

From the proof of Theorem 5.1 we conclude the following. For a communication task CSM,N,T

with payoff function given in Equation (5.1), the maximum payoff achievable with quantum
correlation assistance equals the maximum quantum violation of the associated Bell inequality
given in Equation (5.11) (see Equations (5.13),(5.14)). Let the maximum payoff attainable
with quantum correlations in CSM,N,T be sQ, achieved by sharing some quantum correlation
P ∈ N S. From Equation (5.14), BS,T (P ) = sQ. Suppose the maximum Bell violation for the
Bell inequality in Equation (5.11) achievable with quantum correlations is BS,T (P ′) = s̃Q ≥ sQ,
and is obtained using P ′ ∈ N S. Then, by Equation (5.13), assistance from P ′ in CSM,N,T

yields payoff s̃Q. Hence, s̃Q = sQ. This equivalence facilitates the investigation of the maximal
quantum advantage in CSM,N,T through the well-developed methods for bounding the maximum
quantum violation of Bell inequalities, in particular non-commutative polynomial optimisation
(NPO) [1, 37, 284, 285]. Next, we discuss wire-reading, which will be useful in constructing
some of the correlation-assisted communication tasks introduced later.

5.1.2 Wire reading

In a classical channel T : T → T , the transmitted message can be observed without disturbing
the communication. Thus, the communicated message can be recorded [286–288]. We refer to
this as wire-reading, which is shown in Figure 5.3. Since the classical message can be accessed,
we define a linear payoff for a task in the one-way PM scenario that depends both on the
transmitted letter and on Bob’s output. In the PM scenario as before, M and N denote Alice’s
inputs and Bob’s outputs, respectively, and the parties share a one-way classical channel
T : T → T . Here, T (τ ′|τ) gives the probability with which Bob receives τ ′ ∈ T when
Alice sends symbol τ ∈ T . The payoff function for a task with wire-reading is defined on the
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Figure 5.3: A task CWM,N,T with wire-reading in PM scenario considering distribution p =
{p(τ ′, n|m)}n,m,τ ′ .

distribution p = {p(τ ′, n|m)}n∈N,m∈M,τ ′∈T , where p(τ ′, n|m) is the probability that Bob receives
message τ ′ and outputs n when Alice receives input m. We denote the payoff function as SW

and it is given as

(5.15) SW (p) =
∑

m,τ ′,n
wm

τ ′,n p(τ ′, n|m) where wm
τ ′,n ∈ R ∀ n ∈ N,m ∈ M, τ ′ ∈ T

This task with wire-reading is denoted as CWM,N,T . For a noiseless classical channel T , it
can be equivalently viewed as another communication task CSM̃,Ñ,T in the PM scenario whose
payoff function S is independent of the transmitted message.

Proposition 5.1. For every task CWM,N,T with a noiseless channel T , there exists a corre-
sponding task CSM̃,Ñ,T without wire-reading such that, given assistance from some P ∈ N S,
the optimal payoff sopt obtained in the former equals to the optimal payoff sopt

W in the latter task
when the same correlation is used.

Proof. In task CWM,N,T with input-output sets M and N and a noiseless classical channel
T : T → T , i.e., T (τ ′|τ) = δτ ′,τ , the payoff function is given as

(5.16) SW (p) =
∑

m∈M,τ ′∈T,n∈N
wm

τ ′,n p(τ ′, n|m) where wm
τ ′,n ∈ R ∀ n ∈ N,m ∈ M, τ ′ ∈ T

Here, Bob’s received message τ ′ is identical to Alice’s sent message τ . Suppose the parties share
a no-signalling correlation P = {P (a, b|x, y)}a∈A,b∈B,x∈X,y∈Y ∈ N S. Let the optimal payoff
with assistance from P be sopt

W . Since SW (p) is linear in p(τ ′, n|m), sopt
W can be achieved while

using some optimal deterministic strategy of the following form. Alice’s input x = FX(m)
to the correlation P is determined by a FX : M → X and her input m ∈ M. Similarly, the
function FT : M × A → T determines Alice’s encoded message τ = FT(m, a) using m and the
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output a ∈ A from the correlation P . Bob uses a function FY : T → Y to determine his input
y = FY(τ ′) to the correlation P after receiving message τ ′ ∈ T . Using the output b ∈ B from
P based on the input, Bob outputs n = FN(τ ′, b) according to function FN : T × B → N. The
resulting conditional probability distribution p = {p(τ ′, n|m)}n∈N,m∈M,τ ′∈T is

p(τ ′, n|m) =
∑

a,b,x,y,
τ

[
δx,FX(m) δτ,FT(m,a) P (a, b|x, y) δτ ′,τδy,FY(τ ′) δn,FN(τ ′,b)

]
(5.17)

=
∑

a,b,x,y

[
δx,FX(m) δτ ′,FT(m,a) P (a, b|x, y) δy,FY(τ ′) δn,FN(τ ′,b)

]
(5.18)

Now, sopt
W = SW (p) =

∑
m∈M,τ ′∈T,n∈Nw

m
τ ′,n.

The task corresponding to CWM,N,T in the PM scenario is denoted CSM̃,Ñ,T , where M̃ =
M ∪ T and Ñ = T × N are the input and output sets for Alice and Bob. T : T → T is the
noiseless channel with T (τ ′|τ) = δτ ′,τ . If the conditional probability distribution of output
n = (n(0), n(1)) ∈ T × N given input m ∈ M ∪ T is p̄ = {p̄(n|m) = p̄(n(0), n(1)|m)}n∈Ñ,m∈M̃, then
the payoff function S for this task is defined as

S(p̄) =
∑

m∈M̃,

(n(0),n(1))∈Ñ

w̃m
n(0),n(1)

p̄(n(0), n(1)|m), w̃m
n(0),n(1)

=

 wm
n(0),n(1)

for m ∈ M

−Θ(1 − δn(0),m) for m ∈ T
(5.19)

−Θ is a large penalty, which can be regarded as −∞3. This enforces zero-error guessing of Alice’s
input by Bob, i.e. n(0) = m when m ∈ T , in order to avoid the penalty. As before, consider that
assistance from the shared correlation P is given, and Alice and Bob use the following strategy.
Alice’s input x ∈ X to P is determined by a function F̃X : M̃ → X, where F̃X(m) = FX(m)
for m ∈ M and F̃X(m) = x1 otherwise, for some fixed x1 ∈ X. Her encoding is given by
F̃T : M̃ × A → T , which maps input m and correlation output a to a message τ ∈ T . Specifically,
F̃T(m, a) = FT(m, a) when m ∈ M and F̃T(m, a) = m when m ∈ T . Bob determines his input
using F̃Y = FY : T → Y based on the received message τ ′. Given τ ′ and correlation output b,
Bob outputs n = (n(0), n(1)) according to F̃N : T × B → T × N, defined as F̃N := idT × FN, i.e.,
F̃N(τ ′, b) = (τ ′,FN(τ ′, b)). The resulting distribution p̄ = {p̄(n|m) = p̄(n(0), n(1)|m)}n∈Ñ,m∈M̃ is

p̄ (n(0), n(1)|m) =
∑

a,b,x,y,τ,τ ′

[
δx,F̃X(m) δτ,F̃T(m,a) P (a, b|x, y) δτ ′,τδy,FY(τ ′) δ(n(0),n(1)),F̃N(τ ′,b)

](5.20)

=
∑

a,b,x,y,τ ′

[
δx,F̃X(m) δτ ′,F̃T(m,a) P (a, b|x, y) δy,FY(τ ′) δn(0),τ ′ δn(1),FN(τ ′,b)

]
(5.21)

=
∑

a,b,x,y

[
δx,F̃X(m) δn(0),F̃T(m,a) P (a, b|x, y) δy,FY(n(0)) δn(1),FN(n(0),b)

]
(5.22)

3A similar penalty was used in [165] to enforce that Bob avoids certain outputs conditioned on Alice’s input.

118



5.1. BELL INEQUALITIES FOR CLASSICAL COMMUNICATION TASKS

For m ∈ M, comparing Equation (5.22) with Equation (5.18), we see that p̄ (n(0) = t1, n(1) =
t2|m) = p (τ ′ = t1, n = t2|m). Also,

∑
n(1)∈N p̄ (n(0) = m, n(1)|m) = 1 for all m ∈ T . Substituting

these relations into Equation (5.19), we obtain
(5.23)
S(p̄) =

∑
m∈M̃,(n(0),n(1))∈Ñ

w̃m
n(0),n(1)

p̄(n(0), n(1)|m) =
∑

m∈M,(n(0),n(1))∈Ñ

w̃m
n(0),n(1)

p̄(n(0), n(1)|m) = sopt
W

Thus, the above strategy with shared correlation P yields payoff sopt
W in the task CWM,N,T . If

the optimal payoff in CWM,N,T with assistance from P is denoted sopt, then clearly sopt
W ≤ sopt.

In the next step, we show that sopt ≤ sopt
W , which implies sopt = sopt

W . Since payoff function S in
Equation (5.19) is linear in p̄(n(0), n(1)|m), the payoff sopt can be achieved using a deterministic
strategy with shared correlation P . Alice determines her input x ∈ X to P via a function F̄X :
M̃ → X, depending on her input m. Her encoding τ ∈ T is chosen according to F̄T : M̃ × A → T ,
based on m and the correlation output a. Bob uses F̄Y : T → Y to select his input y = F̄Y(τ ′)
to P after receiving τ ′ ∈ T . Finally, his output (n(0), n(1)) = F̄N(τ ′, b) ∈ Ñ is determined by
F̄N : T ×B → T ×N, applied to (τ ′, b), where b is his outcome from P . The resulting conditional
probability distribution p̄ = {p̄(n(0), n(1)|m)} is

p̄ (n(0), n(1)|m) =
∑

a,b,x,y,τ ′

[
δx,F̃X(m) δτ ′,F̄T(m,a) P (a, b|x, y) δy,F̄Y(τ ′) δ(n(0),n(1)),F̄N(τ ′,b)

]
(5.24)

When Alice’s input m ∈ T , Bob must output n(0) = m to avoid the penalty defined in Equation
(5.19). To satisfy

∑
n(1)

p̄(n(0) = m, n(1)|m) = 1 ∀ m ∈ T , we require τ = τ ′ = F̄T(m) =
ζ(m) for all m ∈ T , where ζ : T → T is a permutation. Bob’s output must take the form
(n(0), n(1)) = F̄N(τ ′, b) = (ζ−1(τ ′), F̄N1(τ ′, b)) where F̄N1 : T × B → N determines his second
output component n(1). When m ∈ M, substituting it in Equation (5.24), we get

p̄(n(0), n(1)|m) =
∑

a,b,x,y,τ ′

[
δx,F̄X(m) δτ ′,F̄T(m,a) P (a, b|x, y) δy,F̄Y(τ ′) δ(n(0),n(1)),(ζ−1(τ ′),F̄N1(τ ′,b))

](5.25)

=
∑

a,b,x,y,τ ′

[
δx,F̄X(m) δτ ′,F̄T(m,a) P (a, b|x, y) δy,F̄Y(τ ′) δn(0),ζ−1(τ ′)δn(1),F̄N1(τ ′,b)

]
(5.26)

=
∑

a,b,x,y

[
δx,F̄X(m) δζ(n(0)),F̄T(m,a) P (a, b|x, y) δy,F̄Y(ζ(n(0))) δn(1),F̄N1(ζ(n(0)),b)

]
(5.27)

=
∑

a,b,x,y

[
δx,F̄X(m) δn(0),F̄T′(m,a) P (a, b|x, y) δ

y,F̄Y′(n(0)) δn(1),F̄N′
1(n(0),b)

]
(5.28)

where F̄Y′ = F̄Y ◦ ζ, and F̄N′
1(τ, b) = F̄N1(ζ(τ), b). Similarly, F̄T′ = ζ−1 ◦ F̄T. The resulting

distribution p̄ = {p̄(n(0), n(1)|m)} achieves payoff sopt.

In task CWM,N,T , the parties adopt the following strategy while sharing P . Alice uses a function
FX : M → [X] for choosing the input to P , where FX(m) = F̄X(m). Her encoding is given by
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m\(τ ′, n) (0, 0) (0, 1) (1, 0) (1, 1)
1 1

4 0 0 1
4

2 1
4 0 1

4 0
3 0 1

4 0 1
4

4 0 1
4

1
4 0

Table 5.1: The coefficients {wm
τ ′,n}τ ′,m,n in payoff function SW for task CSM,N,T where m ∈

M = {1, 2, 3, 4} and n ∈ N = {0, 1} and τ ′ ∈ T = {0, 1}.

FT : M × A → T , with FT(m, a) = F̄T′(m, a) for m ∈ M and a ∈ A. Bob selects his input to
P using FY : T → Y, where FY(τ ′) = F̄Y(τ ′) based on the received message τ ′. His output
n is determined by F̄N′

1 : T × B → N, which depends on τ ′ and the outcome b from P . The
resulting probability distribution p = {p(τ ′, n|m)}m,τ ′,n has the same form as Equation (5.28)
for m ∈ M. Since w̃m

t1,t2 = wm
t1,t2 for m ∈ M the payoff is again sopt. Hence, for the correlation P ,

the optimal payoff in both tasks are equal, i.e. sopt
W = sopt. ■

From Proposition 5.1, the bounds on the payoff in task CWM,N,T with shared randomness, en-
tanglement, or no-signalling assistance are equal to the corresponding bounds for task CSM̃,Ñ,T .
In communication tasks defined in the PM scenario, adding wire-reading can reveal an advan-

tage from entanglement assistance, which may not exist otherwise. To illustrate, consider the
task CSM,N,T where Alice has a noiseless one-bit channel T : {0, 1} → {0, 1}, i.e., T = {0, 1}
and T (τ ′|τ) = δτ ′,τ . Alice’s input set is M = {1, 2, 3, 4}, and Bob’s output set is N = {0, 1}. The
payoff function S(p) =

∑
m,nw

m
n p(n|m) is defined over probability distribution p = {p(n|m)}n,m.

The maximum payoff achievable by optimising over all correlations and communication resources
is Salg =

∑
m∈M[maxn∈N{wm

n }] which we call the algebraic maximum for the payoff. In this task,
Salg can already be reached using shared randomness and the noiseless one-bit channel. Given
input m, Alice sends τ = ñ such that wm

ñ = maxn∈N{wm
n }. Bob outputs n = τ ′ = ñ to achieve

Salg. Hence, this task cannot witness any advantage from non-classical correlation assistance.

In the same PM scenario with the given input and output sets, consider the task CWM,N,T with
payoff function SW (p) =

∑
m,n,τ ′ wm

τ ′,n p(τ ′, n|m) defined over distribution p = {p(τ ′, n|m)}τ ′,n,m.
The coefficients wm

τ ′,n are given in Table 5.1. The algebraic maximum for payoff Salg
W = 1. Using

shared randomness assistance to the channel, the maximum achievable payoff (local bound)
is 3

4 . Consider the deterministic decoding strategy D : T → N by Bob where n = D(τ ′) = τ ′.
An optimal deterministic encoding for Alice then is E : M → T where E(1) = E(4) = 0 (or
equivalently 1), E(2) = 0 and E(3) = 1. This strategy achieves payoff 3

4 . Similarly, the maximum
payoff using any other deterministic encoding-decoding pair is at most 3

4 . Since SW is linear in
the conditional probabilities, the maximum achievable payoff with shared randomness is also 3

4 .
The advantage of non-local correlations in this task follows from Theorem 5.3 and Corollary 5.1
in Section 5.2.1, which will be discussed later, by taking the case d = 2, k = 2.
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5.2 Classical Communication Tasks Witnessing Non-locality

We now introduce two families of one-way classical communication tasks based on wire-reading.
In both cases, the local bounds on the payoff achievable with shared randomness are strictly
suboptimal. The first family shows that sharing any correlation from a non-local facet of the
no-signalling polytope leads to an advantage. Each task in the second family is tailored to
specific non-local facets of the no-signalling polytope.

5.2.1 Task: CW[d, k]

Task Outline: In the task CW[d, k], Alice receives as input a random function f : [d] → [k]. She
sends a single symbol z1 ∈ [d] to Bob through a noiseless classical channel T : [d] → [d]. Bob
must then output a value z2 ∈ [k] such that z2 ̸= f(z1). Equivalently, Bob’s task is to avoid
returning the image of the element transmitted by Alice under f .

In task CW[d, k]4, the input and output sets are M = {1, · · · , k}d and N = [k], with d, k ≥ 2
and d, k ∈ N. The classical communication channel is noiseless, T : [d] → [d], with T = [d] and
T (τ ′|τ) = δτ ′,τ . Alice receives an input m = (m(1), · · · ,m(d)) ∈ M . Bob produces an output
n ∈ N. Let p = {p(τ ′, n|m)}τ ′,n,m denote the conditional distribution where Bob receives message
τ ′ ∈ [d] and outputs n ∈ N given Alice’s input m ∈ M. The payoff function for the task is

SW (p) =
∑

m,n,τ ′

wm
τ ′,n p(τ ′, n|m) where wm

τ ′,n = 1
kd

(1 − δn,m(τ ′))(5.29)

For input m = (m(1), · · · ,m(d)), the parties receive payoff 1
kd if Bob’s output n ̸= m(τ ′) (τ ′-th

component of m). Here τ ′(= τ) is the message transmitted and received through the noiseless
channel T . The case d = 2, k = 2 is inspired by the task in [163], where Alice instead has 6
possible inputs. The algebraic maximum for the payoff

Salg
W =

∑
m

max
n∈N,τ ′∈[d]

{wm
τ ′,n} =

∑
m∈M

1
kd

= 1(5.30)

We now derive the local bound on the payoff when the parties use shared randomness in addition
to the channel.

Theorem 5.2. The maximum payoff with shared randomness assistance to classical channel
T : [d] → [d] in CW[d, k] is sΛ = (1 − 1

kd ).

Proof. Suppose Bob uses a deterministic decoding D : [d] → N, so that on receiving τ ′ ∈ [d] he
outputs n = D(τ ′). Consider an input m = (m(1), . . . ,m(d)) ∈ M of Alice such that m(i) = D(i)
for each i ∈ {1, · · · , d}. Let Alice use a deterministic encoding E : M → [d], sending τ = E(m).
For the above input m, Bob’s output after getting message τ ′ = τ is n = D(τ ′) = m(τ ′).

4Also discussed in Section 3 of [2]
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In this case, the conditional probability p(τ ′ = E(m), n = D(τ ′)|m) = p(τ ′ = E(m), n =
m(τ ′)|m) = 1 =⇒ p(τ ′, n ̸= m(τ ′)|m) = 0. Thus, the payoff for this input m is 0 under the
encoding E and decoding D. Note that Alice’s choice of E is independent of Bob’s choice of
D. Moreover, for every deterministic decoding D, there exists such an input m for which the
payoff is 0, regardless of Alice’s deterministic encoding. Hence, the payoff is upper bounded by
(Salg

W − 1
kd ) = (1 − 1

kd ) for any deterministic encoding-decoding pair. Since the payoff function is
linear in Equation (5.29), the maximum achievable payoff with shared randomness is attained by
some deterministic strategy. Hence, the local bound for the task CW[d, k] satisfies sΛ ≤ (1− 1

kd ).

We now show that this upper bound can be saturated with shared randomness assistance. Let
Bob’s deterministic decoding be D : [d] → N, defined by D(τ ′) = 1 ∀ τ ′ ∈ [d]. Alice’s sends τ =
E(m) determined by E : M → [d], where E(m) = 1 if m = (1, 1, · · · , 1), else E(m) = min{i ∈ [d] :
m(i) > 1} for input m = (m(1), · · · ,m(d)) ∈ M. For input m = (m(1), · · · ,m(d)) ̸= (1, 1, · · · , 1),
Alice sends τ = E(m) and Bob outputs n = D(τ) = 1. Since m(τ) > 1, we have n = 1 ̸= m(τ) for
m ̸= (1, 1, · · · , 1). The payoff using this strategy is

∑
m∈M,m̸=(1,1,··· ,1)( 1

kd ) = (1 − 1
kd ). ■

Before showing the advantage of using non-local correlation in this task, we prove the following
property of non-local correlations.

Lemma 5.2. Let LB : Y → B be a function. For any correlation
P = {P (a, b|x, y)}a∈A,b∈B,x∈X,y∈Y lying in a non-local facet of the no-signalling polytope
N S, there exists an input x ∈ X such that for all a ∈ A there exists a non-empty set
Φx,a
LB (P ) = {y ∈ Y : P (a, b = LB(y)|x, y) = 0}.

Proof. Let {P (i)
L } and {P (i)

NL} denote the sets of local and non-local extremal points of the
no-signalling polytope N S. Each local extremal point P (i)

L is specified by a pair of functions
LA : X → A and LB : Y → B. Consider correlation P = {P (a, b|x, y)}a∈A,b∈B,x∈X,y∈Y lying
on a non-local facet of N S. Either P ∈ {P (i)

NL} or it can only be expressed as a convex
mixture of such extremal points. Assume, for showing contradiction, that the lemma fails
for some function LB : Y → B and some P on a non-local facet. Thus, for every x ∈ X
there exists at least one ax ∈ A such that Φx,ax

LB (P ) = ∅. As a result, ∀ y ∈ Y, P (ax, b =
LB(y)|x, y) > 0 =⇒ P (b = LB(y)|x, y, ax)P (ax|x) > 0 (by Bayes rule and no-signalling) thus
P (b = LB(y)|x, y, ax) > 0 ∧ P (ax|x) > 0. Now, using these outcomes for each x ∈ X, we define
the function LA : X → A. Here, LA(x) = ax ∈ A such that P (ax|x) > 0 and Φx,ax

LB (P ) = ∅.
Now consider the local extremal point PL = {PL(a, b|x, y)}a∈A,b∈B,x∈X,y∈Y defined by the pair
LA : X → A and LB : Y → B, i.e., PL(a, b|x, y) = δa,LA(x)δb,LB(y). By construction, ∀x, y
whenever PL(a, b|x, y) = 1, we also have P (a, b|x, y) > 0. Thus, P admits a decomposition as
P = pPL + (1 − p)P̃ where 0 < p ≤ 1 and P̃ ∈ N S. But this contradicts the assumption that
P lies on a non-local facet, since such correlations cannot have a convex decomposition with
positive weight corresponding to a local extremal point PL ∈ {P (i)

L }. ■
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Lemma 5.3. Given a function LB : [d] → [k] and a non-local facet Face{P (i)
NL}i∈J spanned

by non-local extremal points {P (i)
NL}i∈J . There exists an input x∗ ∈ X, independent of the

choice of P (i)
NL with i ∈ J , such that for every a ∈ A there exists a non-empty subset Φx∗,a

LB =⋂
i∈J Φx∗,a

LB (P (i)
NL) ⊆ Y. For each a ∈ A and y ∈ Φx∗,a

LB , P (i)
NL(a, b = LB(y)|x, y) = 0 ∀ i ∈ J

Proof. Consider the correlation P =
∑

i∈J
1

|J |P
(i)
NL in non-local facet Face{P (i)

NL}i∈J . From
Lemma 5.2, there exists an input x ∈ X such that for all a ∈ A there exists a non-empty
set Φx,a

LB (P ) = {y ∈ Y : P (a, b = LB(y)|x, y) = 0}. From the definition of correlation P ,
P (a, b = LB(y)|x, y) = 1

|J |
∑

i∈J P
(i)
NL(a, b = LB(y)|x, y) = 0. Thus, for y ∈ Φx,a

LB (P ), P (i)
NL(a, b =

LB(y)|x, y) = 0 for all i ∈ J . This implies y ∈ Φx,a
LB (P (i)

NL) ∀ i ∈ J whenever y ∈ Φx,a
LB (P ). As a

result, with this choice of x∗ = x and for all a ∈ A, Φx∗,a
LB =

⋂
i∈J Φx∗,a

LB (P (i)
NL) ⊇ Φx∗,a

LB (P ) ̸= ∅.
■

Theorem 5.3. For the task CW[d, k], assistance from any correlation lying on a non-local
facet of the no-signalling polytope N S := {P = {P (a, b|x, y)}a∈A,b∈B=[k],x∈X,y∈Y=[d]} achieves
the algebraic maximum payoff Salg

W = 1.

Proof. In the task CW[d, k], let the parties share a correlation P =
{P (a, b|x, y)}a∈A,b∈[k],x∈X,y∈[d] from a non-local facet of the no-signalling polytope N S := {P =
{P (a, b|x, y)}a∈A,b∈[k],x∈X,y∈[d]}. Here B = [k],Y = [d]. Each input m = (m(1), · · · ,m(d)) ∈ M =
{1, · · · , k}d can be identified with a function LB : [d] → [k] defined by LB(i) = m(i)∀ i ∈ [d].
From Lemma 5.2, for this function LB and correlation P , there exists an xm ∈ X such
that for every a ∈ A there is a non-empty subset Φxm,a

LB (P ) ⊆ [d]. For each y ∈ Φxm,a
LB (P ),

P (a, b = LB(y)|xm, y) = 0. Using this observation, Alice and Bob implement the following
protocol for input m.

Encoding: For the input m Alice chooses xm ∈ X as her input to the correlation P . Obtaining
the output a ∈ A from P , she sends a fixed element y(m,a) ∈ Φxm,a

LB (P ) ⊆ [d] as message τ .
Decoding: Bob after receiving symbol τ ′ = τ uses it as his input to P , i.e. y = τ ′ = y(m,a). He
uses the outcome b ∈ [k] from the correlation P as the final output, i.e. n = b. The resulting
probability p(τ ′, n|m) is

p(τ ′, n|m) =
∑

x,a,y,b,τ

δx,xmδτ,y(m,a)δτ,τ ′δy,τ ′P (a, b|x, y)δn,b =
∑

a

δτ ′,y(m,a)P (a, n|xm, y(m,a))(5.31)

For a given input m, this protocol guarantees p(τ ′, n|m) = 0 whenever τ ′ /∈ {y(m,a)}a∈A. For
n = m(τ ′), p(τ ′, n|m) = 0 as

∑
a δτ ′,y(m,a)P (a, n|xm, y(m,a)) = 0 in this case from the choice of

y(m,a) for each a ∈ A. As a result, p(τ ′, n ̸= m(τ ′)|m) = 1. Thus, the protocol achieves payoff∑
m∈M( 1

kd ) = 1. ■
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Corollary 5.1. Let P = {P (a, b|x, y)}a∈A,b∈B=[k],x∈X,y∈Y=[d] belong to a non-local facet of
the no-signalling polytope N S. For any p with (1 − 1

kd−1 ) < p ≤ 1, the correlation P̃ =
pP+(1−p)PW N provides an advantage over shared randomness assistance in the task CW[d, k].

Proof. Sharing the correlation P = {P (a, b|x, y)}a∈A,b∈B=[k],x∈X,y∈Y=[d] from a non-local facet
of the no-signalling polytope N S, the parties can follow the protocol from the proof of Theorem
5.3 and achieve the algebraic maximum Salg

W = 1 in the task CW[d, k]. Now suppose they
use the same protocol while sharing the white noise correlation PW N = {PW N (a, b|x, y) =

1
|A|k }a∈A,b∈B=[k],x∈X,y∈Y=[d]. For input m ∈ M, Alice chooses xm ∈ X, the same as in the protocol
for correlation P , as the input to the correlation PW N . Getting output a ∈ A from PW N ,
sends τ = y(m,a) ∈ Φxm,a

LB (P ) ⊆ [d]. For m, let rτ,m be the number of outcomes a ∈ A for
which Alice sends τ . Clearly,

∑
τ∈[d] rτ,m = |A| ∀ m ∈ M. Bob, after receiving τ ′ = τ , queries

PW N with y = τ ′, and outputs b ∈ [k] from PW N as n = b. The conditional distribution
p = {p(τ ′, n|m)}τ ′,n,m is then

p(τ ′, n|m) =
∑
a∈A

δτ ′,y(m,a)PW N (a, n|xm, y(m,a)) =
∑
a∈A

δτ ′,y(m,a)

1
k

1
|A|

= 1
k|A|

rτ ′,m(5.32)

For each m ∈ M and τ ′ ∈ [d], there is exactly one value n ∈ [k] such that n = mτ ′ . From
Equation (5.32), p(τ ′, n ̸= m(τ ′)|m) = 1

k|A|rτ ′,m(k − 1). The resulting payoff is

SW (p) =
∑

m∈M
[
∑

τ ′∈[d]

1
kd
p(τ ′, n ̸= m(τ ′)|m)] =

∑
m∈M

[
∑

τ ′∈[d]

1
kd

1
k|A|

rτ ′,m(k − 1)](5.33)

=
∑

m∈M

1
kd+1|A|

(k − 1)[
∑

τ ′∈[d]
rτ ′,m] =

∑
m∈M

1
kd+1 (k − 1) = (k − 1)

k
(5.34)

Using linearity of the payoff, sharing the noisy correlation P̃ = pP + (1 −p)PW N with 0 ≤ p ≤ 1
gives payoff p(1) + (1 − p) (k−1)

k with above strategy. This is strictly greater than the shared
randomness bound 1 − 1

kd whenever p+ (1 − p) (k−1)
k > 1 − 1

kd =⇒ p > (1 − 1
kd−1 ). ■

Note that local bound on the payoff sΛ = (1 − 1
kd ) for the task CW[d, k] approaches the

algebraic maximum Salg
W = 1 polynomially in k and exponentially in d. Consider a correlation

P = {P (a, b|x, y)}a∈A,b∈[2],x∈X,y∈[3] lying on a non-local facet of the polytope N S. In the task
CW[d = 3, k = 2], following the protocol used in the proof of Corollary 5.1, assistance from
any correlation on the isotropic line between P and PW N , namely P̃ = pP + (1 − p)PW N , does
not provide an advantage over shared randomness when p ≤ 3

4 . We now present another family
of communication tasks. For certain tasks in this family, we show that correlations of the form
pP + (1 − p)PW N are already advantageous for 1

2 < p ≤ 1 (see Corollaries 5.3 and 5.5).
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5.2.2 Task: CW[{P
(i)
NL}i∈J , d, k]

Task Outline: In task CW[{P (i)
NL}i∈J , d, k]5, Alice receives a randomly chosen relation R ⊆

[d] × [k]. This relation is a map from [d] to [k] of a particular type, satisfying conditions (i) and
(ii) stated below. Alice sends an element z1 ∈ [d] to Bob through a noiseless classical channel
T : [d] → [d]. Bob’s output z2 ∈ [k] must be one of the images of z1 under the relation R for
them to succeed. The set of possible relations R is not listed explicitly. Instead, they are defined
implicitly by starting with a function LB : [d] → [k] and through Lemma 5.2 and Lemma 5.3
stating the compliance conditions (i) and (ii) for the relation. Condition (i) ensures that the
payoff under shared randomness assistance is always suboptimal. Condition (ii) guarantees
the existence of a protocol that achieves the algebraic maximum payoff whenever the parties
are assisted by a correlation P lying on the non-local facet determined by the extremal points
{P (i)

NL}i∈J . Unlike a function, a relation R may assign more than one image in [k] to a given
element of [d].

Here, Face{P (i)
NL}i∈J denotes a non-local facet of the no-signalling polytope N S := {P =

{P (a, b|x, y)}a∈A,b∈[k],x∈X,y∈[d]} (with B = [k],Y = [d]). This facet is the convex hull of certain
non-local extremal points {P (i)

NL}i∈J , where J indexes the non-local extremal correlations that
span it. In the task CW[{P (i)

NL}i∈J , d, k], Alice’s input set M is a set consisting of some relations
m ⊂ [d] × [k], and Bob’s output set is N = [k]. To specify the set of relations that form M, we
first introduce the following notion. As noted earlier, these relations are not enumerated ex-
plicitly. Instead, they are defined implicitly as those satisfying the required conditions (i) and (ii).

From Lemma 5.3, the following is satisfied for the non-local extremal points {P (i)
NL}i∈J spanning

the non-local facet Face{P (i)
NL}i∈J . Consider a function LB : [d] → [k]. There exists an

input x∗ ∈ X, independent of the choice of P (i)
NL with i ∈ J , such that for every a ∈ A

there exists a non-empty subset Φx∗,a
LB =

⋂
i∈J Φx∗,a

LB (P (i)
NL) ⊆ Y. For all y ∈ Φx∗,a

LB and
P

(i)
NL = {P (i)

NL(a, b|x, y)}a∈A,b∈[k],x∈X,y∈[d] with i ∈ J ,

P
(i)
NL(a, b = LB(y)|x∗, y) = 0(5.35)

For each y ∈ Φx∗,a
LB we define the set

(5.36) Φx∗,a,y
LB := {b ∈ [k] : P (i)

NL(a, b|x∗, y) > 0 for some i ∈ J}

Note that the above set depends on LB through y ∈ Φx∗,a
LB . Also all b ∈ Φx∗,a,y

LB satisfy b ̸= LB(y).

Remark 5.2. The set ∪
y∈Φx∗,a

LB
Φx∗,a,y
LB = ∅ if and only if P (i)

NL(a|x∗) = 0 for all i ∈ J . Indeed,

let Φx∗,a,y
LB = ∅ for some y ∈ Φx∗,a

LB then,
∑

b P
(i)
NL(a, b|x∗, y) = 0 = P

(i)
NL(a|x∗) for all i ∈ J . It is

straightforward to see that if P (i)
NL(a|x∗) = 0 for all i ∈ J then ∪

y∈Φx∗,a
LB

Φx∗,a,y
LB = ∅.

5Also discussed in Section 3 of [2]
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Consider the sets Φx∗,a
LB and Φx∗,a,y

LB defined above for the function LB and each a ∈ A. Now,
consider all relations RLB ⊂ [d] × [k] that satisfy the following conditions:

(i) For y ∈ [d], b ∈ [k], if (y, b) ∈ RLB, then b ̸= LB(y).

(ii) For every a ∈ A with ∪
y∈Φx∗,a

LB
Φx∗,a,y
LB ̸= ∅, there exists y ∈ Φx∗,a

LB , such that (y, b) ∈ RLB

for all b ∈ Φx∗,a,y
LB .

For each function LB : [d] → [k], let MLB be the set of such relations. We define the set
M := ∪LB:[d]→[k]MLB.

Lemma 5.4. Given a function LB : Y → B, the set MLB is non-empty and there are at least
two distinct elements in M := ∪LB:[d]→[k]MLB.

Proof. Given function LB : Y → B, for the non-local facet Face{P (i)
NL}i∈J consider the as-

sociated input input x∗ ∈ [X] as in Lemma 5.3 (same as discussed above). For all i ∈ J ,∑
a∈A P

(i)
NL(a|x∗) = 1. Thus, for each i ∈ J , there exists at least one a ∈ A such that

P
(i)
NL(a|x∗) > 0. Consider the set of all a ∈ A such that P (i)

NL(a|x∗) > 0 for some i ∈ J

and denote this set by Ã ⊆ A. Using Remark 5.2, for each a ∈ Ã there exists y ∈ Φx∗,a
LB such

that Φx∗,a,y
LB ̸= ∅. Indeed, as the contrary would imply that P (i)

NL(a|x∗) = 0 ∀ i ∈ J for such
an a. Also by definition of the set, for y ∈ Φx∗,a

LB , all b ∈ Φx∗,a,y
LB satisfy b ̸= LB(y). Consider a

simple relation R = {(y, b) ∈ [d] × [k] : b ̸= LB(y)}. This relation satisfies condition (i) and (ii)
for function LB. The reason for satisfying condition (i) is immediate, and for (ii) the argument
is as follows. Only for a ∈ Ã, ∪

y∈Φx∗,a
LB

Φx∗,a,y
LB ̸= ∅. And for each a ∈ Ã, take a y ∈ Φx∗,a

LB such

that Φx∗,a,y
LB ̸= ∅. Clearly, for this y ∈ Φx∗,a

LB , (y, b) ∈ R whenever b ∈ Φx∗,a,y
LB .

Now, consider another function LB′ : Y → B, using similar argument relation R′ = {(y, b) ∈
[d] × [k] : b ̸= LB′(y)} satisfies condition (i) and (ii) for function LB′. Now, it is immediate that
R and R′ are two distinct relations and both belong to M. ■

The input set in this task is M = ∪LB:[d]→[k]MLB. The task CW[{P (i)
NL}i∈J , d, k] is tailored to

the non-local facet Face{P (i)
NL}i∈J . In this task, Alice receives a random input m ∈ M, i.e.,

a relation as defined above. Bob outputs n ∈ N = [k]. The parties share a noiseless classical
channel T : [d] → [d] in this task, i.e., T = [d] and T (τ ′|τ) = δτ ′,τ . Let p = {p(τ ′, n|m)}τ ′,n,m

be the conditional probability distribution describing the probability that Bob receives message
τ ′ ∈ [d] and outputs n when Alice’s input is m. The payoff function SW is then defined as

SW (p) =
∑

m,n,τ ′

wm
τ ′,n p(τ ′, n|m) where wm

τ ′,n =

 µm if (τ ′, n) ∈ m

0 otherwise
;µm ≥ 0,

∑
m∈M

µm = 1

(5.37)
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Additionally, in the task CW[{P (i)
NL}i∈J , d, k] we require the condition that, for each function

LB : [d] → [k] there must exist some m ∈ MLB with µm > 0. The algebraic maximum of the
payoff is Salg

W =
∑

m∈M µm = 1 for this task. If µm = 0 for some m ∈ M, the input may be
removed from the input set without effectively changing the task, since it does not affect the
payoff. We now give the local bound on the payoff when Alice and Bob use shared randomness
to assist the communication channel.

Theorem 5.4. In CW[{P (i)
NL}i∈J , d, k], the maximum payoff achievable using shared random-

ness assistance is
sΛ = max

D:[d]→[k]
[

∑
m∈M:∃α∈[d]∧(α,D(α))∈m

µm] < 1

Proof. In the task CW[{P (i)
NL}i∈J , d, k], the payoff function SW is linear in the conditional

probabilities p(τ ′, n|m). Hence, the maximum payoff with shared randomness can be achieved
using some deterministic encoding and decoding strategy. Let Bob’s deterministic decoding
be given by D : [d] → [k], so that on receiving τ ′, his output is n = D(τ ′). Consider the set of
Alice’s inputs m ∈ M such that for all t ∈ [d], (t,D(t)) /∈ m. We define the set of such inputs
as MD. For example, each m ∈ MLB where LB(t) = D(t) for all t ∈ [d] also lie in MD. Alice’s
deterministic encoding is given by E : M → [d], where she sends τ = E(m). For m ∈ MD, the
resulting distribution satisfies p(τ ′, n|m) = 0 if (τ ′, n) ∈ m (using the definition of MD). For such
inputs m ∈ MD, the payoff is zero when the parties use a deterministic encoding E and decoding
D. Therefore, the total payoff when Bob uses deterministic decoding D is ≤

∑
m∈M\MD

µm. If
Bob uses the decoding D, this upper bound can be attained if Alice encodes as follows: for each
m ∈ M\MD she sends τ ∈ [d] such that (τ ′ = τ,D(τ ′)) ∈ m. The existence of τ ∈ [d] for each
m ∈ M\MD follows from the definition of MD.

Thus, the maximum payoff achievable when Bob uses the deterministic decoding strategy
D : [d] → N is

∑
m∈M\MD

µm. Maximising over all deterministic decoding gives the maximum
payoff, which is achievable using shared randomness assistance to the channel, i.e.,

sΛ = max
D:[d]→[k]

[
∑

m∈M\MD

µm] = max
D:[d]→[k]

[
∑

m∈M:∃α∈[d]∧(α,D(α))∈m
µm](5.38)

For each decoding strategy D : [d] → [k] consider function LB : [d] → [k] such that LB(t) =
D(t) ∀t ∈ [d]. Every m ∈ MLB also belong to MD. Since there always exists some m ∈ MLB such
that µm > 0 (from the definition of the task), Alice’s deterministic encodings yield zero payoff
for such inputs. Thus, sΛ < Salg

W =
∑

m∈M µm = 1. ■

We now show the advantage of assistance from non-local correlations for this task.
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Theorem 5.5. For CW[{P (i)
NL}i∈J , d, k], assistance from any no-signalling correlation P ∈

Face{P (i)
NL}i∈J leads to the payoff Salg

W = 1.

Proof. In task CW[{P (i)
NL}i∈J , d, k], suppose Alice and Bob share a correlation

P ∈ Face{P (i)
NL}i∈J on the non-local facet of the no-signalling polytope N S := {P =

{P (a, b|x, y)}a∈A,b∈[k],x∈X,y∈[d]}. Each input of Alice m ∈ M is a relation m ⊂ [d] × [k] ∈ MLB,
where LB : [d] → [k] is associated function. For such an input, there exists x∗ ∈ X, independent
of the choice of P (i)

NL where i ∈ J such that: for each a ∈ A if ∪
y∈Φx∗,a

LB
Φx∗,a,y
LB ̸= ∅, then there

exists y ∈ Φx∗,a
LB , such that (y, b) ∈ m for all b ∈ Φx∗,a,y

LB .

Alice and Bob use the following strategy. After receiving the input m ∈ M, Alice identifies
the corresponding function LB : [d] → [k] and uses the associated x∗ ∈ X as her input to the
correlation P . If the outcome is a ∈ A with ∪

y∈Φx∗,a
LB

Φx∗,a,y
LB ̸= ∅, she sends τ ∈ Φx∗,a

LB such that

(τ, b) ∈ m for all b ∈ Φx∗,a,τ
LB . Existence of such τ follows from condition (ii). For outcomes a

where ∪
y∈Φx∗,a

LB
Φx∗,a,y

LB = ∅, she send message τ = 1. Note that this branch of encoding will

never arise for P ∈ Face{P (i)
NL}i∈J . Bob, after receiving τ ′ = τ as the message, uses it as his

input to the correlation P . Then upon getting outcome b ∈ [k] from P , he produces it as output,
i.e., n = b.

Assume PNL = P
(i)
NL for some i ∈ J . For input m ∈ M, when Alice queries x∗ to the shared

correlation, if P (i)
NL(a|x∗) > 0 for some a ∈ A then ∪

y∈Φx∗,a
LB

Φx∗,a,y
LB ̸= ∅ (see Remark 5.2). Ac-

cording to the protocol, for such output a ∈ A, Alice sends τ ∈ Φx∗,a
LB such that (τ, b) ∈ m for all

b ∈ Φx∗,a,τ
LB . After receiving the message τ ′ = τ , Bob uses it as his input to the shared correlation

and obtains an outcome b′ ∈ [k], thus P (i)
NL(b′|x∗, τ ′, a) > 0. By definition, b′ ∈ Φx∗,a,τ ′

LB . From the
protocol and using the fact that m satisfies condition (ii), it implies that always (τ ′, n = b′) ∈ m
for the input m ∈ M, leading to a payoff µm. Thus, the above described strategy for each m ∈ M
while sharing correlation P

(i)
NL ensures that the overall payoff is

∑
m∈M µm = 1 = Salg

W .

This strategy is invariant over shared correlation PNL = P
(i)
NL, where i ∈ J , and always yields

to payoff Salg
W . Therefore, it also yields payoff Salg

W when P ∈ Face{P (i)
NL}i∈J using the linearity

of the payoff in the conditional probabilities p(τ ′, n|m) and convexity of set Face{P (i)
NL}i∈J . ■

5.2.2.1 Communication task for extremal correlation with dichotomic outputs

We consider some communication tasks corresponding to a no-signalling extremal correla-
tion with dichotomic outputs. In the simplest Bell scenario with X = Y = A = B = [2],
there are 8 non-local extremal correlations, known as PR-boxes, denoted by P

(α,β,γ)
NL =

{P (α,β,γ)
NL (a, b|x, y)}a∈[2],b∈[2],x∈[2],y∈[2] (see Equation (2.19)). These are defined as

P
(α,β,γ)
NL (a, b|x, y) = δ(a−1)⊕(b−1),f(x,y,α,β,γ)

2 , where f(x, y, α, β, γ) = (x − 1)(y − 1) ⊕ α(x − 1) ⊕
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β(y − 1) ⊕ γ and (α, β, γ) ∈ {0, 1}3. Now consider a bipartite Bell scenario with dichotomic
outputs, i.e. X = [X],Y = [d],A = B = [2] and X, d ∈ N, X ≥ 2, d ≥ 2. Let PNL =
{PNL(a, b|x, y)}a∈[2],b∈[2],x∈[X],y∈[d] ∈ {P (i)

NL} denote some non-local extremal correlation of N S
such that for every y′, y′′ ∈ [d], there is x′, x′′ ∈ [X] for which
{PNL(a, b|x, y)}a∈[2],b∈[2],x∈{x′,x′′},y∈{y′,y′′} is equivalent to one of the two-input two-output
PR-boxes described above.

Tailored to the extremal correlation PNL, we describe the task CW[{PNL}, d, k = 2]. Alice’s
input set M consists of the relations Rijkl := {(i, k), (j, l)} ⊂ [d] × [2] where i < j, i, j ∈ [d] and
k, l ∈ [2]. Each input of Alice is a relation in m ∈ M. Bob’s output set N = [2]. The parties
communicate with a noiseless classical channel T : [d] → [d]. If p = {p(τ ′, n|m)}τ ′,n,m denotes
the conditional probability distribution describing the probability that Bob receives message
τ ′ ∈ [d] and outputs n when Alice’s input is m. The payoff function is defined as

SW (p) =
∑

m,n,τ ′

wm
τ ′,n p(τ ′, n|m) where wm

τ ′,n =

 µm = 1
2d(d−1) if (τ ′, n) ∈ m

0 otherwise
(5.39)

We now derive the local bound on the payoff and show that assistance from PNL achieves the
algebraic maximum.

Corollary 5.2. In CW[{PNL}, d, k = 2], (i) the maximum payoff with shared randomness
assistance is sΛ = 3

4 and (ii) using the correlation PNL leads to the payoff Salg
W = 1.

Proof. Proof of (i): Since the payoff function is linear in the conditional probabilities, the max-
imum payoff with shared randomness can be obtained using a deterministic encoding-decoding
strategy. Let Bob’s deterministic decoding be D : [d] → [2], so that upon receiving τ ′, he outputs
n = D(τ ′). Consider Alice’s input m = Rijkl ∈ M with k ̸= D(i) and l ̸= D(j). We denote the
set of such inputs by MD. For each choice of i, j ∈ [d] where i < j, there is one such relation
Rijkl. Thus |MD| =

(d
2
)
. Consider any arbitrary deterministic encoding E : M → [d] of Alice,

where she sends the message τ = E(m) corresponding to the input m ∈ M. Using the definition
of set MD, the resulting conditional probability p(τ ′, n|m) = 0 if m ∈ MD and (τ ′, n) ∈ m. Thus,
for m ∈ MD, the payoff is zero while using the deterministic encoding strategy E and decoding
strategy D. The total payoff using this strategy is then ≤

∑
m∈M\MD

µm = [4
(d

2
)
−
(d

2
)
] 1
2d(d−1) = 3

4 .
This upper bound is the same for each chosen deterministic decoding strategy D. The upper
bound is achieved if Alice’s encoding is as follows. For input m = Rijkl ∈ M\MD, either k = D(i)
or l = D(j). Alice sends the message τ = E(m) = i if k = D(i) else she sends τ = E(m) = j for
this input m ∈ M\MD. Then Bob outputs n = D(τ ′) = D(τ), so (τ ′,D(τ ′)) ∈ m, yielding payoff
µm = 1

2d(d−1) for the input m ∈ M\MD. The net payoff is
∑

m∈M\MD
µm = [4

(d
2
)
−
(d

2
)
] 1
2d(d−1) = 3

4 .

Proof of (ii): If the parties share the correlation PNL, the following protocol achieves the algebraic
maximum payoff Salg

W = 1. After receiving the message τ ′ = τ , Bob uses it as his input to the
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correlation PNL and, upon obtaining outcome b ∈ [2] from the correlation. produces it as his
output, i.e., n = b. Alice’s input m = Rijkl := {(i, k), (j, l)} ⊂ [d]× [2] ∈ M where i < j, i, j ∈ [d]
and k, l ∈ [2]. For a given m = Rijkl consider y′ = i, y′′ = j. From the description of PNL,
there exist x′, x′′ ∈ [X] (take x′′ > x′ wlog) such that {PNL(a, b|x, y)}a∈[2],b∈[2],x∈{x′,x′′},y∈{y′,y′′}

is equivalent to a two-input, two-output PR-box (Equation (2.19)). For simplicity, assume it
is equivalent to {PNL(a, b|x, y)}a∈[2],b∈[2],x∈{x′,x′′},y∈{y′,y′′} = P

(0,0,0)
NL , i.e., α = 0, β = 0, γ = 0.

Equivalent encodings can be defined for other (α, β, γ) values, as the different PR-boxes differ
only by local labellings. For input relation m = Rijkl, if k = l, Alice uses x′′ ∈ [X] as her input
to the correlation PNL, and if k ̸= l, Alice uses x′ ∈ [X] as her input. If k = 1, depending on
her outcome obtained from PNL, she sends the message τ = i if a = 1 and τ = j if a = 2.
Similarly, if k = 2, she sends the message τ = j if a = 1 and τ = i if a = 2. For this input
m = Rijkl, using the above strategy along with Bob’s decoding, it is straightforward to see that
the communicated message τ ′ and Bob’s output n are such that (τ ′, n) ∈ m. Consequently, it
results in a payoff µm for input m = Rijkl. Since we did not assume a particular assignment for
i, j ∈ [d], Alice can use a similar encoding for each pair of i, j ∈ [d]. The payoff with the above
strategy is µm for each m ∈ M. The net payoff is

∑
m∈M µm = 1.

■

Corollary 5.3. If 1
2 < p ≤ 1 then assistance from correlation pPNL+(1−p)PW N is advantageous

over shared randomness in the task CW[{PNL}, d, k = 2].

Proof. Let the shared correlation be PW N = {PW N (a, b|x, y) = 1
4}a∈[2],b∈[2],x∈[X],y∈[d] to assist

the communication channel. Suppose Alice and Bob use the same encoding and decoding
strategy as in the proof of (ii) in Corollary 5.2. For each input m = Rijkl, p(τ ′, n|m) = 1

4 if
τ ′ ∈ {i, j} and n ∈ [2] using the strategy. Thus, the payoff for each m = Rijkl is µm(p(τ ′ = i, n =
k|m) + p(τ ′ = j, n = l|m)) = µm

2 . The total payoff with this strategy is therefore
∑

m∈M
µm
2 = 1

2 .
Now suppose the shared correlation is P̃ = pPNL + (1 − p)PW N . Using the same strategy as
in the proof of (ii) of Corollary 5.2, and noting that the payoff is linear in the conditional
probabilities, the resulting payoff is p(1)+(1−p)1

2 as the payoff function as the payoff function is
linear in conditional probabilities. This payoff is higher than sΛ = 3

4 if p+ 1−p
2 > 3

4 =⇒ p > 1
2 .

■

5.2.2.2 Communication task for extremal correlations violating I3322 inequality

We now discuss a task for a non-local facet of the no-signalling polytope N S := {P =
{P (a, b|x, y)}a∈[2],b∈[2],x∈[3],y∈[3]}. We define the extremal correlation
P

(1)
NL = {P (1)

NL(a, b|x, y)}a∈[2],b∈[2],x∈[3],y∈[3] by P
(1)
NL(a, b|x, y) = δa,b

2 if
(x, y) ∈ {(1, 1), (1, 2), (2, 1), (2, 2), (2, 3), (3, 2), (3, 3)} else P

(1)
NL(a, b|x, y) = 1−δa,b

2 . Similarly
extremal correlations P (2)

NL = {P (2)
NL(a, b|x, y)}a∈[2],b∈[2],x∈[3],y∈[3], where P

(2)
NL(a, b|x, y) = δa,b

2
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if (x, y) ∈ {(1, 1), (1, 2), (2, 1), (2, 2), (2, 3), (3, 2)} else P (2)
NL(a, b|x, y) = 1−δa,b

2 . Consider non-
local facet Face{P (1)

NL, P
(2)
NL}. Individually, P (1)

NL and P
(2)
NL maximally violates the I3322 Bell

inequality [289, 290] given below and using the linearity of the Bell function, correlation on
this facet Face{P (1)

NL, P
(2)
NL} also maximally violates the same inequality.

B(P ) = − PA(2|2) − PB(2|1) − 2PB(2|2) + P (2, 2|1, 1) + P (2, 2|1, 2) + P (2, 2|2, 1)+

P (2, 2|2, 2) − P (2, 2|1, 3) + P (2, 2|2, 3) − P (2, 2|3, 1) + P (2, 2|3, 2)(5.40)

Here, the marginal correlations PA(a|x) =
∑

b∈[2] P (a, b|x, y) for a ∈ [2] and x ∈ [3]. Similarly,
marginal correlations PB(b|y) =

∑
a∈[2] P (a, b|x, y) for b ∈ [2] and y ∈ [3]. The local bound for

the Bell inequality is βL = 0, and the no-signalling maximum violation is 1 [289].

The task CW[{P (1)
NL, P

(2)
NL}, d = 3, k = 2] corresponds to the facet Face{P (1)

NL, P
(2)
NL}. Alice’s

input set M consists of relations Rijkl := {(i, k), (j, l)} ⊂ [3] × [2] where i < j, i, j ∈ [3] and
k, l ∈ [2]. Bob’s output set is N = [2]. The parties use a noiseless channel T : [3] → [3]. Using
the conditional probability distribution p = {p(τ ′, n|m)}τ ′,n,m from the task, the payoff function
is same as in Equation (5.39) with d = 3 and µm = 1

2d(d−1) = 1
12 . From Corollary 5.2, the

maximum payoff using shared randomness assistance or local bound is sΛ = 3
4 . We now show

the advantage of the assistance from no-signalling correlations.

Corollary 5.4. In CW[{P (1)
NL, P

(2)
NL}, d = 3, k = 2], assistance from any correlation P ∈

Face{P (1)
NL, P

(2)
NL} achieves the payoff Salg

W = 1.

Proof. Let the parties share a correlation P ∈ Face{P (1)
NL, P

(2)
NL} for assistance. The following

protocol achieves the algebraic maximum payoff Salg
W = 1. After receiving the message τ ′ = τ ,

Bob uses it as his input to the correlation P . On obtaining outcome b ∈ [2] from P he produces it
as his output for the task, i.e., n = b. Alice’s strategy is as follows. For the inputs m = R12kl ∈ M,
if k = l then Alice chooses x = 3 as her input to the correlation P , and if k ≠ l, Alice chooses
x = 1 as her input. If l = 2 in the above input, she sends the message τ = 1 if she gets a = 1
from P and τ = 2 if a = 2. Similarly, if l = 1 in the above input, she sends the message τ = 2 if
she gets a = 1 from P and τ = 1 if a = 2. For other inputs m = Rijkl ∈ M with (i, j) ̸= (1, 2), if
k = l then Alice chooses x = 1 as her input to the correlation P , and if k ̸= l, she chooses x = 2
as her input. For these inputs, if k = 1, she sends the message τ = i if the outcome from P is
a = 1 and τ = j if a = 2. Similarly, if k = 2 in these inputs, then she sends the message τ = j if
the outcome from P is a = 1 and τ = i if a = 2. For each input m = Rijkl, the above protocol
ensures that the communicated message τ ′ and Bob’s output n are such that (τ ′, n) ∈ m. The
payoff for each input m is µm = 1

12 . The total payoff is then
∑

m∈M µm = 1. ■

Corollary 5.5. If P ∈ Face{P (1)
NL, P

(2)
NL} and 1

2 < p ≤ 1, then assistance from P̃ = pP + (1 −
p)PW N is advantageous over shared randomness in the task CW[{P (1)

NL, P
(2)
NL}, d = 3, k = 2].
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Proof. The proof is similar to the proof of Corollary 5.3. Using the protocol given in the
proof of Corollary 5.4 with correlation PW N yields a payoff of 1

2 . As the payoff function is
linear in conditional probabilities, the resulting payoff is p(1) + (1 − p)1

2 while using correlation
P̃ = pP + (1 − p)PW N . This payoff is higher than sΛ = 3

4 if p+ 1−p
2 > 3

4 =⇒ p > 1
2 . ■

5.3 Hardy Correlations Advances Classical Communication

We now present communication tasks that demonstrate the advantage of sharing Hardy-type
correlations with dichotomic inputs X = Y = {0, 1}, i.e., x, y ∈ {0, 1}. Recall the Hardy-type
correlations in the Bell scenario with X = Y = [2] and A = B = [d], where d ∈ N and
d ≥ 2, as introduced in Equation (2.21). For convenience, we relabel the inputs by 2 7→ 1
and 1 7→ 0, so that x, y ∈ {0, 1}. The outputs remain a, b ∈ [d]. A no-signalling correlation
P = {P (a, b|x, y)}a∈[d],b∈[d],x∈{0,1},y∈{0,1} is said to be of Hardy type [186] if it satisfies:

(5.41) P (a > b|0, 0) = 0, P (a < b|0, 1) = 0, P (a < b|1, 0) = 0, P (a < b|1, 1) = q > 0

where q ∈ R and P (a > b|x, y) =
∑

a∈A,b∈B:
a>b

P (a, b|x, y). Similarly,

P (a < b|x, y) =
∑

a∈A,b∈B:
a<b

P (a, b|x, y). For quantum-realisable no-signalling correlations P ∈ Q

satisfying Equation (5.41), let Hd
Hardy(P ) = P (a < b|1, 1) denote the probability of the non-local

event (defined in Equation (2.22)).

Remark 5.3. From [186], the maximum value of Hd
Hardy(P ) for quantum realisable no-

signalling correlation P ∈ Q that satisfy constraints in Equation (5.41), increases with d and is
almost 0.5.

We now introduce a communication task where the payoff achievable with shared random-
ness is always suboptimal, while Hardy-type correlations with dichotomic inputs provide
an advantage. For this purpose, we define parameters km,Km and Lm for (d + 1) tuples
m = (m(0),m(1), · · · ,m(d)) ∈ {0, 1}d+1 whenever they exist. These values are not defined for the
trivial tuples (0, 0, · · · , 0) and (1, 1, · · · , 1).

km := min{i ∈ [d] such that m(i) = 0},(5.42)

Km := max{i ∈ [d] such that m(i) = 0},(5.43)

Lm := max{i ∈ [d] such that m(i) = 1}(5.44)

In the task denoted by CS[d, α], where d ≥ 2, d ∈ N and α ≥ 1 is a real parameter. The input
set M ⊂ {0, 1}d+1 is defined in Equation (5.45). Alice’s input m = (m(0),m(1), · · · ,m(d)) ∈ M is
a (d+ 1) tuple.
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M =
{

(0, 0, · · · , 0), (1, 1, · · · , 1)
}

∪ M1 ∪ M2 ∪ M3 ∪ M4 where(5.45)

M1 =
{

m : m(0) = 0, 1 < Lm < d, m(i) = 0 ∀ i ̸= Lm
}

(5.46)

M2 =
{

m : m(0) = 0, 2 ≤ km ≤ d− 1, km + 1 ≤ Lm ≤ d, m(j) = 1 for

1 ≤ j ≤ km − 1,m(i) = 0 for (km ≤ i ≤ Lm − 1),m(i) = 0 for Lm + 1 ≤ i ≤ d
}

(5.47)

M3 =
{

m : m(0) = 0, 2 ≤ km ≤ d, Lm = km − 1, m(i) = 0 for km ≤ i ≤ d,

m(j) = 1 for 1 ≤ j ≤ km − 1
}

(5.48)

M4 =
{

m : m(0) = 1,m(1) = 0, · · · ,m(r) = 0, m(r+1) = 1, · · · ,m(d) = 1, 1 ≤ r ≤ d− 1
}

(5.49)

Bob produces output n = (n(0), n(1)) ∈ N = {0, 1} × [d]. Alice can use a noiseless one-bit channel
T : {0, 1} → {0, 1}. Let p = {p(n|m)}n,m is the probability that Bob outputs n ∈ N when Alice
receives input m ∈ M. This task does not involve wire-reading. The payoff function is defined as

(5.50) S(p) =
∑

m∈M,n∈N
wm

n p(n|m) where

(5.51)

wm
n =



+1 if (m(0) = 1,
∏
i>0

m(i) = 1, n(0) = 1, n(1)) > 1).

−α

if (m(0) = 0, n(0) = 0, n(1) < km) ∨ (m(0) = 0, n(0) = 1, n(1) > Lm)∨

(m(0) = 1, n(0) = 0, n(1) > Km) ∨ m(0) = 1, n(0) = 0,
∏
i>0

m(i) = 1)∨

(m(0) = 0, n(0) = 1,
∑
i>0

m(i) = 0).

−1
if (m(0) = 1, n(0) = 1,m(1) = · · · = m(r) = 0,m(r+1) = · · · = m(d) = 1, n(0) = 1,

n(1) = r + 1) where 1 ≤ r ≤ d− 1.

0 otherwise.

Here α ≥ 1 is the penalty parameter. We refer to this communication task as C[d, α]. Now,
we discuss the payoff for the task when the classical communication is assisted by shared
randomness. This task C[d, α] for the case d = 2 and α = −∞ resembles the task considered in
[165].

133



CHAPTER 5. CORRELATION ASSISTED CLASSICAL COMMUNICATION

Theorem 5.6. In the task CS[d, α], the maximum payoff achievable with shared randomness
assistance to a one-bit channel is sΛ ≤ 0.

Proof. Since the payoff is linear in conditional probabilities p(n|m), the maximum payoff with
shared randomness assistance sΛ can be achieved using an optimal deterministic strategy. Let
Bob’s optimal deterministic decoding is denoted by function D : {0, 1} → N, so that upon
receiving τ ′ ∈ {0, 1} he outputs n = (n(0), n(1)) = D(τ ′) ∈ N. Similarly, the optimal encoding for
Alice can be denoted by the function E : M → {0, 1}. The strategy results in the conditional
probabilities {p(n|m)} where p(n|m) =

∑
τ δτ,E(m)δn,D(τ) = δn,D(E(m)) ∈ {0, 1} which represents

the deterministic encoding and decoding explicitly. Suppose, for contradiction, that a strategy
achieves sΛ > 0. Let us denote D(0) = ñ = (ñ(0), ñ(1)) and D(1) = n̄ = (n̄(0), n̄(1)). For each
m ∈ M, since τ = τ ′ = E(m) ∈ {0, 1} therefore6,

p(ñ(0), ñ(1)|m) + p(n̄(0), n̄(1)|m) = 1 and

p(ñ(0), ñ(1)|m), p(n̄(0), n̄(1)|m) ∈ {0, 1} ∀ m(5.52)

Notice that the only input-output pair for which Bob can obtain a positive payoff is m =
(1, 1, · · · , 1) when n = (n(0) = 1, n(1)) with n(1) > 1. For this particular input m, p(n(0) =
1, n(1)|m) > 0 for some n(1) > 1. Therefore, using Equation (5.52), without loss of generality,
we can fix ñ(0) = 1 and ñ(1) > 1. Then from Equation (5.50) and Equation (5.51), +1 payoff is
obtained for this input when p(ñ(0), ñ(1)|m) = 1, i.e. if E(m) = τ = 0 in this case.

Next consider input m = (0, 0, · · · , 0). For this input if p(ñ(0) = 1, ñ(1)|m) = 1 then from
Equation (5.50) and (5.51), the payoff is −α (≥ −1) and the overall payoff becomes sΛ ≤ 0.
Using Equation (5.52) and assuming sΛ > 0 implies p(n̄(0), n̄(1)|m) = 1 and n̄(0) = 0, n̄(1) ∈ [d].
Now consider the input m = (1, 0, . . . , 0

{ñ(1)−1 times}
, 1, . . . , 1

{d−ñ(1)+1 times}
) ∈ M4 (see Equation (5.49)). For

this input if p(ñ(0) = 1, ñ(1)|m) = 1 then the payoff is −1 from Equation (5.50) and Equation
(5.51) and the overall payoff would be sΛ ≤ 0. Using Equation (5.52), p(n̄(0) = 0, n̄(1)|m) = 1.
Now, for the same input Km = ñ(1) − 1 and if n̄(1) > Km, then again the payoff in this case
would be −α (see Equation (5.50) and Equation (5.51)) and the overall payoff would be sΛ ≤ 0.
Thus, sΛ > 0 implies n̄(1) ≤ ñ(1) − 1.

Next consider the input m ∈ M3 where m(0) = 0, km = ñ(1) and Lm = ñ(1) − 1. For this input if
p(ñ(0) = 1, ñ(1)|m) = 1 then the payoff is −α from Equation (5.50) and Equation (5.51) and the
overall payoff would be sΛ ≤ 0. This is because ñ(1) > Lm. Moreover, if p(n̄(0) = 0, n̄(1)|m) = 1
then the payoff is −α from Equation (5.50) and Equation (5.51) and the overall payoff would

6Alice can send either 0 or 1 as symbol for the input m using her encoding. Then Bob’s decoding ensures
that the possible outputs for each input of Alice are either ñ or n̄.
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be sΛ ≤ 0. This is because n̄1 < km. However, from Equation (5.52), p(n̄(0) = 0, n̄(1)|m) = 1
or p(ñ(0) = 1, ñ(1)|m) = 1. Thus, each deterministic strategy yields sΛ ≤ 0 and no shared
randomness-assisted strategy can achieve a positive payoff. ■

Theorem 5.7. In the task CS[d, α], assistance from a Hardy-type correlation
P = {P (a, b|x, y)}a∈[d],b∈[d],x∈{0,1},y∈{0,1} as defined in Equation (5.41) yields a payoff P (a <
b|1, 1) > 0.

Proof. Assume Alice and Bob share a Hardy-type correlation
P = {P (a, b|x, y)}a∈[d],b∈[d],x∈{0,1},y∈{0,1} as in Equation (5.41). For each input
m = (m(1), · · · ,m(d)) ∈ M they proceed as follows.

Encoding: Alice queries x = m(0) to the correlation P . Upon obtaining output a ∈ [d] from the
correlation, she sends m(a) as message τ .

Decoding: Bob on receiving message τ ′ = τ = m(a), uses y = τ as input to the correlation P . After
getting the output b ∈ [d] from the correlation, he gives the final output n = (n(0) = τ ′, n(1) = b).

The above strategy, while sharing correlation P leads to the following conditional probability

p(n|m) = p(n(0), n(1)|m) =
∑

x,a,y,b,τ,τ ′

[δx,m(0)δτ,m(a)δτ,τ ′δy,τ ′P (a, b|x, y)δn(0),τ ′δn(1),b]

=
∑

a

[δn(0),m(a)P (a, n(1)|m(0),m(a))](5.53)

The payoff obtained for the input m = (1, 1, · · · , 1) using this strategy is
∑

n(1)
−αp(n(0) =

0, n(1)|m) +
∑

n(1)>1 p(n(0) = 1, n(1)|m) =
∑

n(1)≥2
∑

a[P (a, n(1)|1, 1)] (using Equation (5.53)).
The payoff obtained for the input m = (0, 0, · · · , 0) using this strategy is

∑
n(1)

−αp(n(0) =
1, n(1)|m) = −α

∑
n(1)

∑
a[δn(0)=1,m(a)P (a, n(1)|m(0),m(a))] = 0. For m ∈ M1, the payoff obtained

is

− α
[ ∑

m∈M1,n(1)<km=1
p(n(0) = 0, n(1)|m) +

∑
m∈M1,n(1)>Lm

p(n(0) = 1, n(1)|m)
]

(5.54)

= −α

 ∑
m∈M1,n(1)>Lm

∑
a

δn(0)=1,m(a)P (a, n(1)|0,m(a))

(5.55)

= −α
∑

m∈M1,n(1)>Lm

P (Lm, n(1)|0, 1) = 0 (using Equation (5.41))(5.56)
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For m ∈ M2, the payoff obtained is

− α
[ ∑

m∈M2,n(1)<km

p(n(0) = 0, n(1)|m) +
∑

m∈M2,n(1)>Lm

p(n(0) = 1, n(1)|m)
](5.57)

= −α
[ ∑

m∈M2,n(1)<km

∑
a

δn(0)=0,m(a)P (a, n(1)|0,m(a)) +
∑

m∈M2,n(1)>Lm

∑
a

δn(0)=1,m(a)P (a, n(1)|0,m(a))
](5.58)

= −α
[ ∑

m∈M2,n(1)<km

∑
km≤a≤d

a̸=Lm

P (a, n(1)|0, 0) +
∑

m∈M2,n(1)>Lm

∑
1≤a≤km−1

∨a=Lm

P (a, n(1)|0, 1)
](5.59)

= 0 ( using Equation (5.41) and Lm ≥ km + 1)
(5.60)

For m ∈ M3, the payoff obtained is

− α
[ ∑

m∈M3,n(1)<km

p(n(0) = 0, n(1)|m) +
∑

m∈M3,n(1)>Lm

p(n(0) = 1, n(1)|m)
](5.61)

= −α
[ ∑

m∈M3,n(1)<km

∑
a

δn(0)=0,m(a)P (a, n(1)|0,m(a)) +
∑

m∈M3,n(1)>Lm

∑
a

δn(0)=1,m(a)P (a, n(1)|0,m(a))
](5.62)

= −α
[ ∑

m∈M3,n(1)<km

∑
km≤a≤d

P (a, n(1)|0, 0) +
∑

m∈M3,n(1)>Lm

∑
1≤a≤km−1

P (a, n(1)|0, 1)
](5.63)

= 0 ( using Equation (5.41) and Lm = km − 1)
(5.64)
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For m ∈ M4, the payoff obtained is

− α
∑

m∈M4,n(1)>Km

p(n(0) = 0, n(1)|m) −
∑

m∈M4

p(n(0) = 1, n(1) = Km + 1|m)
(5.65)

= −α
∑

m∈M4,n(1)>Km

∑
a

δn(0)=0,m(a)P (a, n(1)|1,m(a)) −
∑

m∈M4

∑
a

δn(0)=1,m(a)P (a,Km + 1|1,m(a))
(5.66)

= −α
∑

m∈M4,n(1)>Km

∑
1≤a≤Km

P (a, n(1)|1, 0) −
∑

m∈M4

∑
Km+1≤a≤d

P (a,Km + 1|1, 1)
(5.67)

= −
∑

r+1≤a≤d
1≤r≤d−1

P (a, r + 1|1, 1) ( using Equation (5.41) and Equation (5.49))
(5.68)

Now the total payoff using this strategy is

S(p) =
∑

n(1)≥2

∑
a

[P (a, n(1)|1, 1)] −
∑

r+1≤a≤d
1≤r≤d−1

P (a, r + 1|1, 1)(5.69)

=
∑
r≥2

∑
a

P (a, r|1, 1) −
∑

r≤a≤d
2≤r≤d

P (a, r|1, 1) =
∑

1≤a<r
2≤r≤d

P (a, r|1, 1) = P (a < b|1, 1)(5.70)

■

Corollary 5.6. In the task CS[d, α], the gap between the maximum payoff using quantum
realisable Hardy-type correlation and the local bound sΛ increases with d.

Proof. From Theorem 5.7, assistance from a Hardy-type correlation
P = {P (a, b|x, y)}a∈[d],b∈[d],x∈{0,1},y∈{0,1} yields a payoff P (a < b|1, 1) > 0 in the task CS[d, α].
From [186] (see Remark 5.3), the maximum Hardy success probabilityHd

Hardy(P ) = P (a < b|1, 1)
achievable by quantum realisable no-signalling correlations increases with d and approaches
0.5 in the limit. Since the classical bound sΛ ≤ 0 is independent of d, while the maximum
Hardy success probability Hd

Hardy(P ) = P (a < b|1, 1) grows with d, the separation between
them increases with d. ■

5.4 Bounding quantum advantage in Communication Tasks

In this section, we examine the advantage of quantum non-locality in assisting classical commu-
nication for the tasks presented in Sections 5.2.1 and 5.2.2. To estimate the maximum payoff
achievable with entanglement assistance, we use the maximal quantum violation of the associ-
ated Bell inequality obtained via the wire-cutting technique. We find the dimension-independent
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upper bound on the maximum quantum violation using semidefinite programming relaxation.
We also search for the quantum strategies that achieve this bound. For this, we apply the see-saw
algorithm [291] and obtain lower bounds on the maximal quantum violation. For some values of
d and k in the task CW[d, k], we numerically compute the quantum correlation-assisted payoff
by using the see-saw algorithm with two-qubit entangled states and observe values exceeding
the classical (local) bound (see Table 5.2). In the case of the task CW[{P (i)

NL}i∈J , d, k] described
in Section 5.2.2.2, the see-saw algorithm with two-qubit entanglement yields a payoff of 0.85355,
which is higher than the local bound of 0.75 for the task (See Section 3.3 of [2]).

We use the NPA hierarchy [284, 285] to compute upper bounds on the maximal quantum
violation of the associated Bell inequality for several cases listed in Table 5.3. For the task
CW[d, k] with d = 2, k = 2, the upper bound from the level-2 NPA hierarchy is 0.85355,
which matches the lower bound obtained using two-qubit states up to machine precision. This
confirms the maximal quantum violation of the Bell inequality and, hence, the maximum
entanglement-assisted payoff in the task. Interestingly, for d = 2, k = 3 and d = 3, k = 2, the
upper bounds at level 1 +AB of the NPA hierarchy differ from the qubit lower bounds obtained
via the see-saw algorithm. We examine these cases in more detail.

For the task CW[d = 2, k = 3], we found that a two-qutrit strategy with non-projective local
measurements achieves a higher payoff than any two-qubit quantum strategy. To bound the
payoff achievable with two qubits, we applied the Navascués-Vértési method [1], which yields
an upper bound of 0.93491 for two-qubit entanglement with rank 1 projectors. This bound was
saturated by the see-saw lower bound we obtained. Using the see-saw method with two-qutrit
entanglement, we achieved a higher payoff that matches the upper bound 0.93883 from level-2 of
the NPA hierarchy. Thus, this value is the maximal quantum correlation-assisted payoff for the
task. For the case d = 3, k = 2, the level-2 NPA bound of 0.95209 is tighter than lower levels but
does not match the see-saw lower bounds. Moreover, the see-saw lower bounds did not increase
up to local dimension 8. For the task CW[{P (i)

NL}i∈J , d, k] discussed in Section 5.2.2.2, the
upper bound 0.85355 from the level-2 NPA hierarchy coincides with the two-qubit see-saw lower
bound up to machine precision. Thus, we recovered the maximal quantum correlation-assisted
payoff for the task. Interestingly, the task CW[d = 2, k = 3] enables both device-independent
and semi-device-independent certification of the local dimension of the shared entangled state.

Summary: We studied correlation-assisted classical communication in a one-way PM scenario
with bounded communication, where Bob has no input. Using wire-reading, we constructed Bell
inequalities tailored to these tasks for linear payoff functions. We showed that the advantage
of entanglement assistance is equivalent to a violation of the associated inequality, and vice
versa. We discussed how wire-reading can reveal the advantage of non-local correlations in
scenarios where no such advantage is otherwise possible. We then introduced families of
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(d, k) Quantum payoff Local Bound Advantage
(2, 2) 0.85355(i) 0.75 0.10355
(3, 2) 0.94975 0.875 0.07475
(4, 2) 0.97487 0.9375 0.03737
(5, 2) 0.99235 0.96875 0.02360
(6, 2) 0.99371 0.98437 0.00934
(2, 3) 0.93491(ii) 0.88888 0.04603
(2, 4) 0.96338 0.9375 0.02588
(2, 5) 0.97656 0.96 0.01656
(2, 6) 0.98373 0.97222 0.01151
(3, 3) 0.98511 0.96296 0.02215

Table 5.2: Advantage from quantum correlation assistance in communication tasks. The table
shows the payoff obtained in the task CW[d, k] using two-qubit entanglement from the see-
saw algorithm for different values of d, k. In (i), the payoff matches the upper bound on the
entanglement-assisted payoff from the level-2 NPA hierarchy (see Table 5.3). In (ii), the payoff
matches the upper bound from the Navascués-Vértési method [1] for two-qubit entanglement
with rank-1 projectors. (See Section 3.3 of [2])

(d, k) Maximum Quantum Payoff (upper bound)
(2, 2) 0.85355(i) (NPA level 2)
(3, 2) 0.96231 (NPA 1 +AB)
(3, 2) 0.95209 (NPA level 2)
(2, 3) 0.93883(ii) (NPA level 2)

Table 5.3: Upper bounds on the maximum quantum correlation-assisted payoff in the task
CW[d, k] obtained from the NPA hierarchy for different d, k. In case (i), the upper-bound
matches the lower bound achieved with two-qubit entanglement (see Table 5.2). In case (ii), the
bound matches the see-saw lower bound for two-qutrit entanglement, while two-qubit strategies
give a smaller payoff (see Table 5.2). Also discussed in Section 3.3 of [2].

bounded communication tasks in the Bob-without-input PM scenario. In these tasks, non-local
correlations yield an advantage, while shared randomness gives strictly suboptimal payoffs. In
the first family, correlations from any non-local facet of the no-signalling polytope optimally
assist the bounded channel by achieving the maximal payoff. We next described tasks tailored
to a non-local facet of the polytope. For correlations with dichotomic outputs, we showed that
all correlations on the isotropic line between one such facet/extremal point and white noise
remain resourceful as long as the noise fraction is below 0.5. Finally, we presented a third family
of tasks where Hardy-type non-local correlations with dichotomic inputs. Here, the maximum
payoff with shared randomness is zero, while Hardy correlations achieve a payoff equal to the
Hardy violation. The payoff with quantum realisable Hardy-type correlation assistance increases
with the task parameter. We also gave explicit examples of quantum advantage for some of
these tasks.
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Conclusion

In this thesis, we investigated the advantages of non-classical resources within quantum theory
and beyond in various information-processing tasks involving communication and non-local
scenarios. Utilising such advantages, we design detection methods for some non-classical features
in quantum theory. The key contributions are in three operational scenarios: (i) we demon-
strate unbounded advantages of quantum communication and shared resources, (ii) we explore
the interplay between non-local correlations and the advantages they provide in correlation-
assisted classical communication, and (iii) we present quantum correlation-based advantages for
randomness-free detection of non-projective-simulable measurements. These results contribute
to our understanding of the cost of simulating of some quantum features and how some quantum
behaviours are impossible to simulate classically under some operational constraints. Such
non-classical resources potentially improve the performance of information-processing tasks.

In Chapter 3, we studied relations defined by orthogonality graphs and analysed the classical
and quantum communication required for one-way zero-error distributed computation and
relation reconstruction without shared resources. We showed that the distributed computation
of the relation cannot demonstrate a quantum advantage for certain graphs. In contrast,
relation reconstruction reveals a clear separation. The classical communication cost without
shared and private randomness grows logarithmically with the order of the graph n. This
classical cost without shared randomness (but with local randomness) is at least log2K(G)
bit, where K(G) is the disjointness number of G (see Definition 3.4) and is lower bounded by
max{ω(G), log2 n + 1

2 log2 log2 n + O(1)}. On the other hand, the quantum communication
cost is log2 ω(G) qubit whenever G admits a faithful orthogonal representation in dimension
ω(G). We identified families of graphs where the order n grows without bound while the faithful
orthogonal range remains constant. For these graphs, the task can be completed with a fixed
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quantum cost of log2 d qubit, independent of n. In these cases, the classical cost grows without
bound and is at least max{log2 d, log2(log2 n+ 1

2 log2 log2 n+ c)} bit, for some constant c. This
establishes an unbounded quantum advantage for relation reconstruction. The input size in
this task scales logarithmically with n. Although this unbounded advantage disappears in
the presence of shared resources, we quantified the necessary shared randomness for the task
while using bounded classical communication. For some graphs, the lower bound on the shared
randomness required scales as log2(⌈log2 α⌉ + 1) bit with the number of maximal cliques α. We
also showed that the gap between entanglement assistance and shared randomness assistance
to a limited classical communication can be arbitrarily large and scales as log2(⌈log2 α⌉ + 1) bit
with the number of maximal cliques α.

Some previously studied communication problems based on orthogonality graphs [292] showed
a quantum advantage in one-way communication whenever the graphs belonged to the class of
state-independent contextuality graphs. In contrast, several graphs we considered are binary
colourable. Thus, the quantum advantage in the communication task we discussed can be
observed independent of the usefulness of the graphs in demonstrating state-independent con-
textuality. This leaves open a foundational question about the source of the quantum advantage
in these tasks. It also remains open whether there exist tasks with binary colourable graphs
that give rise to a large separation, for instance, an exponential, between classical and quantum
communication in the presence/absence of shared resources. Another open direction could
be exploring whether unbounded separations can also appear beyond the zero-error setting
considered here. We also derived the necessary amount of shared randomness for some specific
graphs. Establishing such lower bounds for more general classes of graphs remains open. We can
interpret the relation reconstruction task as a qualitative simulation of quantum statistics, where
spatially separated parties are given a set of favourable events, and the requirement is that these
events are simulated with non-zero probability using classical communication, as they are in the
quantum case. Seen this way, the protocol resembles the distribution of conditional randomness
with classical communication. This motivates the question of whether the task or its variations
share a relation to discrete analogues of boson sampling [293] or similar computational problems.

In Chapter 4, we introduced a randomness-free detection scheme for non-projective simulable
measurements in a scenario with separate parties sharing systems with bounded local operational
dimension. We proved that all correlations achievable in this setting using a local projective
measurement on a d-dimensional quantum system, together with classical post-processing,
can also be reproduced by shared classical systems of the same local dimension, and vice
versa. We then presented detection schemes in a bipartite setting for three- and four-outcome
qubit non-projective simulable measurements, some of which remain robust under arbitrary
depolarising noise. We discussed the detection schemes for five-outcome qutrit non-projective
simulable measurements. In the bipartite case with identical devices, we discussed such a
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scheme and provided numerical evidence of its robustness against arbitrary depolarising noise.
Relaxing the identical-device assumption, we constructed detection schemes in both bipartite
and tripartite scenarios. For these tasks, we demonstrated violations of the bounds achievable by
qutrit projective-simulable measurements, using a shared two-qutrit state and a qutrit POVM.
Finally, we extended the notion of non-projective simulable measurements for GPTs. We also
presented a randomness-free test to show that the square-bit model or box world theory is
unphysical.

Several questions remain open for future work. First, it is unknown whether the detection
schemes discussed in Section 4.2.1 for three and four-outcome qubit non-projective-simulable
measurements are robust against noise. Second, while some of the target correlations in the
noisy detection schemes in Section 4.2.2.1 and Section 4.2.2.2 can be simulated with qubit
POVMs and two-qubit shared states, it remains open whether all correlations in these sets
with mutual information less than 1 can be reproduced in this way (see region R3 in Figure
4.2 and Figure 4.3). Third, it remains open if it is possible to analytically derive a non-trivial
upper bound on the projective-simulable payoff discussed in Section 4.3.2 and Section 4.3.3.
Fourth, in Section 4.3.1 we showed the impossibility of generating certain large but finite
target correlations with qutrit projective-simulable measurements by discretising parameters. It
remains unexplored whether all correlations in this set are beyond qutrit projective-simulable
strategies. A conclusive result would establish the robustness of the detection scheme against
arbitrary white noise. Finally, an open question is whether randomness-free tasks, such as
discussed here, can also rule out a class of GPTs such as polygon models [294].

In Chapter 5, we presented families of tasks in a minimal PM scenario where non-local cor-
relations enhance bounded classical communication. Using wire-cutting, we derived a Bell
inequality tailored to any correlation-assisted classical communication task with a linear payoff.
We showed that violation of this inequality implies an advantage in the corresponding task,
and conversely, that any non-local correlation providing an advantage in the task must violate
it. We also introduced wire-reading and showed that it reveals the advantage of non-local
correlation assistance in scenarios where no such advantage exists otherwise. With wire-reading,
we presented two families of tasks in the minimal PM scenario where shared randomness gives
a strictly suboptimal payoff. In the first family, we showed that correlations from any non-local
facet of the no-signalling polytope lead to the optimal payoff. For some of these tasks, we
explicitly demonstrated quantum advantage. In the second family, each task is tailored to a
specific non-local facet, and we showed that correlations from that facet achieve the optimal
payoff. As a concrete example, we consider tasks tailored to non-local extremal correlations with
dichotomic outputs, where the shared randomness-assisted payoff is bounded from above by
0.75. Any correlation on the isotropic line connecting the extremal point to white noise provides
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an advantage as long as the noise fraction is below 0.5. We then introduced a third family of
tasks demonstrating advantageous assistance from Hardy-type correlations with dichotomic
inputs to a one-bit channel. Here, the payoff with shared randomness is bounded by zero
from above, while Hardy correlations yield a positive payoff. The maximum quantum payoff
using Hardy-type correlations grows with the task parameter. Finally, we also identified a
communication task from the first family where the maximum quantum payoff is achieved by
a two-qutrit entangled state. In contrast, two-qubit entangled states achieve payoffs that are
higher than the local bound but strictly less than the quantum maximum. This gap offers an
operational method to witness the local dimension of the entangled system.

Non-local correlations provide an advantage in tasks involving classical communication. It is
not known, however, whether every non-local correlation is advantageous in some classical
communication task. We approached the broader question of whether non-locality is both
necessary and sufficient for a quantum communication advantage. The wire-cutting method
answers the necessity part, but the sufficiency question, whether every non-local correlation
can yield an advantage, is still open. The wire-reading technique, as we showed, allows the
construction of communication tasks closely tailored to a given non-local resource. This may
serve as a useful tool for probing the sufficiency of non-locality. So far, we have only presented
a few families of tasks based on a non-local facet of the no-signalling polytope. Many similar
possibilities remain unexplored. Exploring extensions of these constructions and studying their
behaviour when the communication channel is potentially noisy could be promising directions
for future work.

We demonstrated quantum advantage in several information-processing tasks, including cases
with unbounded separation between classical and quantum resources. These results establish a
fundamental operational distinction between classical and quantum theories. The work reinforces
connections between graph theory and quantum communication advantage, and also proposes
ways to explore the role of non-local correlation in assisting communication. We have also
provided a new approach to certify non-classical measurement resources. The open questions
outlined here invite further research in quantum foundations and quantum information. Some
of the theoretical results presented may also guide future applications in the growing field of
quantum technologies.
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ix A
Relaxed Relation Reconstruction

Consider graphs G satisfying conditions (G0) and (G1) with faithful orthogonal range ω(G).
From Theorem 3.3 we have quantum advantage in relation reconstruction of R(G) without
shared randomness exists whenever K(G) > ω(G). If Alice has no private randomness, quantum
advantage already exists whenever |V(G)| > ω(G). A similar quantum advantage can be shown
for a larger class of graphs by considering a task inspired by relation reconstruction.

Consider a one-way PM scenario as in Chapter 3. When parties do not have shared resources,
quantum advantage can also be shown for another task whenever G satisfies conditions (G0)
and (G1) with faithful orthogonal representation in dimension d < K(G). If Alice additionally
has no private randomness in this task, then quantum advantage already exists whenever
|V(G)| > d. We refer to this task as relaxed relation reconstruction. It will be defined for
relations specified by a variant of the distributed clique labelling problem. We will denote the
modification of the distributed clique labelling problem shortly as m-CLP for a graph G and
the relation it specifies by R̃(G).

The relation R̃(G) is defined by the distributed modified clique labelling problem (m-CLP). As
in the case of CLP, this problem is also specified using a simple graph G (see Definition 2.15)
with vertex set V(G) and edge set E(G). Each vertex of G belongs to at least one maximum
clique in the graph. If the graph has α maximum cliques and clique number ω(G), we denote
the set of maximum cliques as C = {C1,C2, · · · ,Cα}. The set of clique labels for each maximum
clique in G is O = {0, 1, · · · , ω(G) − 1}. Each label corresponds to a binary colouring of the
clique Ci according to Definition 2.27. We extend the set of clique labels to Õ = O ∪ {κ}, by
adding a trivial label κ that corresponds to a colouring (not binary colouring) which assigns
colour 0 to all the vertices in the corresponding maximum clique.
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The distributed m-CLP is defined in a PM scenario where Alice and Bob know the orthogonality
graph G. The input and output sets for the problem are: MA = C × O, MB = C and N = Õ. The
inputs are chosen randomly following a uniform distribution. Alice receives ma = (ma(1),ma(2)) ∈
MA, i.e., a maximum clique ma(1) ∈ C and a clique label ma(2) ∈ O associated with the maximum
clique, both chosen randomly. Bob receives a maximum clique mb ∈ MB = C. Bob’s output
n ∈ N = Õ is a clique label for his input maximum clique. The output must satisfy the constraints
described below. Each clique label except κ is mapped to a particular binary colouring of
the vertices in the maximum clique through definition 2.27. Clique label κ corresponds to a
colouring which assigns colour 0 to all the vertices in the corresponding maximum clique.

(i) If Alice’s and Bob’s input maximum cliques share some vertices, then Bob’s colouring
(either 0 or 1 by output clique label) of each shared vertex must be identical to Alice’s
colouring (from her input clique label) of these vertices.

(ii) If their input maximum cliques are distinct and a vertex from Alice’s input maximum
clique is adjacent to some vertex from Bob’s input maximum clique, then both the vertices
sharing the edge must not be simultaneously assigned colour 1 (by the input-output clique
labels of Alice and Bob).

(iii) In the remaining cases, Bob can output any valid clique label for his input maximum
clique, independent of Alice’s input clique label.

If Alice and Bob receive the same maximum clique, i.e. ma(1) = mb, then by condition (i) the
output clique label of Bob n must be the same as the input clique label of Alice ma(2). If their
input cliques are different and some vertex of Alice’s input maximum clique is adjacent to a
vertex of Bob’s input maximum clique in the graph G, then their labels must ensure that such
adjacent vertices are not both assigned the colour 1 at the same time. Note that these rules are
the same as CLP except that Bob can sometimes output κ as his output clique label whenever
condition (i) is not violated.

The relation R̃(G) ⊆ MA × MB × N = (C × O) × C × Õ can be directly defined from the
distributed m-CLP for the graph G. The tuple (ma,mb, n) = ((ma(1),ma(2)),mb, n) belongs to
R̃(G) ⊆ MA × MB × N if Alice’s and Bob’s input maximum clique, Alice’s input clique label and
output clique label of Bob satisfy the constraints described above. We will denote the tuples as
(ma,mb, n) = (ma(1),ma(2),mb, n) ∈ R̃(G) here for convenience.

Remark A.1. For a graph G, consider the relation R(G) specified by CLP and relation
R̃(G) specified by m-CLP. If a tuple (Ci, k,Cj , l) ∈ R(G) for Ci,Cj ∈ C and k, l ∈ O then
(Ci, k,Cj , l) ∈ R̃(G). Also, if (Ci, k,Cj , l) /∈ R(G) for Ci,Cj ∈ C and k, l ∈ O then (Ci, k,Cj , l) /∈
R̃(G). This can be directly seen by comparing the constraints of CLP and m-CLP.
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In the relaxed relation reconstruction of R̃(G), given Alice’s input maximum clique ma(1) with
clique label ma(2), Bob must output clique label n for his input maximum clique mb such
that (ma(1),ma(2),mb, n) ∈ R̃(G). Additionally, for Alice’s input (ma(1),ma(2)), Bob’s output
clique label n for his maximum clique mb in different rounds should additionally span all
valid labels {n ∈ N \ {κ} = O : (ma(1),ma(2),mb, n) ∈ R̃(G)}. Note that Bob may not output
n = κ and still accomplish the task. Thus, we refer to this task as relaxed relation reconstruction.

For relaxed relation reconstruction, Alice and Bob follow some protocol. Following a pro-
tocol, suppose Bob outputs a clique label n for his input maximum clique mb with con-
ditional probability p(n|ma(1),ma(2),mb) where (ma(1),ma(2)) is the input of Alice. The set
{p(n|ma(1),ma(2),mb)}ma(1),ma(2),mb,n can be represented as the entries of a table. The rows are
indexed by Alice’s inputs ma = (ma(1),ma(2)), and the columns by Bob’s input-output pairs
(mb, n). For rows, the index first runs over the clique labels O = {0, 1, . . . , ω(G)−1} in increasing
order and then moves to the next maximum clique in C = {C1,C2, · · · ,Cα}. Similarly, for
columns, the index first runs over the clique labels Õ = {0, 1, . . . , ω(G) − 1,κ} in the order
listed and then moves to the next maximum clique in C = {C1,C2, · · · ,Cα}. We can denote
such a table by W. In terms of elements W(ma(1),ma(2)),(mb,n) := p(n|ma(1),ma(2),mb) of this
table, a protocol accomplishes relation reconstruction if the table satisfies both (T0) and (T1).

(T0’) : W(ma(1),ma(2)),(mb,n) = 0 if (ma(1),ma(2),mb, n) /∈ R̃(G)

(T1’) : W(ma(1),ma(2)),(mb,n) > 0 if (ma(1),ma(2),mb, n) ∈ R̃(G) and n ̸= κ

Now, consider the same class of orthogonality graph G considered in Section 3.2.2. We can
calculate the classical communication cost of relaxed relation reconstruction.

Theorem A.1. For R̃(G), where G satisfies conditions (G0) and (G1), the classical commu-
nication necessary and sufficient for zero-error relaxed relation reconstruction without shared
resources and without private randomness for Alice is log2 |V(G)| bits. More generally, the
classical communication necessary for zero-error relaxed relation reconstruction without shared
resources is log2K(G) bit.

Proof. The proof of the theorem follows an exactly the same argument as presented in
the proof of Theorem 3.2. Intuitively, from Remark A.1, if a tuple (Ci, k,Cj , l) ∈ R(G) for
Ci,Cj ∈ C and k, l ∈ O then (Ci, k,Cj , l) ∈ R̃(G) for a graph G. Also if (Ci, k,Cj , l) /∈ R(G)
then (Ci, k,Cj , l) /∈ R̃(G). Thus, relation reconstruction for R(G) is necessary for achieving
relaxed relation reconstruction of R(G). Following a classical communication protocol that
ensures relation reconstruction for R(G) trivially ensures relaxed relation reconstruction of
R̃(G) ■
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Theorem A.2. Let G be a graph satisfying (G0) and (G1) with faithful orthogonal range d,
then log2 d qubit communication is sufficient for zero-error relaxed relation reconstruction of
R̃(G) without shared resources (and private randomness).

Proof. Alice and Bob know the graph G and a faithful orthogonal representation (FOR)
ϕ : V(G) → Cd of G . The FOR ϕ assigns unit vector ϕ(v) ∈ Cd to each vertex v ∈ V(G)
such that ⟨ϕ(v)|ϕ(v′)⟩ = 0 if and only if v and v′ are adjacent in G. Say, Alice is given input
ma = (ma(1),ma(2)) = (Ci, k), where k ∈ O and Ci ∈ C. The clique label k corresponds
to the binary colouring that assigns 1 to vertex v of the maximum clique Ci ∈ C. Alice
encodes it using the quantum state ρ(Ci,k) = |ϕ(v)⟩ ⟨ϕ(v)| ∈ D(Cd) and sends it to Bob. If
Bob receives input mb = Cj , then he performs the measurement {E = |ϕ(v′)⟩ ⟨ϕ(v′)| : v′ ∈
V(Cj)} ∪ {Id −

∑
v′∈V(Cj) |ϕ(v′)⟩ ⟨ϕ(v′)|}. On obtaining outcome corresponding to the projector

|ϕ(v′)⟩ ⟨ϕ(v′)|, Bob outputs n = l, where the clique label l ∈ O for Cj assigns colour 1 to the
vertex v′. And obtaining outcome corresponding to the the projector Id−

∑
v′∈V(Cj) |ϕ(v′)⟩ ⟨ϕ(v′)|,

Bob outputs n = κ. This quantum strategy always satisfies the consistency condition. This
is so because Tr[(|ϕ(v)⟩ ⟨ϕ(v)|)(|ϕ(v′)⟩ ⟨ϕ(v′)|)] is 1 if v = v′ and 0 if v is adjacent to v′. In all
other cases, it is positive. Thus, the protocol accomplishes relation reconstruction. ■

Theorem A.3. Let G be a graph satisfying conditions (G0) and (G1) with faithful orthogonal
range d. Then quantum advantage in relation reconstruction of R̃(G) without shared randomness
exists whenever K(G) > d. If Alice also does not have private randomness, quantum advantage
already exists whenever |V(G)| > d.

Proof. The proof of the claim follows from Theorem A.1 and Theorem A.2. For R̃(G), the
classical communication necessary for zero-error relaxed relation reconstruction without shared
resources is at least log2K(G) bit, and without private randomness for Alice, it is log2 |V(G)| bit.
In contrast, the log2 d qubit communication in both scenarios is sufficient for relaxed relation
reconstruction. ■

As an example, consider Paley graphs GP aley(q) with q vertices, where q = 4k + 1 = pm for
some prime p and positive m ∈ N. These graphs have order q and have FOR in dimension q+1

2
(see Theorem 4 in [184]), so they provided quantum communication advantage in the sense of
the Theorem A.3. The graphs G satisfying conditions (G0) and (G1) with faithful orthogonal
range d, where d < |V(G)| were claimed to show advantage in relation reconstruction task in
[184]. However, it turns out that the original relation reconstruction task (also see Chapter 3)
requires a minor correction - the relaxation presented here - to reveal quantum advantage for
such graph as demonstrated above.
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ix B
Bounding Quantum Non-local Correlations

Recall that a no-signalling correlation P = {P (a, b|x, y)}a∈A,b∈B,x∈X,y∈Y ∈ N S is quantum
realisable if there is a shared quantum state ρAB ∈ D(CdA ⊗ CdB ) and POVMs Mx

A = {Ex
a ∈

B(CdA) : Ex
a ≥ 0,

∑
a∈AE

x
a = IdA

} ∀x ∈ X for Alice and POVMs My
B = {Ey

b ∈ B(CdB ) : Ey
b ≥

0,
∑

b∈BE
y
b = IdB

} ∀y ∈ Y for Bob such that

(B.1) P (a, b|x, y) = Tr
[
ρAB(Ex

a ⊗ Ey
b )
]

∀ a, b, x, y

We denote by Q ⊂ N S the set of all no-signalling correlations P ∈ N S which are quantum
realisable. Deciding membership in Q is, however, an undecidable problem in general [219, 220].
A systematic approach to approximate Q is provided by the Navascués-Pironio-Acín (NPA)
hierarchy. This is a sequence of semidefinite programming relaxations of the quantum set,
denoted by {QL} where L ∈ N is the order of the relaxation, which offer a way of addressing
the membership problem. Each level QL gives an outer approximation of Q, with higher levels
yielding tighter approximations.

The key tool behind this technique is the construction of a positive semidefinite moment matrix
Γ. Its entries are defined using a positive semidefinite variable ρ ≥ 0 and an operator list
F = {F1, F2, · · · , Fn}. The entries of the moment matrix are given by ΓFi,Fj = Tr

[
ρ(F †

i Fj)
]
.

Now, the following is satisfied by a moment matrix Γ:

Lemma B.1. Let F = {F1, F2, · · · , Fn} be a set of operators, then the orthogonal matrix Γ
with entries ΓFi,Fj = Tr

[
ρ(F †

i Fj)
]

is positive semi-definite. [[218]].

Here F may be any set of linear operators. We choose them to be Alice’s projective measure-
ment operators Mx

A = {Ex
a ∈ B(CdA) : Ex

a ≥ 0,
∑

a∈AE
x
a = IdA

} ∀x ∈ X and Bob’s projective
measurement operators My

B = {Ey
b ∈ B(CdB ) : Ey

b ≥ 0,
∑

b∈BE
y
b = IdB

} ∀y ∈ Y in a bipartite
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Bell scenario BXY
AB . Then the operator list F1 = {IdAdB

}
⋃

(∪x∈X,a∈A{Ex
a })

⋃
(∪y∈Y,b∈B{Ey

b }).
These operators satisfy the projectivity conditions (normalisation and orthogonality) as well as
commutation relations. In this case, certain entries of the moment matrix correspond directly
to probabilities of the correlation P . For example, [Γ]IdAdB

,Ex
a

= PA(a|x), ΓIdAdB
,Ey

b
= PB(b|y),

ΓEx
a ,Ey

b
= P (a, b|x, y). Let Q1 be the set of correlations P = {P (a, b|x, y)}a∈A,b∈B,x∈X,y∈Y ∈ N S

for which such Γ ≥ 0 exist while satisfying these constraints. The associated semi-definite
programme then asks whether such a matrix Γ can be found. If such Γ does not exist or the
programme is infeasible, then P /∈ Q1 and hence P /∈ Q. If the programme is feasible and
P ∈ Q1, we cannot conclude that P ∈ Q, since Q1 is only an outer approximation of the
quantum set.

For L = 2, the operator list includes all strings of operators in F1 up to length two, i.e.
F2 = F1

⋃
(∪x,x′∈X,a,a′∈A{Ex

aE
x′
a′ })

⋃
(∪y,y′∈Y,b,b′∈B{Ey

bE
y′

b′ })
⋃

(∪x∈X,y∈Y,a∈A,b∈B{Ex
aE

y
b }). Let

Q2 be the set of no-signalling correlations P = P (a, b|x, y) for which there exists a mo-
ment matrix Γ ≥ 0 built from F2 that satisfies the same constraints as before. More generally,
for each L ∈ N, the operator list FL contains all strings of operators in F1 of length at
most L, and QL denotes the corresponding set of feasible correlations. These sets satisfy
Q1 ⊇ Q2 · · · ⊇ QL ⊇ QL+1. It was shown in [284, 285] that limL→∞ QL ≡ Q. Hence, this
scheme provides a hierarchy of strengthening conditions for deciding the membership problem.
Since the membership problem can be converted to the problem of maximising the value of a Bell
violation, the hierarchy returns a converging sequence of dimension-independent upper bounds
on the maximum quantum Bell violation. Denoting these bounds by βQ1 ≥ βQ2 ≥ · · · ≥ βQL

,
we have limL→∞ βQL

≡ βQ. Here, βQ is the maximum violation of the Bell inequality and βQL

is the upper bound obtained at level L.

Whether a given correlation is realisable with finite-dimensional quantum systems remains
a complicated problem. However, this can also be addressed similarly. In particular, [1, 295]
observed that for a fixed Bell scenario, moment matrices arising from states in finite-dimensional
Hilbert spaces form a strict subspace of all feasible moment matrices. This subspace is equipped
with the Hilbert-Schmidt inner product and admits an orthogonal basis. Their method constructs
such a basis by sampling finite-dimensional moment matrices at random and applying Gram-
Schmidt orthogonalisation. A detailed introduction to the topic can be found in reviews such
as [291].
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